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Rational Beliet Equilibria

GracoMo BoNnanNo®

Given an extensive game. front an assessment (G, 1) (as defined by
Kreps and Wilson, 1982 ) we obtain a belief for each plaver, defined as
a map from the set of alf nodes into the family of subsers of the set of
terntinal nodes. An assessment is defined to be a “Rational Belief
Fguilibrium” if, for each plaver, the associated belief satisfies three
natural consistency properties. The two main results are that the
notion of rational belief equilibrium stricily refines that of subgame-
perfect equilibrium and that, in twrn, sequential equilibria are a strict
refinement of rational belief equilibria.

1. Iniroduction

Sclten (1965, 1975) was the first one to point out onc problem with the
notion of Nash equilibrium in extensive games, namely the fact that it places
no restrictions on choices at information sets that are not reached by the
equilibrium path. The concept of subgame-perlect equilibrium (Selten 1965}
constituted the first step in the general program of dealing with this
problem. A stronger solution concept, widely used in the literature, is
sequential equilibrium (Kreps and Wilson, 1982). The formal delinition of
sequential equilibrium is in terms of an assessment (G, ) where ¢ is a
strategy profile and p is a list of probability distributions, one for each
information sct. An assessment 18 a sequential equilibrium if it is
sequentially rational and consistent. The substance of sequential rationality
is that “the strategy ol cach player starting from cach information set must
be optimal starting from there according to some assessment over the nodes
in the information set and the strategies of everyone else” {(Kreps an Wilson,
1982, p. B71).

The notion of consistency places restrictions on oul-of-cquilibrium beliefs,
by requiring {1 to be the limit of a sequence of “Bayesian belicfs” obtained from
a sequence of completely mixed strategies converging to the strategics under
consideration, The consistency requirement is not without problems. both at the
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practical and at the theoretical level. From a practical point of view, verifying
consisteney is a tedious process and in fact in many applications the focus is on
sequential rationality, while often milder or ne restrictions are impoesed on
beliefs. At the theoretical level, on the one hand - as Kreps and Ramey (1987,
p. 1333) observe - ““consistency itself does not encompass all the properties it
was originally thought to”, and, on the other hand - as Fudenberg and Tirole
(1991b, p. 346) point out - “onc would like to know more about what
consistency implics for behavior™.

In applications economists have often used a weaker notion of equilibrium,
sometimes referred to as “perfect Bayesian equilibrium™, However, there
doesn’t seem 10 be a well established definition of perfect Bayesian
equilibrium. The weakest definition only requircs sequential rationality together
with Bayesian updating along the cquilibrium path {see, for example,
Rasmusen, 1989, p. 110, so that no restrictions at all are placed on out-of-
equilibrium beliefs.

Recently Fudenberg and Tirole (1991a) have suggested a new definition of
perfect Bayesian equilibrium for multi-period games of incomplete information
with observed actions and studied the relationship between this notion and
sequential cquilibrium. They also suggested a way of extending their defimition
to general extensive games'. While the restriction they place on out-of-
equilibrium beliefs has a very intuitive interpretation for the class of games
they consider, namely that players should not signal what they do net know, the
definition they propose seems Lo cmbody more than minimal “censistency”
requirements on beliefs.

In this paper we put forward a definition of equilibrium - “rational beliel
equilibrium™ - based entirely on propertics of belicls. We will show that (like
perfect Bayesian equilibrium) our notion of equilibrium is stronger than
subgame-perfect equilibrium but weaker than sequential equilibrium.
Furthermore, our definition applies to general extensive games.

Our approach differs from the standard one and builds on the concepts
introduced in Bonanno (1992a,b). The first of these two papers raiscs the
guestion of what information the players receive during the play of an exiensive
game. Fix an extensive game and lct Z be the set of terminal nodes. For every
player i and for every node 1, the information received by player 1 when the
play of the game reaches node t is defined as a subset of Z, with the following
interpretation. Suppose that, when node t is reached, player 1 receives
information {7z, 71, 77}, Then this means that player i is informed that the play
of the game so far has been such that only terminal nodes 7|, 73 or 75 cun be
rcached. In Bonanno (1992a) the main concern is with the notions of minimum

" Bauigalli (1993) clarifies the relationship between “generally reasonable extended asscssments™ and
sequential equilibria,
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and maximum amount ol information that can be conveyed to the players as
well as a characterization of the notions of perlect information, perfect recall
and simultaneity.

The second paper (Bonanno, 1992b) borrows onc of the definitions of
information suggested in the {irst paper, denoted by K,(t) (as explained above,
tor every player i and for every node t, Ki(t) is a subset of 7, the set of
terminal nodes). and introduces the notion of minimally rational prolile of
beliefs. A beliel of player i is defined there as a function that associates with
every node t an element of the set K;(1), denoted by [§;(t). The interpretation is
that if, say. K;(t)={7,.z3.27} and B;(1)=z, then player i knows (is informed)
that the play of the game can only end either at node z; or z3 or z; and
believes that the outcome will actually be ;. From a profile of beliefs one can
extract a purc strategy profile in a natural way. Bonanno (1992b} only
considers extensive games without chance moves and defines a profile of
belicls 0 be minimally rational if it satisfies four simple consistency
properties. The main result of that paper is that if the profile of belicfs is
minimally rational then the corresponding pure strategy profile is a subgame-
perfect equilibrium.

In this paper we continue the analysis of Bonanno (1992b). First of all, we
extend it to games with chance moves. Secondly, we change perspective:
instead of starting from a profile of beliefs and cxtracting from it a sirategy
profile, we start from the notion ol assessment introduced by Kreps and Wilson
(1982} and extract from it a profilc of beliefs as defined above. We then define
an assessment W he a rational belief equilibrium if the associated profile of
beliets satisfics three of the four properties introduced in Bonanno (1992b). The
main results of this paper are that (1) the notion of ratienal belief equilibrium
refines that of subgame-perfect equilibrium. and (2) the notion of sequential
equilibrium refines that of rarional belief equilibrium.

In order to keep the exposition as semple as possible, we shall concentrate
on pure beliefs (defined in section 2) and simple assessments (defined in
section 3),

2. Preliminary Definitions

We begin by reviewing the notation and some of the definitions of
Bonanno (1992a,b). Fix a linite extensive game. Let X be the set of decision
nodes, Z the sct of terminal nodes, and T=X « Z, {In general, we shall denote a
decision node by x or y, a terminal node by z and a generic node - decision or
terminal - by t]. For every 1 €T, let 8(t} € Z be the set of terminal nodes
that can be reached from t (for example, in the game of Figurc I,
0 (x3) = {Z3,24.25.2 }). Clearly, forevery z € Z, 8{z) = {z}).
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Recall that a choice ¢ at information set h={x....x,,} is a set ol ares
c={{X Ly ) (XaVade, (%,,¥,0) L where, for each k=1...., m, node y is an
immediate successor of node xi. Deline

y(c)= B(y]) L H(}j] L e()lm)’

that is. yc) is the sel of terminal nodes thal can be reached from nodes in h by
following the arcs that constitute choice ¢. For example, in the game of Figure 1.
YWE) ={7,.73.724].

We denote by xg the roet of the tree and for every node t#x,, we shall
denote the immediate predecessor of t by p,. Finally, for every node t and for
every player i, Hit) is the set of information sets of plaver § that satisty the
following property: he Hi{t) if and only if there is a node yeh that is a
suceessor of L.

Iigure |

The information received by player i when the play of the game reaches
node 1 is denoted by K;(1). The function K: T x T — 27 twhere 1 is the [inite set
of players and 22 denotes the set of subscts of Z) is defined as follows:®

(1) For every player i sct Kj(xg) = 7.

< For g more thorough discussion see Bonanne (199200, One way ol thinkimg about the proposed defi-
nition is as (ollows, At the rool of the tree all players have the sume information, namely 77 As the play ol
the game unfolds and new nodes are reached, an umpire gives (separately ] w cach player new information
according 1o the following rules. 11 7 iv a terminal node. then every player 15 informed thal the game ended
at 7. [ node x belongs o information set hoof plaver L then player 1 s told that her information set b has
been reached. but is not told which node in h was reached. [ node % does not belong to player i and all the
information sets of player i (ifany) that are crossed by paths starting at x consist entirely of nodes that are
successors ol x then player t s informed that node x has been reached the justilication for this rule is
that, later on, at any of her information sets. player i will be able to deduce that the play of the game must
have pone threugh node x: hence player Longht as well be told at the time when x is reached ). When the
above condition s not salistied, player i's information at x cither doesn™t change (that s, player 115 not
told anything new) or at most reflects the choiee made by player §at the inmediate predecessor of sl
that node belonged o player .
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(2) l'orevery 7 € 7 and for every player 1, set Ks(2)=1z}.

(3 If x 15 a decision node that belongs 1o information sct h of plaver i, set
Kiix)= I:J“H(y ). that is, Ki{x) is the set of terminal nodes that are successors
of nodes in h.

(4) IT x is 4 decision node of a player different from player i and either H(x)=0
or. for every he Hi(x), ‘ghe()’) < B(x) (that is, every node in h is a successor
ol x) then set K;(x)=8(x).

(5) It x is o decision node of a player different from player i and the condition
given under {4) is not satisfied (that 15, there exists an he IL(x) and a node
veh such that y is siof a successor of x) and x is an immediate successor of
decision node t of player i and ¢ is the choice of player 1 that leads from t to
x. then set Kyx) = yle), that is. K;(x) is the ser of terminal nodes that can be
reached from the information set containing node t by following choice c.

(6) Finully, if x is a decision node ol a player different from piayer 1 and it does
not satisly conditions (4) and (5). then set Ki(x)=K;(p,). that is, player 1's
information at node x is the same as it was at p,, the immediate predecessor of x.

For example. in the game of Figure | we have:

By (1 Kixgy=7=177.73,74.75.7¢.75} foralli=1.2.3.

By 2y Kizp={ztforalli=123and forall j=1.... 7

B} (g) KE(X|) = 9 (X|) = [23.7..4.75.7.(,.77 }

By (4): K{(X] )=486 (xXy)= {7‘3'14'15'!‘6‘17 b

By (6): KE{I\w):Kg(X”):Z.

By (4): K (x3) = Ks (X3) = 8 {x3) = {£3.24.25.2¢ ).

B} (%} K3(X3} = 9 lx:‘] U 8 (X}) = {7|.72‘7,_;,74,7,_:‘.7(‘}.

By 3y K (x4 =8 (x50 W B (Xs) = [{73.74.75.7 }.

By () Koixa) = Kalxy) =0 (xy) = 73,74}



G, Bonanno: Rational Beliel Egquihibria 435

By (3): K| (x5)=0(xy) w0 (Xs) = [23.45.25.40].

By () Ky (x5) = K3 (x5) = 0 (xs) = 1757, ).

By (4): K| (x3) =Ky {x2) =8 {x5) = {z,7}].

By (3): Ki(x,) =8 (:sz B (X)) = {223,247 5.7 1

REMARK 1. It 1s clear that if h is an information set of player i, and x and
y are two nodes in h, then K(x)=K;(v). Thus it makes sense to write K, (h) for
player i's information at her information set h.

The following properties are proved in Bonanno (1992a).

PROPERTY I. Fer every node t and for every player i. 8(1) < Ks(t).

PROPERTY 2. For a game with perfecr recall the following is trues if
node 1 is a successor ol node x, then, for every player i, Kj{t) < Ki{x). That is. at
every node each plaver knows al least as much as she knew before that node
was recached.

PROPERTY 3. If x is the root of a subgame. then. lor every player 1.
K, (x)=0(x).

For notational simplicity, we shall follow Kreps and Wilson (1982) und
assume that Nature moves at mosl at the root of the tree. Given an cxlensive
same, we define the associated sef of events, denoted by £, as follows:

{1} if x, (the root} is a decision node of a personal player. then the -ame
has no chance moves and we set E={Z}:

(2) il Nature moves at X, let ¢, ¢s..... ¢, be Nature's choices at x, and let
{pic.....plc,,)) be the corresponding probability distributic We shall assume
that cach chance move has a strictly positive probability {thus, p{c;) > 0. for all
i=loeamoand ¥ pes = 1)

Define € ={yic)), Wesh. yle, )t An element E € E is called an cvent.
and if E = y(cy), then the probability of E, denoted by Pr{E). is defined as
Pr{E)=pic)). .

For example. in the game of Figure 2 the set of events is
£ = {ye)=171. 727524 v(e)=2s 2,91, WE)=170.70.700.707210. 213 )
with respective probabilities (1-p-q). p and q.

The following propertics are an immediate consequence of unigueness of
plays in extensive games:

(WIlE.E € Cund E#£E then EN E' = ;

(2) for every node t2x;, there is a unique E € £ such that 8(0UCE: we shall
denote this unique event associated with t by E(U).

Finally. lct

T — [0}
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he defined as follows: if the game has no chance moves., that is. it £ = {Z}. then
=1 for all1 e T; otherwise set Wix)=1 and for (#x, set wt) = PriE(D).

For example. in the game of Figure 2. for j=1.2.34 and i=1.3.7 (7)) =
m{x;) = 1-p-g, for j=5.6.7 and 1=4.8 n{zj)=mn(x;)=p, for j=8.9....13 and
i=2.5.0.9.10, n(7))=mix,}=q.

NATURL

Frgupe 2

We now introduce the notion of beliel.
DEFINITION. A (pure} belief of player 1 1s a function

satisfying the following propertics:

(1) lor every node 1 & = Byt) € K;(1),

(2) 11 x and y belong 10 information set h ol player 1 [so that K;(x) = K{y)]. then
B i=Biv).

{3y for cvery node i 7. 2" e Pit), 2 comes after choice ¢ ai information set h
{ol a personal players, z” comes after choice d at h, then ¢=d.

Condition (1) in the above definition says that what a playcr believes must
be consistent with what she knows, and condition (2} says that & player cannat
have different beliets at two nodes that belong 1o one ol her information scts,
since her information s the same at both nodes. Thus it makes sense 1o write
[,(hy for player s belief at her information set h. Cendition (3) is what makes a
belicl “pure™ it says that player i believes that at every information sct the
relevant player will choose one action with probability 1.

It is easy 1o scc that for games without chance moves, for cvery node 1,
Bty is a singleton’. Thus for this class of games a beliel ol player i can be

S Suppose mol. that is. suppose there 1y a player 1o nede tand two terminal nodes 7 and 7' such that
e and 2 # 2 trecall that, by (17, Biig=3), Let & be the node at which the path from x,; to 7 and the
path from x;, to #" diverge. Since there are no chance moves, x i a decision nade ol & personal player. Let

I be the information set o which x belongs, Let ¢ be the choice at b that precedes 7 and ¢ the choice at h
that precedes 2. Then it must be ez’ violating condition £ 3).
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detined more simply as a function
B:T »Z
satislying the following properties:

{1 Ptrek;v VieT.
(i) il x and y belong to information set h of player i, then B,(x)=f;(y).

When we consider a game without chance moves (or a proper subgame of a
game with chance moves) we will make use of this simpler way ol wriling a
beliel of player i.

We shall employ the following notation: if h is an information set and ¢ a
choice at h. [or every xeh we denote by 5tx| ¢) the immediate successor of x
following choice ¢. Furthermore, if h is a subset of h, we denote by L(h|LJ
the set of immediate successors of nodes in h following choice ¢, that
is.

Z(HIC):{y

1y =S(xley for some \Efl}

From now on we shall restrict attention to games with perfect recall.

DEFINITION, We say that player s beliet [; is minimally rational if
satisfies the following properties (which will be discussed immediately below ).

(1) [Contraction Consistency| II' v 1s a successor of x [so that. by
property 2. K, (xiDK (v} and Bi(x) M Ki{y)# &, then

Biy)=PBitx) ™ K,y

(2) [Tree Consistency] Let h be an information set of playver [ and let
h C h be the subsct of h consisting of the predecessors of [i¢h). Then for every
choice ¢ at h,

() BiyinO(y) = @, YyeI(hle),

{b) U B = U By m 0yl
e Eiheo

weXihes

{3) [Individual Rationality] Lct h be an information set of player 1. Let hbe
the subset of h consisting of the predecessors of B;(h). Then for every choice c at h,
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Y Ulinie) 2 DR UTPAT {e5:
selfitin zelfBi(Sixen

where U;: Z — R is player i's payoll function (% denotes the set of real
numbers).

Property (1) says that, as the information ol a player evolves and becomes
more refined. the player will not change his beliefs unless he has to. that is, unless
his previous belief is inconsistent with the new information. This is 4 contraction
consistency property which is implied. for example, by Bayesian updating.

Intuitively. property (2) can be interpreted as requiring that a player’s
beliefs about his opponent’s previous moves be independent of his own choices.
To see this, consider the example of Figure 3. There we have that
Ko(h={z.20.23,74.25.7, } where h={x| x5} is the first information sct of player 2.
and Ko{g)={z.22.25.2, | where g={x4.x41 is the second information set of player 2.

Figure 3

Suppose Bsth) = 7, and Bo(g) = 2. This beliel of player 2 is inconsistent
because believing in v at h means believing that node x, was reached. Given
this belief, if player 2 takes action A. so that the play of the game proceeds to
information sct g. then node x4, must be reached. and from x, terminal node 7,
cannot be reached. It s easy 1o see that part (a) of Tree Consistency is violated.
since h={x.}’ Z(H‘A) ={x,] and B.(x,)=2 €0ix,)=17z..7z.}. In this
example, part (a) of Tree Consistency requires that it B,ih) = z, then either
Ba(g) = z5 or Palg) = 7. Note that in games without chance moves. where [3,¢0)
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is a singleton for every 1 and for every t, part (b) of the definition of Tree
Consistency is redundant, since it is implied by (a).

To see the role of part (b) in games with chance moves, consider the game
ol Figure 2 and the following belief of player 3: Baixg) = Balx)) = Ba(xy) =
Ve zsen). BalixaxgXsXe)) = {2523 ) BallxnxgxgX1ph) =1eazg é‘)]' Let h =
[X3.X5.%5.%5 1) . Then Ejle predecessors of Bath) are x. and x5, thus h = {x,.x5}.
The successors of h following choice r are xy and x4, Part (a) of Tree
Consistency is satisfied. since By(xg) M B (%) = {21 and Bi(xy) M 0 (xy) =
(zy ), but part (b) is not satisfied, since Ba(xg) W J3(xo) = {71.24 29}, which is a
proper superset of {z,. 24},

To understand property (3), consider first the case ol a game without
chance moves, Let z#=P;(h) and let x* be the unique node in h which is on the
path from the root to z*. Then since plaver 1 believes in 2* at his information
set h, it means that he believes that node x* was reached. Property (3) requires
that for every immediate successor y of x*,

Uiz*) = Ui Biy ).

Supposc instead that there were an immediate successor y of x* such that
Ui(z#) < UitBity)). Then belicving in z* (at h) is irrational for player i because,
instead of making the choice required by z*. he can - according o his beliefs
and by making another choice - move the play to node y [rom where, again
according to his beliefs, the game will evolve 1o outcome Byiy) that he prefers
lo z*. When the game has chance moves. the interpretation of the inequality
defining Individual Rationality is the same: the LHS represents player i's
expected utility at h if he takes the choice implied by B;(h). while the RHS
represents his expected utility if he takes cheice ¢

DEFINITION, A profile of beliefs is an n-tuple B = (B.....5,) where §; is a
beliet of player i. for cach i=1.... n. We say that B is minimally rational if every
B3; is minimally rational.

3. Rational Belief Equilibrium

Fix an extensive game with perfect recall. As in Kreps and Wilson (1982)
an assessment is defined as a pair (6,4, where ¢ = (0 ... ¢,) 15 a profile of
behaviour strategies and g is a function (called a “system of beliefs” by Kreps
and Wilsom)

T [0.1]

e will be shown in the prool ol propesition 2 (see Appendix) that this interpretation is indeed correct,
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salisfying the properly that. for every information sct h, \X“p(x): 1. We shall
call an assessment (G, W simple if G is a purc-stralegy profile and y satisfies the
following propertics:

(1) if x and x' belong to the same information set h, x comes after choice ¢
at information set g {of a personal player). x" comes alter choice ¢ at g and c#c’
then either u(x) = Gor pix’) =0 or both;

(i) i x and x’ belong o the same information set h and wix) = O while
po(x") > 0, then there exist two choices ¢ and d of personal players (not
necessarily the same player, hence not necessarily at the same information set)
with ¢d such that x comes after ¢ and x" comes after d;

(iii) et h be an information set and define supp(uh)={1€hlu(t) > 0}: then.
for every x € supp(ulh}

ix) = — 2

rep iy

(y)

Note that if the game has no chance moves, then property (i) implics that,
for every node (, pt) =0 or p(t) =1, so that properties (ii} and (iii) become
redundant.

For example, in the game ol Figure 4 (luken from Kreps and Wilson,
1982) cvery simple assessment must have fix3) = 1/3 and pixy) = 2/3.

NATURE

D

§
I
z, z, Z4 Zs

Figure 4

Given a pure-strategy profile o, for every node 1#x,, let L(tlo} be the
unique terminal node reached from ( by following ¢ [for every terminal node
we sct by definition Zizlo)=z]. Clearly. {itlo) & 8¢0). Finally. let Z(1) denote the
set of immediate successors of node 1, and recall that p, denotes the immediate
predecessor of node 1.

We now show how to extract a profile of beliefs from a simple assessment.
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DEFINITION [the function x(o.p)]. Given da siniple assessment (G} we
can associate with it a profile of beticfs B=yx(o.u) as follows™

{ VI x(the rool) is a decision node of a personal player (so that the game has
no chance moves) set, for every player i,

Bex, = {0(x[o ),
otherwise, sct

B (xo)=trfz = Lty

&) lor some ye 2i(x,)h
(23 [f x£xp and K, (x)=0(x) [recall that, in particular. this 1s true if x is a terminal
noede . set

B.(x)={L(x[oi:

(33 If x is a decision node that belongs to infermation set h of player 1, set
B.ix)= {'f_‘z = C(y|0) for some ye suppipfhi;
(4) If X is a decision node that does nof belong to player i and Biip, ) M Ki(x) # & set

Bitx)=B.{p. ) K, (x)

(531f x is a decision node that does ot belong o player D and Ki(x)y = 6 {x) and
Bi (p,) M K,(x} = &, then it must be Ki(x) = K (p,). It follows from the
definition of the function () that p, belongs to an information sct ol
player i, call it h, and K (x) = y(¢), where ¢ 1s the choice at h that leads from
p, to x" Set

B(x)= {z!z ={(Stylelo) for some y esuppiu|h).

i Recall that Style) denotes the immediale successor of node y following
choice c¢.|

Example: consider the game of Figure 5 und the simple assessment (L)

It is casy to cheek that (B so constructed is mdeed a profile of beliets as defined in the previous sece-
tian Cproperty (1) of the definition of simple assessment s crucial in s respect).
s 8Sinee w s uor o decision nede of player i, case (3) of the definition of Kjis) 15 ruled ot Simee K (x)
= B(x). cases (10, (20 and (4 are ruled ont. Finally, since fipg o Kiix) = £ implies that Ko 2 Kipo.
wase T s also ruled out, Thus we are letl with case (5,
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given by ¢ = ((B.M,P).(D.F.H)) and Wix ) = p, (X)) = ¢, LX) = 1-p-q. W{x9) =

P ouixgd=—9  uixey=0, wixyq = 1.
p+q“8 p+quq WX p

NATURE
Wﬂ-p-m

’ <~ X2 Kq

A B e A

z

X5

F

il
o
A
Z, 8
21
E
Z3

B
X4 21
o \

C\ G

Zq

Figure §

Then the associated profile of beliefs P=y(o.u) is as follows [Note that, for
every node 1, K>(1)=8(0)}:

By (1): By(xg) = Palxg) = {747,713}

By (2): Bolx ) = {7}, Balxa) ={zg}. Palxs)=12)3}. Palxy) = (731 Palxs) = {75}
Batxg) ={zpals Balxg) = {22). Palxgh = {ze} Balxg) = {730k, Palxyy) =
12120 Bilx) = {221

By (3): (1 %y x0,%31) = {2470, 704 ). By Uxgaxg D) = Tzage s Bilixexph) = 7151

By (5): B(x )= (xs) ={z3,29.2)21.

DEFINITION. A simple assessment (G,W) is a (pure-strategy) rational belicf
equilibriynt if the associated profile of heliefs =y (o) is minimally rational.

PROPOSITION 1. Let {g,u) be a simple assessment. If (g,1) is a rational
belief equilibrium then ¢ 1s a {pure strategy) subgame-pertect equilibrium,

Proof. Sce the appendix.

The example given in Bonanno (1992b. Figure 1) can casily be adapted to
show that the converse of proposition 1 is not true, that is, not every subgame-
perfect equilibrium is (part of) a rational beliel equilibrium.

PROPOSITION 2. Let (o,u) be a simple assessment. If (o,l) is a
sequential equilibrium then it ts a rational beliel equilibrium.
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Proof. See the appendix.

The example given in Bonanno (1992b, Figure 5) can casily be adapied to
show that the converse of proposition 2 is not true. that is. not every rational
beliel equilibrium is a sequential equilibriun.

4. Conclusion

Given an exiensive game, we associated with every node 1 and every
player 1 a subset K;(1) of the set of terminal nodes. interpreted as player i's
information when the play of the game reaches node 1. A belief of player 1 was
then defined as & map from the set of all nodes into the family of subsets of the
set of terminal nodes satisfying two main properties: what a player believes
must be consistent with what she knows, and a player’s belicf must be the same
at any two nodes that belong to one of her information sets (since her
information is the same at those two nodes). Three natural properties
(Contraction Consistency. Tree Consisiency and Individual Rationality) were
used to define the notien of minimally rational belief. Having shown how to
extract a belief for each player from a simple assessment (g,)), we defined a
simple asscssment Lo be a rational belief equilibrium if for each playver the
associated belief is minimally rational. The two main results of this paper arc:
(1) the notion of rational belief equilibrium refines that of subgame-perfect
cquilibrium and {(2) the notion of sequential equilibrium is, in turn, a refinement
of the notion of rational belief equilibrium.
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APPENDIX
In this appendix we prove propositions 1 and 2. We shall begin with a lew lemmas.

LEMMA [. Fix an cxtensive game, Let B; be a beliel of player i. Then for
every node t and far every x#x,. it Bii)mBix) £ @ then B;(0) ™ 8 (x) is a
singleton.

Proaf. Suppose that z.z' € Bi(1) m @ (x) with z#z". Let y be the node at
which the path from x; to 2 and the path from x, to 2" diverge, Then y is cither x
itself or a successor of x. Henge y is a decision node of a personal player. Let ¢
be the choice at vy that precedes z and ¢' the choice at y that precedes 2'. Then it
must be ¢#c¢’, contradicting property (3) of the definition of B; (+).

LEMMA 2. Let {G.u) be a simple assessment and let B=y(c.1) be the
corresponding profile of beliefs. Then for every node x#x, and for every player i,

Bxynex)y =@ = Pix)nsix)={lx|o).

Proof. From the definition of % () we have that for cvery x2x,; and for
every player i, Bi(x)={zlz = {(lo} for some t € Y| for some set of nodes Y,
none of which is a successor of x. If fi{x) M 8 (x) = @), then by lemma ] and by
the definition of ¥{+). Bi(x) ™ 8 (x)={L(tlgy} Tor some node t €Y. Since
Litle) € 8 (x), cither t=x or t is a predecessor of x. Hence Elo)y=C{(xlo).

PROOF OF PROPOSITION [, Fix an extensive game G with perfect
recall, Let the simple assessment (G.W) be a rational belief equilibrium. 11 the
vame has no chance moves then proposition 1 follows from proposition | in
Bonanno (1992b). In fact, il B=y (G.10) then it easy to verily that [} satisfies the
property of Choice Consistency defined there. Suppose therefore that Nature
moves at the root of the game, Fix an arbitrary subgame of G and let x* be the
root of the subgame. Two cases are possible: (1) x* 2 x and (2) x* = x,.

in case (1). by property 3. Ki(x*) = 8(x*) for every playcr J. By property 2,
since the game has perfect recall. for every player j and for every node 1 that
belongs to the subgame. Ki(t) < 8 (x*). Thus for every player j und for cvery
node t that betongs to the subgame, Bj(t) < 8 (x*). Hence [37!(1) M0 (x*) = ﬁi(t).
It follows Irom lemma 1 that Bj(t) is a singlcton. Hence we can apply
proposition 1 in Bonanno (1992b) to the subgame and conclude that the
restriction of @ to the subgame is & Nash equilibrium of the subgame.

Consider now case (2), namely the case where x* = x;,. In order 1o
complete the proof of proposition | we only need 1o show that ¢ is a Nush
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equilibrium of the entire game. Fix an arbitrary player i. Let 6" be a pure
strategy of player i such that

(A1) Y U yle nndiyle n £ 2 Uilylonmiliylon

Ve g SERING T

where 6'=(6,.6;) |recall that Z(x,) denotes the set of immediate successoers of
the root]. We want 1o show that

(A2) L Uyl nrlole y < X UdGiylonnEiylo))

veEXian V¥

Let V C X (xg) be defined as follows:

V:{yEZ(xr,)

iy

o) = Lyl )}
By (A.1), V2&. Furthermore, it follows from (A1) that

Gl

(A3) 2 UCtylo" hr(Giyle'n 2 Z Uiiylonm(Ciy

e ¥ sev

Fix an arbitrary y; € V. Let hy be the information set of player i at which the
path from y, to {(y,I&) and the path from y, iy ,I¢') divergethence ; and &)
select dilferent choices at h)). Let

(Ad) Vihy) = {ye Z{x,) | the path from y to {(yle) crosses hy)
and
{A.S) V'(h}) = {ye Z(x,) | the path from v to iyls') crosses hy )

Then it must be'
(A.6) V'th,) = Vih,)

Clearly, Vih)#3, since y; € V(li). Furthermore, since o, and o;' select

" Proof. Clearly Vih V' th) 1=, since yie Vb Vih b We fist show that Vih )CY'thy). Suppose
not, that 1s, suppose there s a ye Vi) such that voe Vih ) Then ygzy e furthermore, the path from y, to
Liy,] o) miust cross another information set of player i. call it e, betore it reaches hy. [t must also be tue
that & and &, sclect different choices at g. As a consequence, the path from v, to Ziy ‘| o) does not cross g
helore it crossess hy G atally. Let x be the node in by that lies on the path from ¥y 1o E),(ylz arand »" be the
node in hy that lics on the path from v, (¢ 50y ), Then & comes alter @ choice @t g while X does not.
contradicting the assumption of perfect recall. The proof that V'th ) < Vih) ) is similar,
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different choices at h|, it must be V(h,)CV. Fix an arbitrary y, ¢ V/V(h,) and
let h, be the information set of player i at which the path from vy, to Q(yz\ a)
and the path from vy to C(y2| o') diverge. Let

V(hy)=1{ye Z(xuﬂ the path from v to {(yl &) crosses h,}.

Repeal this procedure until the set V has been partitioned into m non-empty
subsets Vihy), V(hy} ..., Vily,). It follows from (A.3) that

m

T UCOle nr@ylen + o+ T UGyle my

veVih veWihp

A7) # ¥ Uylonnivlon + ..+ T U Eylonmlivie)

vVl [T

o' £

We will now go through a number of steps to show that

(AS) T UGyl nmdolen < X U EGojonrEiylon

yEVil eVl

The same argument can then be repeated for every set V(hy). so that, for every

(A9) T Uyl nmlyleny £ U Cylonmdiylon

weVih ve¥ih )

Hence, adding all the incqualities in {A.9), and taking into account (A.3) and
(A. 1), we obtain (A.2).

STEP 1. Recall that, by definition of %(+), Bi(xy) = 14 #={(y| &) for some

y €Z (xq)] and, by the definition of K;t+), K;th;) = w0(1). Thus, by
Contraction Consistency et

(A1) B,(h‘):[_’:](x(,)r‘.l{,(hi):{z}z:C(yb) for some yeV(h )}
Hence,
(A.11) T Unrin= T Ulylonmliylon

oAby v2Vih

Let lA1, be the subsct of h; consisting of the predecessors of B;(h,). Then

(A 12) EE:[tel1||l is a successor of some ye Vih)}
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Let ¢’ be the choice selected by o; at hj. By Individual Rationality and by
(A 10)and (A1),

S U Cylonmiliylon >
(A.13) \.A._%n_b‘(g(}‘c”r(”()'G" ; Bt
’ . PR TR

aelyg

By part (a) of Tree Consistency, for cvery xe b, . B(S(xlc')) m 8 (Sixl ¢ = @
Thus. by lemma 2,

(A, 14) Bi(S(x‘c' DOl ) = 1S (e o)
By part (b} of Tree Consistency,

1

(A 15) U BASxle ) = LB (S(x[e n Bt )]

veby el
Thus, using {A.13)-(A.15) we ohtain

(A 16y = UiGlyponaliylen > X L\(C(S(xgc')jc))n(Q(S'(x|c‘ Vo)

ya¥ihy xehp

Fix an arbitrary xe h.. Then by (A. i2) there is a ve V{h,) that is a predecessor
of x. It follows that S(xi c)is a successor of y. Hence S(xi c) lies on the path
from y 1o {(yl 6. If. for all xe h, . Q(S(xi o) = Lsexl el oy, that is, if o, and
;' do not differ at any information set of player i (if any) that comes after nodes
in hy, then (A 8) is proved [recall (A.4)-(A.6)]. Otherwise proceed to step 2.

_STEP 2. Recall the following notation: Y(i,
x€ hy}. Thus (A.16) ca be re-written as

¢y = {[‘1 =5(x[¢") Tor some

(A, 17) Y U CyjonnCiylon 2 T U&ito) militoy)

veVih 1= 5hylc)

Define WCE( ﬁlfc') as follows:
W=lte I(h | )‘C(t|0) # {(tjo")}.

It W= then the proof of (A.8) is complete (cf. remark at the end of step 1).
The same is true if

L Udidonnalon = X U nrile .

teXihih teXihy )
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Assume therefore that

(AL 18) T Uonridion < X UiGale nmdio)).

e b)) t=Xihfc
Then it follows from (A. 18) that

(A. 19) ¥ U fonnidilen < X Ut nrCulo’ )

1w 1=W

Fix an arbitrary t;e W and let g; be the information sct of player i at which the
path from 1, to £(1, 6y and the path from 1; to (| 6" diverge. Let

W(ng[lerthc path from L to C(1|c5) crosses g}

and

W'(g,):{teW‘lhe path frem to C(1j6") crosses g]

Clearly, Wg,) = W (g)) and @ # W (g)CW . Fix an arbritrary t,e W/W(g,)
and let g, be the information set of player i at which the path from t; to Lit;lo)
and the path from t, to {{1,J6") diverge. Repeat this procedure until W has been
partitioned into m' non-emply subsets W {gl), Wi(g?2), ..., Wigm'). It follows
from (A. 19) that

Y Ulfonrezifo)) + ... + T UonmGie) <

(A.20) = Wi )
< 3 U&de nrizle)) + .o+ X0 UGt nmto’ )
=W Wil i

We will now show that

(A.21) T U wonmizioy > X U e hrite

|\'\\"4ng (t:\\-‘\gl»

The same argument can then be repeated for every set j=1..... m' to show that

(A.22) Y U enr@ion = X U Gule nmdils' )
LCWIE) 1eWigj)
Hence adding up all the inequalities in (A. 22) we contradict (A. 20).
The argument parallels that of step 1. By perfect recall and Contraction
Consistency,

Bi(g]):{z‘zzg(tkj) for some te W(g,)}
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Hence
(A.23) Y Uanz) = X U Gonml(to)
i reflita Wi
Let gw be the subset of g consisting of the predecessors of (g}, Then
(A.24) g = {xegl'x is a successor of some te W(g,)}

Let d' be the choice selected by o) at g,. By Individueal Rationality and by
(A.23) and (A.24),

L Uonnlilon = Y U (@ma)
teWigy soUB s n

/o8

(A.25)

By part (a) of Tree Consistency, for every xe gl. B](S(xl d) e SxldYy =@,
Thus, by lemma 2, for every xe gl.

(A. 26) B (S(x|d ) BCSCx|d ) = {E(S(x]d o))

By part (b) of Tree Consistency,

(A.27) W BS (xld ) = VRS (x[d NN 8IS (xld )]

2R red)

Thus, using (A. 25)-(A. 27) we obtain

A28 T UUonr@e) > T UGS jonmEs (x|d)foy)

1Wig )

Fix an arbitrary xe gl - Then by (A. 24} there is 4 t ¢ W{g,) that s a predecessor
of x. Tt follows that S(x| d") is a succesor of 1. Hence S(x| d") lies on the path
from t o {1l ). 1. for all xe & , §(S(xl d)l 6) = §(S(x| d)] &), that is, if &; and
6;" do not differ at any information set (if any} of player i that comes after
nodes in éw then (A.21) is proved. Otherwise we repeat the same argument
until we reach an information set f, of player i where the condition that, for all
ye [, [where T, denotes the the subset of [} consisting of the predecessors of
By ()], &(Styl e o) = LStyl edl o'y - where ¢’ is the choice selected by G, at
information set ) - is satisfied {either because o, and o, do not differ at any
information set of player i that comes alter nodes in f,, or because there is no
information set of player i that comes after nodes in £,)-

We now turn to the proof of propesition 2. As hefore, we shall begin with
a few lemmas. :
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LEMMA 3. Let (G.u) be an assessment that is consistent in the sense of
Kreps and Wilson. Then the following is true: if y belongs to information set u,
d is the choice that leads from p, to y [recall that p, denotes the immediate
prodecessor of i, and every node in u comes after choice d, then p(y) = upy).

Proof. Let h be the information sct to which py belongs. Let <o™> he the
sequence of completely mixed strategies that converges 0 G and from which
the function | is obtaincd (by applying Bayes’ rulc 1o 6™ and taking the limit).
Then. for every m, Prob {ul gm} < Prob Ihl 6™} Prob idle™}. Also,
Prob {yl 6™} = Prob [p,l 6™} Prob {dl om}. Thus

Prob [y|om} . Prob (p, |o™} Prob {d|ow} B Prob [p_\'G”‘}
Prob lulom} — Prob {h|g~} Prob {dlon) " Prob (hlor)

Proh[y|u, given Go ) =

Since U(y} is the limit of the LHS as m—o0 and {(p,} is the limit of the RHS as
m—ee, the proof is complete.

COROLLARY 1. Fix a game with perfect recall. Let the simple
assessment (G,p) be consistent in the sense of Kreps and Wilson and let
R=y (0,1} be the corresponding profile of beliefs. Then the following is true for
every player i: if h is an information set of player i, xeh is such that u(xy > 0
and y is an immediate successor of x, then L (y\ a) e By

Proof. If K(y) = 8(y) then Bi(y) = [Lyl o)) by (2) of of the definition of
¥ (+). If y belongs to information set u of player i and d is the choice that icads
from x to y. then, by perfect recall, every node in u comes after choice d. Hence
by lemma 3, W(y) 2 u(x) > 0. If follows from {(3) of the definition of ¥ (+) that
Lyl o) e Bi(y). If Ki(y} # 6 (y) and y is not a decision node of player i, then by
(5) of the definition of information, K;(y)=¥(d} [where d is the choice at h that
leads from x to y. that is, y= Stxl dy]. 11 Bih) oy (dy = &, then Lyl o) e Bity)
by {5} of the definition of x(+) [since, by assumption, M(x) > 0]. Finally, if
Bihy My (d) # &, note that, by (2) of the definition of ¥ (=), B;(h)={ 7l z=§(t| c) for
some t € supp (p| h)]. Thus o, selects choice d at h. Since y = Sxl dy, it follows
that (vl &) = £(xl o). By (4) of the definition of x(+}, By} = Bith) 0 Ki(y) =
izl z=Catl 6) for some te supp ()} M yd). Hence Lyl o) € Byy).

LEMMA 4. Fix an extensive game with perfect recall. Let (o.u) be an
assessment that is consistent in the sense of Kreps and Wilson, Let h and u be
information sets of the same player and suppose that there exists a node yeu
that is an immediate successor of a node X €h such that g ( X) > 0. Then for

a node xeh such that pix)=0. L{y)=0.
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Proof. Let y € u be an immediate successor of a node X €h such that p( >0
and let ye u be a successor of a node xe h such that u(x)=0. By perfect recall,
both ¥ and y come after the same choice at h, call it d. Let <6™> be the
sequence of completely mixed strategies that converges to ¢ and from which
the function W is obtained (applying Bayes’ rule to 6™ and taking the limir),
Then, for every m, ’

o ]pmb{d|om 1, and

Prob{§|e ] = Probix

Probly

&=} < Prob{x|aw } Prob]d|om |

[it is an equality if y 1s an immediate successor of x]. Thus

Prob {ylom} < Prob |x|omw}
Prob {§'|Gm} ~ Prob X|om}

(A.29)

Dividing numerator and denominator of the LHS by Prob {ul o™} and
numerator and denominator of the RHS by Preb {hl oM} we obtain

Prob {yjo»)  Prob {xjor|
A0, Prob [l | _ Prob (blo ]
Prob {¥|gm} = Prob {X|ow}
Prob {ulgm}  Prob [hlo»)

Taking the himit as m—eo and recalling that. by hypothesis. u( %) > 0, and. by
lemma 3, P § )= u( %), we obtain

MGy) o pix)
L(y) — Hix)

(A3
Since, by hypothesis, (x)=0, it follows that p(y)=0.

COROLLARY 2. Fix an extensive game with perfect recall. Let (G4t) be
an assessment that is consistent in the sense of Kreps and Wilson. Let h and u
be information scis ot the same player and suppose that there exists a node
¥ € u that is an immediate successor of anede X eh such that ui x) > 0. Let d
be the choice at h that leads from X to ¥ and let ﬁ:supp.(u\ h). Then for
every yeu such that uiy)>0, {(yl o) = C(l| o) for some te Z( hld). |Recall that
Z( 161| d):[t\ 1=S(x| d) for some xc h i, where S(x/d) denotes the immediate
successor of x following choice d].

Proof. Fix a y#y such that q(y) > 0. By perfect recall, y comes after
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choice d. Hence by lemma 4, either ye X( hl dy or y is a successor of at e X( hld.
Suppose the laiter is the case and it is not true that & yl o) = Lt 6). Let xeh he
the immediate predecessor of T and let ¢,¢a,....C, be the sequence of choices that
lcads from x to y (thus ¢;=d and r = 2). Let <6™> be the sequence of
completely mixed strategics that converges to ¢ and from which the function |
is obtained (applying Bayes’ rule to g™ and taking the Timit). Then, for at least
one j=2. ..., T,

(A32) lim Pr(}b{c]l(jm}:[)
m —» oo
Now,
(A33) Prob{y|o«} = Prob{xl(jm |Probldlo JA(Gm )

where A(G'“):Prob{cﬂ ony Proh[c_;\ om} ... Prob{cl.| o™}, and therefore, by (A.32)

(A34) [nﬁTm)AlG”)=0
Furthermore,

(A.35) Prob[‘;,f{cjm = Prob{ilcrm LProbld|om
Dividing (A.33) hy (A.35) we oblain

(A36) Problylom}  Probix|on] AGn)

Prob{y|om]  Prob{X|c=}

Dividing numerator and denominator of the LHS by Prob {ul om} and
numerator and denominator of the RHS by Prob {hl o™} and taking the limit as
Moo, we obtain |note that. by hypothesis, u{ X )>0. by lemma 4. p(x)>0. and,
by lemma 3, i ¥) 2 p( X )]

(A.37) B BG) Aoy

"l(y) - “(i) mose

By {A.34) the RHS is equal to 7ero and therefore 1{y)=0, yelding a contradiction.

LEMMA 3. Fix a game with perfect recall. Let the simple assessment
(G.1) be consistent in the sense of Kreps and Wilson and let f=y(o,u) be the
corresponding belief system. Then B satisfies the property of Tree Consistency.
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Froof. Part (a) of Tree Consistency follows from corollary 1, since
Clyl o) € 0 (y). It only remains to prove that if h is an information set of player
i, h is the subsct of h consisting of the predecessors of [B;(h} [so that, by (3) of
the definition of (=), f=supp(ul h)] and ¢ is a choice at h then

(A.38) v Bty = w BBy

veXihjen velrhles

By corollary |, for all ye X(hle). &(vlo) ¢ Bi(y). By lemma 1, B(y) m 6 (y)

is a singleton. Thus, for all ve X M c),
(A.39) Bi(y)nB(y) = [Livlo)}

Hence {A.38) is equivalent to

(A.40) \(:J{!luﬁ.(y} ={zz="CLiylo) for some ye Z(ﬂ|c)}

Let Y =lyeX{ hle)l Ki(y)=6{y)}. Then, for cvery ye Y .Biy) m 8 (v) =p(y).

Hence, by (A.39),

(A4l ki‘ Bi(y)= {zlz = Q(y|c5} for some yeY,}
C {4z =Ciylo) for some y e Xihle}

el Y,={yeZ(hlc) Ki(y¥}# 0(y)) and y is not a decision node of player i} and
Yy=[yeZ(hlo) Ki(y) # 8{y) and y is a decision node of player i}. Obviously,
Y(hle)= YUY 2UY . By (5) of the definition of information. for every ye Y.
Ky (¥)=y(0). If Bi(h) ™ v(c) = &, then, by (5) of the definition of ¥(+). for every
YE Yo,

{A.42a) Bi(yy=1[z[z=L(ylo) for some ye Z(ﬁ\c)}

I Bith) M u(e) = &, then o selects choice ¢ at h and therefore for cvery node
xe h. {txl o) = LSixl o)l o,

Thus {;(hy =17 Z=C(xl o) for some xe h} = {4 '/.:C(x| o) for some ye X( Wl o AcC).
By (4) of the definition of y(+). for every ye Y5,

(A.42h) lj‘(y):[i(l])ﬁKi(_\s):Ii‘(h)my(c):{zz:’(_,(y}c} for some yeZ(]h}‘C)}

Thus, by (A.42a) and (A.42b),

(A.43) }l:}bi(y) C 7]z =L ylo for some ye ¥, (h‘c)}
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It only remains to prove that

(A44) wpBAvicizie= Q(y{c) for some veZX (fl!c]}

Fix an arbitrary V€ Y. Let u be the information set of player i 1o whicih ¥
heiongs. By coroilary 2, for every ye u, if p(y)>0 then Livio) = it @) for some
1e X (hicy. It foilows from(3) ef the definition of (s} that

(A4S (V< ez = Lyloy for some y e Eihlo)]

Since v was chosen arbitrarily, (A.44) is proved. By (AA2a.b)-(A44), the
proof is complete.

LEMMA 6. Let (0.44) be an assessment that is consistent in the sensc of
. . .. N - [N
Kreps and Wilson. if y Is a successor of x on the path from x 1o C(xl o). y belongs
10 information set u and ail the nodes in u are successors of x. then pivi=1.

Proof. Let ¢y.¢a,....¢, be the choices that lead from X 1o y. Let <o™> be the
sequence of completely mixed strategies that converges 1o © and from which
the function 4 is obtained (by applying Bayes’ rule to o™ and taking the limit as
m oo, Since y is reached (rom x by following o,

. M Proble m} = I v =172
(AA46) l Proble, lomi=1, for every k=L12,....1.

Bt

Now. Prob [yl 61 = Prob [x| 6™} Prob {c,l o™} Prob {cal 6™)...Prob tc)omi.
Furthermore,

Prob |u ven o} Problylom}  Problylaw) Prob{xlgm}
I3 . (¥ /c m il f—
i £ Prob{ujom}  Prob{xjc» | Prob{ujom)

Prob{x|o=}

el bl s IS 5
Prob{ulo™ ) Thus

Since all the nodes in u are successors of x.

Problylon) Probiylom} Prob[x‘o'"}Pmb{cttcsm]Prob{cE G b Problc, |6+ ]

Probjujom | "~ Prob{x|om} - Prob}x|c )

= Problc, o |Problc,

o }- Probic lom}.

Since. by (A.406) the limit of the RHS as m—ee is equal to 1 and L) is the
limit of the LHS as m—ee, it follows that L{y)=1.
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LEMMA 7. Fix a game with perfect recall. Let (G.u) be an assessment that
is consistent in the sense of Kreps and Wilson. 1 x and y are decision nodes ol
player i and v is successor of x on the path from x to C(x‘ G), then Py 2 Wix).

Proof. Let h be the information set (of player i) to which x belongs, and u
the information set (ef player i) to which y belongs. Let ¢).c4,.... ¢, be the
choices that lead from x to y. Let <o™> be the sequence of completely mixed
strategies that converges that converges to ¢ and from which the function 1l is
oblained (by applying Bayes™ rule to o™ and taking the Hmit as m—see), Since v
is reached from x by following &,

(A47) lim Probic, |om}=1. for every k=12 . r,

m

Now.
th{y|0'"} = Probixlﬁm [Prob{c, |om Probic.|om .. Probic, [ .
By perfcct recall, all the nodes in u come after choice ¢, at h. Thus
Prob{ujg™] < Prob{hjo™] Probfc,|on}.

Therefore,

) b " P h s m
u, given oml= Pro {)"0 }> o {)IG }

Probly = 2
2 Problu/om} th{h’csm 1Probic |on)

Prob x]om |Probic,

o |Probic, ‘G“’ }- Probic, o]

P1‘0b{h|(7'" tProblc,|ow}

_ Prob{x|om}

= __—Pr()b{hb'"} [Probic,

o} Proble, jom}]

The limit as m—ee of the first term on the RHS is equal to pt(x). whilc. by
(A.47). the limit of the second term on the RHS is equal to i, Since p(y) is the
limit of the LHS m—ee, the proof is complete.

LEMMA 8. Fix an extensive game with perfect recall. Let (G,1) be an
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assessment that is consistent in the sense of Kreps and Wilson. Let h and u be
information scts of the same player and suppose there exist nodes x<h and
§eu such that: (i) it >0, (i) ¥ is a successor of % and (i) i % o)={( ¥l o).
Then for every ve u with p{yy=0. {iy G):Q(x| o) for some xe supp (p| h).

Proof. Fix a v# y such that (1(y) > 0. By perfect recall. there is a node xeh
that is a predecessor of y. Furthermore, there is a choice d at h that precedes all
the nodes in u. We first show that p(x) > 0. Let <g™> be the sequence of
completely mixed strategics that converges to ¢ and from which the function i is
obtained (applying Bayes™ rule to o™ and taking the limit). Let ¢|.co,....¢, be the
choices that lead from X to ¥ (thus ¢;=d and r>1). Then, since & ¥l 0)=L( %o,
(AA48) lim Problc,|om}=1, for every k=1...r,

N—rea

For every m,
(AA9) Prob{ylcm}zProb{i‘cm}Prob{d‘cwIProb{cJGm}...Prob{c]|cm}

and

Prob{y|(:$m ] < Pr()b[x|6[" }Probldlom}

lit is equality if v is an immediate successor of x and a strict inequality
otherwise]. Thus,

Problylen | » Prob{x|c™}
Prob{yjo=] = Prob{xjom}

(A.50) Prob{c:kf"l L... Probic g},

Dividing numcrator and denominator of the LHS by Prob fulom} and
numerator and denominator of the RHS by Prob {hl o™} and taking the limit as
m—see. we obtain [using (A.48) and noting that, by hypothesis, L X >0 and. by
lemma 7, u{ ¥) =2 ( X)1.

(A1)

Hence w(y)>0 implies p(x)>0.

Now suppose that C(x] G)=C(y\ o). Let ¢, .o, ¢, be the choices that lead from
x 10 y (thus ¢,'=d: furthermore, $>1, since by hypothesis (iii), o; selects choice d
at hy. Then for at least one j=2.....8,

(A52) lim Probjc,'jon}=0

s
N—re
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Now,
(A53) Probiy|o™ | = Prob{x|anProb(d|ow | Aon)

where Alc™=Prob| c3'| o™Mj...Prob {c‘\'| o™i, and therefore, by (A.32),

{A.54) ’ lim A(om) =90

m

Dividing (A.53) by (A.49) we obiain

Prob{ylon) _ Prob{xjc»}A(c™)
Probiyjom)  Prob{%c~}B(gw)

{A.55)

where B(g™)=Prob {c3| om}.. Proh {cr\ oM} and, by (A.48). llni‘l}' Biom)=1.
Dividing numcrator and denominator of the LHS by Prob fulom} and
numerator and denominator of the RHS by Prob {hl o™} and taking the limit as
m-—=eo, we obtain. using (A, 48) [recall that, px) >0, u( x> Cand ul v) = u¢ x)l,

) B Ao,

¥y WXy .

=

=

By (A.52) the RHS is equal to zero and therefore p(y)=0, yiclding a contradiction.

LEMMA 9. Fix a game with chance moves. Let (6.00) be an assessment
that is consistent in the sense of Kreps and Wilson. Let v belong to information
set u of player i and suppose there exists a 1€ Z(x,) such that & /o) ={( ¥ /o).
Then for every ye u such that u¢y >0, Liy/o=C1/0) lor some te Z(x,).

Proof. Let p>0 be the probability of the choice of Nature that Ieads from x,
to tand let d....d, be the choices that lead from 1 1o ¥ [note that s=0. that is,
t=V is a possibility]. Let <6™> be the sequence of completely mixed strategies
that converges to ¢ and from which the function U is obtained (applying Bayes®
rule to ¢™ and taking the limit). Then, since {( 1/0)=C( ¥ /o). for every k=1....5

Gm): ]

{A.56) lim Probi{d,

M —ee

Furthermore, for every m,

(A.57) Problyjcm}=p Probld,

oml... Probld, |ow)
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Fix an arbitrary yeu such that y= ¥ and p(y)>0. If ye X(xg) there is nothing to
prove. Suppose therefore that y is a successor of 1€ Z(xy) and (vl o)=Lt 6). Let
(>0 be the probability of the choice of Nature that leads from xy to t. Let ¢y,..cr
be the choices that lead from 1 to y (thus r221). Then for at least one j=1....1,

{A.58) _ lim Probie;[6) = 0
Now,

(A.59) Prob{y|om} =q Probic [on}... Probic, o= |
Furthermore.,

(A.60) Prob{uls ™} = Prob{¥|o

Thus. using (A.57). (A.59) and (A.60)

Prob|y|om} < Probiylo») g Problc |on}... Probic |om]

(A61) < = =
Probjujo»} = Prob{ylo=} p Probld,|o=}...Probld |om}

Since the limit of the LHS as m—ee is [(y), and by {A.56) and (A.58) the limit
of the RHS as m—seo is zero, it follows that u(y)=0, yelding a contradiction.

LEMMA 10. Fix a game with perfect recall. Let (G,4) be an assessment
that is consistenr in the sense of Kreps and Wilsen. Let x| belong to
information set h of player i, x; be the immediate successor of x; following
choice ¢ at b and x5 be the immediate successor of x;. Let h = supp(p/h).
Suppose x5 belongs to information set u of player i. Suppose also that p(x;}>{}
{i.e. x € h) and (x4 6} = {(x3] 6). Then for every teu such that p(1)>0,
il @y = Lyl 6) for some ye X( s

Proof. We first show that [ix3) = Uix;). Let d be the choice leading from
X2 10 Xz, Let <g™> be the scquence of completely mixcd stralegies that
converges to ¢ and {rom which the function 1 is obtained (applying Bayes’ rule
to 6™ and taking the limit). Since, by hypothesis, {(x,| 6} = {(x3] 5), it must be

m e

Gm) =1

For every m,

(A.63) Prob|x,|on} = Prob{x,|c«}Prob{cjom |Prob{d

on )
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By perfect recall, every node in u comes after choice ¢ at h, henee

(A.64) Prob{ulo™ | < Prob{h|o™ }Probic|on |
Thus

h m m
ASS) Prob{x,|om} S Prob{x, |om} Prob(d/on]

Prob{u

o=}~ Prob{h|om}
Taking the limit as m-—>ee we obtain, using (A.62). U{X4) 2 HU(X,).

Now, fix an arbitrary teu such that t#x4 and u(iy>0. Let xeh be the
predecessor of tand let y=S(x| ¢) [note that t=y is a possibility]. Next we show
that xe h,i.e. pu(x) > 0. For every m,

(A.66) Prob{t/om} < Prob{x|o" |Prob{c|om}

[it is an equality if t=y|. Dividing (A.66) by (A.63) we obtain

Prabf{tjon} < Prob xjgm}
Prob{x,|om] = Probix |om}

(A.67) Probid|c=}

¥

Dividing numerator and denominator of the LHS by Prob [ul oM} and
numerator and denominator of the RHS by Prob {hl o™} and taking the limit as
m—ee we obtain, using (A.62) [recall that, by hypothesis, 1. x3€u, X,x,€h,
Li(x;)>0 and, by the above argument p(x;) 2 u(x;)]:

pt) o pix)
AL68 <
(.685) MEB RS
Thus () > 0 implies p(x) > O.
1t follows that cither te X( hl ¢) or tis a successor of a node ye X{ hl ¢). In

the first case there is nothing left to prove. Consider therefore the latter casc.
Supposc it is not true that C(y| o) = C(1| g). Let ¢|,.....c, be the choices that lead
trom y to t (hence r=1). Then at least one j=1,....r,

(A.69) lim Prob(c |om)=0

m—sm

Now,

(A.70) Prob{t/om} = Prob{x|o }Prob{c|c JA(Gn)
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where A(c™)=Prob {c1| M. Prob {cri o™} and, therefore, by (A.69),

(AT1) limA(gm)=0

m—pan

Dividing (A.70) by (A.63) we obtain

- Prob{t|om} S Probix|om)  A{g»)
Prob{x.|om} ~ Prob{x,|an} Probld|c™)

(A.72)

Dividing numerator and denominator of the LHS by Prob [ul o™} and
numerator and denominator of the RHS by Prob {hl 6™} and taking the limit as
m->e=, we obtain [recall that p(x, >0 and p(x4)>0]

lim A(gw
o peo am A
Hix:)  H(x,) lim Prob {d|ow}

t—¥e

(A.73)

By (A.62) and (A.70) the RHS is equal 1o zero. Henee p(t)=0, contradicting our
supposition.

LEMMA 11. Lel (5.11) be an assessment that is consistent in the sense of
Kreps and Wilson and let B=x(o,|) be the corresponding profile of beliefs.
Then [3 satisfies the property of Contraction Consistency.

Proof. We want to prove that if y is a successor of x and Byx)nK,(y)=@
then Biy)=P;(x)NK;(y). It will be sufficient to prove this for the case where vy is
an immediate successor ol x. If y is not a decision node of player i, then it
tollows from (4) of the definition of y(+). Assume, therefore, that y belongs to
information set u of player i. Then, by (3} of the definition of ¥ ().
B.(y)=}zl 2= o) for some € supp (ul w)).

CASE 1: (y belongs to information set u of player i and} x belongs to an
information set of player i, call it h. Then, by (3) of the definition of x().
Bi(x)=| v z:C(w[ o) for some we supp (u| h)}. Since B;{x)mK(y)=, there must
be a node veu such that C_,(v| o) = C(w| o) for somc node we supp (p| h) of
which v is a successor. Then by lemma 8, Bi(y)=B()nK;(y).

CASE 2: (y belongs to information sct u of player i and) x is not a decision
node of player i and K (x)=0(x) [note that if x=x, then we arc cither in case |
or in case 2, since Ki(x,)=8(xy)]. Then by definition of K;(=) it must be truc that

Uﬁ(t)ge(x), that is, all the nodes in u are successors of x. Consider first the
case where either the game has no chance moves {in which case we do not rule
out the possibility that x=x;) or the game has chance moves and x#x,. Then by
(2) of the definition of y(+), Pix)=C(xl 5). Since B(x)NK,(y)#&, there must be
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a node ve u that is a successor of x on the path from x 1o {(x| ), so that {(v| &)
= C(xi o). Then, by lemma 6. u(vi=1. and by (3) of the definition of y(),
Bi(y)z{g(v| o)} = Bi(x)NK,(y). Consider now the case where the game has
chance moves and x=x,. Then by (1) of the definition of (=),
Bitxgl={ Q(x| o) for some xe Z( xy)1: by (3) of the definition of x(+).
Bityi=| £| 7= Q(tl o) for some teu with p(t) > 0} and by (2) of the definition of
information K(y) = U 0 (1). Since, by lemma 9. for every node teu with
Hn>0, Ll )= f;(x| o) for some xe E( xg). it follows that Bi(y)=Bi(x)K(y).

CASE 3: (y belongs to information set u of player i and) x is not a decision
node of player i and K{x)=8(x) and K;ix)#K{p,). Then it follows from the
definition of Ki(+) that p, is a decision node of player i. Let h be the information
set to which p, belongs. Let h= supp(p| h). Then, by (3} of the definition of
1(*). Bupo={7l z=L(wl o) for some we h}. Let ¢ be the choice that leads from
P, O X. Thcn by (5) of the definition of y(*). Bi(x)={ {7 L—C(y|c5) for some
yeX( hlcy}. Since B(x)NK(y)#Z, there must be a node scu that lics on the
path from some ye£}( hle) o Lyl o). Hence, §(sl 0)=C(yl 6). By lemma 10,
ﬁi(Y):Bi(X)ﬁKi(Y)-

CASE 4: (y belongs 1o information set u of player i and) x is not a decision
node of player i and Ki{(x)#0(x) and K(x} = Ki(p,). Then by (4} of the
definition of x(+}, B,(x)=Bi(p,)MK;(x). Consider the path from x, to x. If
B.{w)=P;(xy). for every node w on this path, and the game has no chance moves.
then the result follows from lemma 6 [by (1) of the definition of y(+},
Bixg)=1Ltxyl 631 since Bi(x)K;(y)#D, there cxists a node te u that lies on the
path from x, to {(xg| @), hence (| 6) = {(xd &); by lemma 6. L(D=1; by (3) of
the definition of x(s), B](y)=[C(t\ o). If By(w)=Bi(xg). for every node on the
path from x to x and the game has chance moves, then the result follows from
lemma 9. If B,(x)2B,(xy). let w be the node such that Bi(w)=B;(x) and
Bi(p,)2B;(x). Then either w is a decision node of player i. in which casc the
result follows from the argument of case 1, or w is not a decision node of player
i. in which case if K;(w)=0(w), the argument of case 2 applies, while if
K;{w)#8(w) then the argument of case 3 applies, since it must be Ki(w)#K;(p,,).

PROOF OF PROPOSITION 2. Let the simple assessment (o.u) be a sequential
equilibrium and et B=y(o,1) be the corresponding profile of beliefs. In virtue
of lemmas 5 and 11, it only remains to show that [ satisfies the property of
Individual Rationality. We nced to show that if h is an information set of player
i, h is the subset of h consisting of the predecessors of B;(h) - so that, by (3) of
the definition of y(+), h = supp(ul h) - then for every choice ¢ at h,

Y Utomiz)z X Ulr(z)
(A74) refithy (L) ) reafitSinen (L

azh
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By (3) of the definition of %(+)
LUz = X UigxlonnGixle)

refithn xesup il

{A.75)

By Contraction Consistency and by lemma 2 [cf. the argument that led to
(A.14) and (A.15)], for every choice c at h,

(A76) Lo U@mn= X UESERlenrEsxolo)
‘ ze o BitSxivn sesup |l

weh

Thus. using (A.75) and (A.76). (A.74) is equivalent to

A7 2 UCxenn@ixlonz T U ESKxolonmESxolon

sesuppiph; sesuppiphy

First of all we show that for every xe h and for every choice ¢ at h,
(A.78) r(G(x|o)) = RS xfolod)

If the game has no chance moves, n{z)=1 for all z and therefore (A.78) is truc.
Suppose the game has chance moves. Fix an arbitrary xeh and an arbitrary
choice ¢ at h. Let E be the unique event to which {(x| &) belongs and E' be the
unique event to which §(S(xl ¢)l 6) belongs. If E2E', then the path from Xg Lo
Zixl 6) and the path from x, to §(S(xl ¢)| o) follow different arcs at X and reach
the same node xe h, contradicting unigueness of plays in extensive games. Thus
E=E' and (A. 77) follows from the definition of ®(+).
Now, note thal. by definition of mi(e),

(AT9) n(L{x|o)) = m(x)
Thus, using (A.78) and {A.79}, we can re-write (A, 77) as follows:

(A.80) 2 U lixlonmx)z X U GSixfe)e)m(x)

e i by xesup piplhs

Dividing both sides of (A.80) by X mly) we obtain, using the fact that.

vesuppiplhi
by definition of simple asscss wix) = 8
Y de miion o Sln]p[.thLHSn]Cnt. Z T[{y).
venppiplht
(A&1) L UEeomxz T U Esxo)nmx
xEsuppilehi sesuppilih)

which is implied by sequential rationality.
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