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Abstract

We study a branching-time temporal logic of belief revision where the
interaction of belief and information is modeled explicitly. The logic is
based on three modal operators: a belief operator, an information operator
and a next-time operator. We consider three logics of increasing strength.
The first captures the most basic notion of minimal belief revision. The
second characterizes the qualitative content of Bayes’ rule. The third is
the logic proposed in [8], where some aspects of its relationship with the
AGM theory of belief revision were investigated. We further explore the
relationship to AGM with the help of semantic structures that have been
used in the rational choice literature. Further strengthening of the logic
are also investigated.

1 Introduction

Since the foundational work of Alchourrén, Gérdenfors and Makinson [1], the
theory of belief revision has been a very active area of research. Recently several
authors have been attempting to re-cast belief revision within a modal frame-
work. Pioneering work in this new area was done by Segerberg ([32], [33]) in
the context of dynamic doxastic logic, Board [5] in the context of multi-agent
doxastic logic and van Benthem [3] in the context of dynamic epistemic logic.
Much progress has been made both in dynamic epistemic logic (see, for example,
[2], [15], [16] and the recent survey in [17]) as well as in dynamic doxastic logic
(see [27]). Another very active area of research has been iterated belief revision
(see, for example, [11], [14], [29], [30]).

*Parts of this paper were presented at the Seventh Conference on Logic and the Foundations
of Game and Decision Theory (LOFTT; Liverpool, July 2006) and at the KNAW Academy
Colloquium on New perspectives on Games and Interaction (Amsterdam, February 2007). I
am grateful to Jan van Eijck and Johan van Benthem for helpful comments.



This paper joins the recent attempts to establish a qualitative view of belief
revision in a modal framework, by continuing the study of belief revision within
a temporal framework that was first proposed in [8]. Since belief revision deals
with the interaction of belief and information over time, branching-time tempo-
ral logic seems a natural setting for a theory of belief change. On the semantic
side we consider branching-time frames with the addition of a belief relation
and an information relation for every instant ¢. We thus extend to a temporal
setting the standard Kripke [26] semantics used in the theory of static belief
pioneered by Hintikka [23]. On the syntactic side we consider a propositional
language with a next-time operator, a belief operator and an information oper-
ator. Three logics of increasing strength are studied. The first is a logic that
expresses the most basic notion of minimal belief revision. The second captures
the qualitative content of Bayes’ rule, thus generalizing the two-date result of
[6] to a branching-time framework. The third logic is the logic proposed in [8],
where some aspects of the relationship between that logic and the AGM theory
of belief revision were investigated. In this paper we provide frame character-
ization results for all three logics and we further investigate the relationship
between the strongest of the three logics and the notion of AGM belief revision
functions. We do so with the help of semantic structures that have been used in
the rational choice literature. We call these structures one-stage revision frames
and show that there is a correspondence between the set of one-stage revision
frames and the set of AGM belief revision functions. Further strengthening of
the logic are also investigated.

While the structures that we consider accommodate iterated belief revision
in a natural way, we do not attempt to axiomatize iterated revision in this paper.
First steps in this direction have been taken in [35].

We provide frame characterization results and do not address the issue of
completeness of our logics. Completeness of the basic logic with respect to a
more general class of temporal belief revision frames (where the set of state is
allowed to change over time) is proved in [9]; that result has been extended in
[35] to the set of frames considered in this paper.

2 Temporal belief revision frames

We consider the semantic frames introduced in [8], which are branching-time
structures with the addition of a belief relation and an information relation for
every instant t.

A next-time branching frame is a pair (T, —) where T is a non-empty, count-
able set of instants and — is a binary relation on T satisfying the following
properties: Vty,ts,t3 € T,

(1) backward uniqueness if ¢; — t3 and ty »— t3 then ¢; = t9

(2) acyclicity if (t1,...,t,) is a sequence with t; — t;41
for every i = 1,...,n — 1, then ¢,, # t;.



The interpretation of ¢; — to is that ¢ is an immediate successor of t;
or t1 is the immediate predecessor of to: every instant has at most a unique
immediate predecessor but can have several immediate successors.

Definition 1 A temporal belief revision frame is a tuple (T, —,Q,{B:, i }teT)
where (T, —) is a next-time branching frame, Q is a non-empty set of states (or
possible worlds) and, for everyt € T, By and I, are binary relations on €.

The interpretation of wlB,w’ is that at state w and time ¢ the individual con-
siders state w’ possible (an alternative expression is “w’ is a doxastic alternative
to w at time ¢”), while the interpretation of wZ;w’ is that at state w and time
t, according to the information received, it is possible that the true state is w’.
We shall use the following notation:

Bi(w) = {w' € Q: wBiw'} and, similarly, Z; (w) = {w’ € Q : wT;w'}.

Figure 1 illustrates a temporal belief revision frame. For simplicity, in all
the figures we assume that the information relations Z; are equivalence relations
(whose equivalence classes are denoted by rectangles) and the belief relations B
are serial, transitive and euclidean' (we represent this fact by enclosing states
in ovals and, within an equivalence class for Z;, we have that - for every two
states w and W’ - w’ € B;(w) if and only if w’ belongs to an oval).? For example,
in Figure 1 we have that Z;, (v) = {a, 8,7} and By, (v) = {«, 8}.
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Figure 1

1By is serial if, Vw € Q, Bi(w) # @; it is transitive if w’ € By (w) implies that By (w’) C Bi(w);
it is euclidean if w’ € B¢(w) implies that Bi(w) C Bi(w').

2Note, however, that our results do not require Z; to be an equivalence relation, nor do
they require Bt to be serial, transitive and euclidean.



Temporal belief revision frames can be used to describe either a situation
where the objective facts describing the world do not change — so that only the
beliefs of the agent change over time — or a situation where both the facts and
the doxastic state of the agent change. In the literature the first situation is
called belief revision, while the latter is called belief update (see [25]). We shall
focus on belief revision.

On the syntactic side we consider a propositional language with five modal
operators: the next-time operator (O and its inverse ()~!, the belief operator
B, the information operator I and the “all state” operator A. The intended
interpretation is as follows:

Od - “at every next instant it will be the case that ¢”
O~ '¢: “at every previous instant it was the case that ¢”
B¢ : “the agent believes that ¢”

1o : “the agent is informed that ¢”

Ao : “it is true at every state that ¢”.

The “all state” operator A is needed in order to capture the non-normality of
the information operator I (see below). For a thorough discussion of the “all
state” operator see Goranko and Passy [20].

Note that, while the other operators apply to arbitrary formulas, we restrict
the information operator to apply to Boolean formulas only, that is, to formulas
that do not contain modal operators. Boolean formulas are defined recursively
as follows: (1) every atomic proposition is a Boolean formula, and (2) if ¢ and v
are Boolean formulas then so are —¢ and (¢ V ). The set of Boolean formulas
is denoted by ®Z. Boolean formulas represent facts and, therefore, we restrict
information to be about facts.?

Given a temporal belief revision frame (T, —,Q, {B;,Z; }+c7) one obtains a
model based on it by adding a function V : S — 2 (where S is the set of atomic
propositions and 2 denotes the set of subsets of ) that associates with every
atomic proposition p the set of states at which p is true. Note that defining a
valuation this way is what frames the problem as one of belief revision, since
the truth value of an atomic proposition p depends only on the state and not
on the time.* Given a model, a state w, an instant ¢ and a formula ¢, we write
(w,t) = ¢ to denote that ¢ is true at state w and time ¢. Let ||¢|| denote the truth
set of ¢, that is, [|¢|| = {(w,t) € QX T : (w,t) = ¢} and let [¢], C Q denote the
set of states at which ¢ is true at time ¢, that is, [¢], = {w € Q: (w,t) = ¢}.
Truth of an arbitrary formula at a pair (w,t) is defined recursively as follows:

3Zvesper [35] has recently proposed a version of our logic where the restriction to Boolean
formulas is dropped.
4Belief update would require a valuation to be defined as a function V : § — 292%T



ifpes, (w,t) = pif and only if w € V(p);

(w,t) E —¢ if and only if (w,t) ¥ ¢;

(w,t) E@ Ve if and only if either (w,t) = ¢ or (w,t) = ¢ (or both);
(w,t) = O¢ if and only if (w,t') = ¢ for every t’ such that ¢t — ¢';
(w,t) = O~ '¢ if and only if (w,t") = ¢ for every t such that ¢t — ¢;
(w,t) = B¢ if and only if B(w) C [¢],, that is,

if (W',t) | ¢ for all W’ € By(w);
(w,t) E I if and only if Z;(w) = [¢],, that is, if (1) (W',1) = ¢

for all W' € Zy(w), and (2) if (W', t) = ¢ then W' € Ty (w);
(w,t) = Ad if and only if [¢], = Q, that is,

if (W', t) E ¢ for all W' € Q.

Note that, while the truth condition for the operator B is the standard one,
the truth condition for the operator [ is non-standard: instead of simply requir-
ing that Z;(w) C [¢], we require equality: Z;(w) = [¢],. Thus our information
operator is formally similar to the “all and only” operator introduced in Hum-
berstone [24] and the “only knowing” operator studied in Levesque (see [28]),
although the interpretation is different. It is also similar to the “assumption”
operator used in Brandenburger and Keisler [12].

Remark 2 The truth value of a Boolean formula does not change over time: it
18 only a function of the state. That is, fiz an arbitrary model and suppose that
(w,t) = ¢ where ¢ € ®B; then, for everyt' € T, (w,t') |= ¢ (for a proof see [8],
p. 148).

A formula ¢ is valid in a model if ||¢|| = Q x T, that is, if ¢ is true at every
state-instant pair (w,t). A formula ¢ is valid in a frame if it is valid in every
model based on it.

3 The basic logic

The formal language is built in the usual way (see [4]) from a countable set of
atomic propositions, the connectives — and V (from which the connectives A,
— and < are defined as usual) and the modal operators O, O~ !, B, I and A,

with the restriction that I¢ is a well-formed formula if and only if ¢ is a Boolean

formula. Let Q¢ def -(0)—¢, and O~ 1o et —~()~!=¢. Thus the interpretation of

Q¢ is “at some next instant it will be the case that ¢ 7 while the interpretation
of O71¢ is “at some immediately preceding instant it was the case that ¢”.

We denote by Ly the basic logic defined by the following axioms and rules
of inference.

AXIOMS:

1. All propositional tautologies.



2. Axiom K for O, O7Y, Band 4°%: for Oe {0,007}, B, A}
(O AD(¢ — ) —Ov (K)
3. Temporal axioms relating () and O~

¢—0O0 ¢ (01)
¢— O 100 (02)

4. Backward Uniqueness axiom:
07'¢—0O7'¢ (BU)
5. S5 axioms for A:

Ap— ¢ (Ta)
~A¢ — A-Ad (5a)

6. Inclusion axiom for B (note the absence of an analogous axiom for I):
A¢ — B¢ (Inclp)

7. Axioms to capture the non-standard semantics for I: for ¢,1) € ®% (recall
that ®2 denotes the set of Boolean formulas),

IpNIYp) = Alp = ¢) ()
Alp =) = (Ip = 1Y) (Iz)

RULES OF INFERENCE:

1. Modus Poneuns: W (MP)

2. Necessitation for 4, O and O~ !: for every 0 € {A, O, O}, % (Nec).

Note that from M P, Inclg and Necessitation for A one can derive necessi-
tation for B. On the other hand, necessitation for I is not a rule of inference of
this logic (indeed it is not validity preserving).

Remark 3 By MP, aziom K and Necessitation, the following is a derived rule

of inference for the operators O, O™, B and A: Dijgw forOe {0,007, B, A}.

We call this rule RK. On the other hand, rule RK s not a valid rule of inference
for the operator I.

5Axiom K for I is superfluous, since it can be derived from axioms Iy and Iy below (see
6] , p. 204).



4 The weakest logic of belief revision

Our purpose is to model how the beliefs of an individual change over time in
response to factual information. Thus the azioms we introduce are restricted to
Boolean formulas, which are formulas that do not contain any modal operators.

We shall consider axioms of increasing strength that capture the notion of
minimal change of beliefs.

The first axiom says that if ¢ and v are facts (Boolean formulas) and -
currently - the agent believes that ¢ and also believes that ¢ and his belief that
¢ is non-trivial (in the sense that he considers ¢ possible) then - at every next
instant - if he is informed that ¢ it will still be the case that he believes that
1. That is, if at a next instant he is informed of some fact that he currently
believes non trivially, then he cannot drop any of his current factual beliefs (‘W’
stands for ‘Weak’ and ‘ND’ for ‘No Drop’):® if ¢ and 1/ are Boolean,

(Bp A —=B-¢ A Byp) — O(Ip — By). (WND)

The second axiom says that if ¢ and ¥ are facts (Boolean formulas) and
- currently - the agent believes that ¢ and does not believe that 1, then - at
every next instant - if he is informed that ¢ it will still be the case that he does
not believe that ¢). That is, at any next instant at which he is informed of some
fact that he currently believes he cannot add a factual belief that he does not
currently have (‘W stands for ‘Weak’ and ‘NA’ stands for ‘No Add’):" if ¢ and
1) are Boolean,

(Bé A=Byp) — Ol — —BY). (WNA)

Thus, by WN D, no belief can be dropped and, by W N A, no belief can be
added, at any next instant at which the individual is informed of a fact that he
currently believes.

An axiom is characterized by (or characterizes) a property of frames if it is
valid in a frame if and only if the frame satisfies that property.

61t is shown in the Appendix that the following axiom (which says that if the individual
is informed of some fact that he believed non-trivially at a previous instant then he must
continue to believe every fact that he believed at that time) is equivalent to WND: if ¢ and
1 are Boolean,

O~Y(Bp A By A ~B-¢g) A I — Bip.

This, in turn, is propositionally equivalent to O ~'(B¢ A Btp A ~B=¢) — (I¢p — Bp).

"It is shown in the Appendix that the following is an equivalent formulation of WNA: if
¢ and 1) are Boolean,

O~Y(Bp A—~Bip) A Ip — —Bap.



All the propositions are proved in the Appendix.

Proposition 4 (1) Aziom WND is characterized by the following property:
Yw € Q, th,tz eT,

if t1 = to, By, (W) # @ and By, (w) C Iy, (w) then By, (w) C By, (w).  (Pwnp)

(2) Aziom W N A is characterized by the following property: Yw € Q, Vt1,ts €
T,
if t1 — to and By, (w) C Tt (w) then B, (w) C By, (w).  (Pwna)

Let Ly (where ‘W’ stands for “‘Weak’) be the logic obtained by adding WN D
and WNA to Ly. We denote this by writing Ly = Lo + WNA 4+ WND. The
following is a corollary of Proposition 4.

Corollary 5 Logic Ly is characterized by the class of temporal belief revision
frames that satisfy the following property: Yw € Q, Vi1,to € T,
if t1 — to, By, (w) # @ and By, (w) C I, (w) then By, (w) = B, (w).

The frame of Figure 1 violates the property of Corollary 5, since t3 — ts,
By, (o) = {a} € Ii,(a) = {a, B} and By, (o) = {B} # Bi,(a).

Logic Ly captures a weak notion of minimal change of beliefs in that it
requires the agent not to change his beliefs if he is informed of some fact that

he already believes. This requirement is stated explicitly in the following axiom
(‘WNC’ stand for ‘Weak No Change’): if ¢ and 1) are Boolean formulas,

(I6 N OTH(Bo A —~B=¢)) — (By « O~ By). (WNC)

WNC says that if the agent is informed of something that he believed non-
trivially in the immediately preceding past, then he now believes a fact if and
only if he believed it then.

Proposition 6 WNC' is a theorem of Ly .

We now turn to a strengthening of Lyy.

5 The logic of the Qualitative Bayes Rule

Logic Ly imposes no restrictions on belief revision whenever the individual is
informed of some fact that he did not previously believe. We now consider a
stronger logic than Ly,. The following axiom strengthens W N D by requiring
the individual not to drop any of his current factual beliefs at any next instant
at which he is informed of some fact that he currently considers possible (with-
out necessarily believing it: the condition B¢ in the antecedent of WND is
dropped): if ¢ and v are Boolean,

(=B=¢ A Bip) — O(I¢ — By). (ND)



The corresponding strengthening of W N A requires that if the individual
considers it possible that (¢ A =) then at any next instant at which he is
informed that ¢ he does not believe that 1:* if ¢ and ) are Boolean,

—B=(¢ A —p) = O(Ip — —BY). (NA)

One of the axioms of the AGM theory of belief revision (see [19]) is that
information is believed. Such axiom is often referred to as “Success” or “Ac-
ceptance”. The following axiom is a weaker form of it: information is believed
when it is not surprising. If the agent considers a fact ¢ possible, then he will
believe ¢ at any next instant at which he is informed that ¢. We call this axiom

Qualified Acceptance (QA): if ¢ is Boolean,

~B-¢ — O(I¢ — B9). (QA)

Proposition 7 (1) Axiom ND is characterized by the following property: Yw €
Q, Vti1,t0 €T,

Zf tl — tQ and Btl (CU) ﬂl't2 (LLJ) 7é & then Bt2 (W) g Btl (W) (PND)
(2) Aziom N A is characterized by the following property: Yw € Q, Viq,ty €
T,
if t1 > to then By, (w) NIy, (w) C By, (w).  (Pna)
(8) Aziom (QA) is characterized by the following property: Yw € Q, Viq,ty €
T,
if t1 — to and By, (w) NIy, (w) # & then By, (w) C Ty, (w).  (Pga)

We call the following property of temporal belief revision frames “Qualitative
Bayes Rule” (QBR): Vi1,t2 € T,Vw € Q,

if t; — t2 and By, (w) N7y, (w) # @ then By, (w) = By, (w) N1y, (w).  (QBR)

The expression “Qualitative Bayes Rule” is motivated by the following observa-
tion (see [6]). In a probabilistic setting, let P, ;, be the probability measure over
a set of states {2 representing the individual’s beliefs at state w and time t1; let
F C Q be an event representing the information received by the individual at a

8 Axiom NA can alternatively be written as O (I A By) — B(¢ — ), which says that if
there is a next instant at which the individual is informed that ¢ and believes that 1, then
he must now believe that whenever ¢ is the case then 1 is the case. Another, propositionally
equivalent, formulation of NA is the following: =B(¢ — ¢) — O(I¢ — —B), which says
that if the individual does not believe that whenever ¢ is the case then v is the case, then -
at any next instant - if he is informed that ¢ then he cannot believe that .



later date t2 and let P, ;, be the posterior probability measure representing the
revised beliefs at state w and date to. Bayes’ rule requires that, if P, 4, (F)) > 0,

then, for every event £ C Q, P, 4, (E) = IE;LE(;?
W, tq

the following (where supp(P) denotes the support of the probability measure
P):

. Bayes’ rule thus implies

if supp(P,y,) NF # @, then supp(Py1,) = supp(Po4,) N F.

If we set By, (w) = supp(Puy,), F = Ty, (w) (with t1 — t3) and By, (w) =
supp(P,, 1,) then we get the Qualitative Bayes Rule as stated above. Thus in a
probabilistic setting the proposition “at date ¢ the individual believes ¢” would
be interpreted as “the individual assigns probability 1 to the event [¢], C Q7.

The following is a corollary of Proposition 7.

Corollary 8 The conjunction of axioms ND, NA and QA characterizes the
Qualitative Bayes Rule.

The frame of Figure 1 violates QBR, since to — t3, B, (d) = {8,7} and
T:,(0) = {~,d,e}, so that B, (6) NZ:,(0) = {7} # &; however, B, (§) = {7,0} #
B, (8) N Zi;(8). On the other hand, the frame of Figure 2 does satisfy QBR.

Figure 2

Let Lopr =Lo+ ND+ NA+ QA.

Remark 9 Logic Lopr contains (is a strengthening of) Ly . In fact, WND
is a theorem of logic Lo + ND, since (B¢ AN —-B—¢ A By) — (-B—¢ A BY) is a
tautology, and WN A is a theorem of logic Lo + NA (see the Appendiz).

6 The logic of AGM

We now strengthen logic Logr by adding four more axioms.

10



The first axiom is the Acceptance axiom, which is a strengthening of Quali-
fied Acceptance: if ¢ is Boolean,

1¢ — Bo. (4)

The second axiom says that if there is a next instant where the individual
is informed that ¢ A ¥ and believes that yx, then at every next instant it must
be the case that if the individual is informed that ¢ then he must believe that
(¢ A1) — x (we call this axiom K7 because it corresponds to AGM postulate
(®7): see the next section): if ¢, ¢ and x are Boolean formulas,

OU(@AY)ABx) — O — B((¢ AY) = X))- (K7)

The third axiom says that if there is a next instant where the individual is
informed that ¢, considers ¢ A possible and believes that 1) — x, then at every
next instant it must be the case that if the individual is informed that ¢ A 1
then he believes that x (we call this axiom K8 because it corresponds to AGM
postulate (®8): see the next section): if ¢, 1 and x are Boolean formulas,

OUp A=B=(¢ A) ANB(Y — x)) — O(¢ A1) — Bx). (K8)

The fourth axiom says that if the individual receives consistent information
then his beliefs are consistent, in the sense that he does not simultaneously
believe a formula and its negation (‘WC’ stands for “Weak Consistency’): if ¢
is a Boolean formula,

(I¢ N =A=¢) — (BY — ~B—). (We)

Proposition 10 (1) aziom A is characterized by the following property: Yw €
QVteT,

Bi(w) € Zt(w).  (Pa)
(2) Aziom (K'7) is characterized by the following property: Yw € Q, Vi1, ta,t3 €
T,
if t1 — ta, t1 — t3 and I, (w) C Iy, (w) then Ty (w) N B,y (w) C By, (w).  (Pxr)
(8) Aziom (K8) is characterized by the following property: Yw € Q, Viq,ta,t3 €
T,
if t1 — to, t1 — t3, Tty (W) C Tty (w) and Tey(w) N By, (w) # @ (Pis)
then By, (w) C Tty (w) N By, (w). K8

(4) Axiom WC is characterized by the following property: Yw € Q,Vt € T,
if Ty(w) # @ then By(w) # @.  (Pwc)

11



Let Lagyy =Lo+ A+ ND+NA+ K7+ K8+ WC. Since QA can be derived
from A, logic Laga contains (is a strengthening of) logic Lgogg.

Definition 11 An L zgp-frame is a temporal belief revision frame that satisfies
the following properties:
(1) the Qualitative Bayes Rule,
(2)Vw e Q,VteT, B(w) C T(w),
(8)Vw e, VteT, if ;(w) # & then Bi(w) # @.
(4) Yw € Q, Vi, to,t3 €T,
if t1—ta, t1—t3, Ty (w) C Iy, (w) and Iy, (w) N By, (w) # 2
then Bi,(w) = Ty, (w) N By, (w).
An L agp-model is a model based on an L agps-frame.

The frame of Figure 2 is not an AGM frame, although it satisfies QBR. In
fact, we have that t1 — to, t1 — t3, I, (v) = {7,9}, i, (v) = {B,7,9} and
BtQ (’7) = {ﬁv’)/}v so that It3 (’Y) - Itz (’7) and Its (’Y) N BtQ (7) = {’Y} 7é @ but
Bts (7) = {’77 6} 7é It3 (OJ) N Btz (W) = {7}

Corollary 12 It follows from Proposition 10 that logic Laga is characterized
by the class of L agar-frames.

Some aspects of the relationship between logic L ogp and the AGM theory
of belief revision were investigated in [8]. In the next section we explore this re-
lationship in more detail, with the help of structures borrowed from the rational
choice literature.

7 Relationship to the AGM theory

We begin by recalling the theory of belief revision due to Alchourrén, Géirdenfors
and Makinson [1], known as the AGM theory (see also [19]). In their approach
beliefs are modeled as sets of formulas in a given syntactic language and belief
revision is construed as an operation that associates with every deductively
closed set of formulas K (thought of as the initial beliefs) and formula ¢ (thought
of as new information) a new set of formulas K f representing the revised beliefs.

7.1 AGM belief revision functions

Let S be a countable set of atomic propositions and Ly the propositional lan-
guage built on S. Thus the set ®y of formulas of Ly is defined recursively as
follows: if p € S then p € & and if ¢, 1) € Py then =¢p € &y and ¢ V Y € Py.
Given a subset K C ®, its PL-deductive closure [K]PL (where ‘PL’ stands
for Propositional Logic) is defined as follows: 1 € [K]L if and only if there exist
@1y ey &, € K such that (¢ A ... A@,,) — 1 is a tautology (that is, a theorem of
Propositional Logic). A set K C ®q is consistent if [K]FF # @, (equivalently,
if there is no formula ¢ such that both ¢ and —¢ belong to [K]FF). A set

12



K C @ is deductively closed if K = [K}PL. A belief set is a set K C ®; which
is deductively closed. The set of belief sets will be denoted by K and the set of
consistent belief sets by K.

Let K € K™ be a consistent belief set representing the agent’s initial beliefs.
A belief revision function for K is a function

K® : 9y — 2%

that associates with every formula ¢ € ® (thought of as new information) a
set K®(¢) C @y (thought of as the new belief). It is common in the literature
to use the notation Kf instead of K®(¢), but we prefer the latter. A belief
revision function is called an AGM revision function if it satisfies the following
properties, known as the AGM postulates: Vo, € P,

K®(¢) e K

¢ € K% (¢)

K®(¢) C [KU{o}"F

if ¢ ¢ K, then [K U {¢}]"F C K (@)

if ¢ is a contradiction then K®(¢) = @,

if ¢ is not a contradiction then K® () # ®q

if ¢ < 1) is a tautology then K®(¢) = K® (¢))
K®(on9) C [K°(9) U {w})"™"

if 0 ¢ K*(9), then [K°(6) U {9} C K* (@A ).

O UL U = W N
~

® PR ®

®
\]

\(Z.i\_/\/@@\_/\_/vv
~—
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(®1) requires the revised belief set to be deductively closed.
(®2) requires that the information be believed.

(®3) says that beliefs should be revised minimally, in the sense that no new
formula should be added unless it can be deduced from the information received
and the initial beliefs.

(®4) says that if the information received is compatible with the initial
beliefs, then any formula that can be deduced from the information and the
initial beliefs should be part of the revised beliefs.

(®5ab) require the revised beliefs to be consistent, unless the information ¢
is contradictory (that is, —¢ is a tautology).

(®6) requires that if ¢ is propositionally equivalent to ¢ then the result of
revising by ¢ be identical to the result of revising by .

(®7) and (®8) are a generalization of (®3) and (®4) that

“applies to iterated changes of belief. The idea is that if K®(¢)
is a revision of K [prompted by ¢] and K®(¢) is to be changed by
adding further sentences, such a change should be made by using ex-

pansions of K®(¢) whenever possible. More generally, the minimal
change of K to include both ¢ and v (that is, K® (¢ A 1)) ought to
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be the same as the expansion of K® (¢) by 9, so long as 1 does not
contradict the beliefs in K®(¢)” (Gérdenfors [19], p. 55).°

We now turn to a semantic counterpart to the AGM belief revision functions,
which is in the spirit of Grove’s [21] system of spheres. The structures we
will consider are known in rational choice theory as choice functions (see, for
example, [31] and [34]).

7.2 Choice structures and one-stage revision frames

Definition 13 A choice structure is a quadruple (Q, &, O, R) where

e ) is a non-empty set of states; subsets of Q are called events.
o £ C 29 is a collection of events (2 denotes the set of subsets of ).

e R: & — 2% is a function that associates with every event E € £ an event
REg C Q (we use the notation R rather than R(FE)).

o O €€ is a distinguished element of & with O # &.

In rational choice theory a set £ € & is interpreted as a set of available
alternatives and R is interpreted as the subset of E which consists of those
alternatives that could be rationally chosen. In our case, we interpret the el-
ements of £ as possible items of information that the agent might receive and
the interpretation of Ry is that, if informed that event E has occurred, the
agent considers as possible all and only the states in Rg. For the distinguished
element O, we interpret Rg as the original or initial beliefs of the agent.!”

Note that we do not impose the requirement that 2 € £.

Definition 14 A one-stage revision frame is a choice structure (Q, €, O, R) that
satisfies the following properties: VE, F € &,

(BR1) R C E,

(BR2) if E # @ then Ry # @,

(BR3) if EC F and Rp N E # @ then Ry = Rp N B
(BR4) if Rg N E # @ then Ry = Rg N E.

In the rational choice literature, (BR1) and (BR2) are taken to be part of
the definition of a choice function, while (BR3) is known as Arrow’s axiom (see

9The expansion of K® (¢) by t is [K® (¢) U {¢}] PL

10Tn the rational choice literature there is no counterpart to the distinguished set Q.

17t is proved in the Appendix that, in the presence of (BR1), (BR3) is equivalent to:
VE,F €&,

(BR3') if ReNE # @ and ENF € £ then Rpgnrp = Rp NE.
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[34] p. 25). Property (BR4), which corresponds to our Qualitative Bayes Rule,
has not been investigated in that literature.

The following is an example of a belief revision frame: Q = {«,S,7,d},
& = {{057 ﬂ}? {'77 5}’ {057 ﬂa 7}}7 ) :{05, ﬂv ’7}7 R{a,,@} = {5}a R{’y,é} = {’y}a
R{a,ﬁ,’y} = {ﬂa’y}

A one-stage revision model is a quintuple (2, £, 0, R, V') where (2, &,0, R)
is a one-stage revision frame and V : S — 2% is a function (called a valuation)
that associates with every atomic proposition p the set of states at which p is
true. Truth of an arbitrary formula in a model is defined recursively as follows
(w = ¢ means that formula ¢ is true at state w): (1) for p € S, w = p if and
only if w € V(p), (2) w = ¢ if and only if w j= ¢ and (3) w |= ¢ V¢ if and only
if either w = ¢ or w = 9 (or both). The truth set of a formula ¢ is denoted by
J6ll. Thus 6] = {w € Qs b= o}.

Given a one-stage revision model, we say that
(1) the agent initially believes that ¢ if and only if Ro C ||¢],

(2) the agent believes that ¢ upon learning that 1 if and only if ||¢| € £ and
Ry S (191l

Definition 15 A one-stage revision model is comprehensive if for every for-
mula ¢, ||@]] € E. It is rich if, for every finite set P = {p1,...,Pn,q1,-r Gm}
of atomic propositions, there is a state wp € ) such that wp = p; for every
i=1,..,n and wp |= —q; for every j=1,...m .

Thus in a comprehensive one-stage revision model every formula is a possible
item of information. For example, a model based on a one-stage revision frame
where £ = 29 is comprehensive. In a rich model every formula consisting of a
conjunction of atomic proposition or the negation of atomic propositions is true
at some state.

7.3 Correspondence

We now show that the set of AGM belief revision functions corresponds to the
set of comprehensive and rich one-stage revision models, in the sense that

(1) given a comprehensive and rich one-stage revision model, we can associate
with it a consistent belief set K and a corresponding AGM belief revision func-
tion K%, and

(2) given a consistent belief set K and an AGM belief revision function K® there
exists a comprehensive and rich one-stage revision model whose associated belief
set and AGM belief revision function coincide with K and K®, respectively.

Proposition 16 Let (Q,€,0,R, V) be a comprehensive one-stage revision model.
Define K = {¢p € &g : Ro C ||¢||}. Then K is a consistent belief set. For
every ¢ € g define K¥(¢) = {¢ € &g : Ry C |[¥|I}. Then the function
K® : &g — 2% s0 defined satisfies AGM postulates (®1)-(®5a) and (®6)-(®8).
If the model is rich then also (®5b) is satisfied.
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Proposition 17 Let K € K be a consistent belief set and K® : ®; — 2% be an
AGM belief revision function (that is, K® satisfies the AGM postulates (®1)-
(®8)). Then there exists a comprehensive and rich one-stage revision model
(Q,E,0,R, V) such that K = {¢ € & : Rg C ||¢||} and, for every ¢ € Dy,
K®(¢) = {1 € o : Ryg C [¥]}-

7.4 Back to Lz, frames

Given an L ggps frame (T, —, Q, {B:, Z; }+er) (see Definition 11) we can associate
with every state-instant pair (wo, to) a one-stage revision frame (see Definition

14) (20,£°,0°, R®) as follows. Let to = {t € T : t — t}, then

o N0 =0,
. gOZ{EgQ:E:It(wO) forsome?fetHo}7

[ ] @O = Ito (WQ),
L R@O = BtU ((.U())

o for every F € &, if E = T;(wq) (for some ¢ € Z)) then RY, = Bi(wo),

By Property (2) of L agas-frames the frame <QO, g0 00, RO> so defined sat-
isfies property BR1 of the definition of one-stage revision frame, while Property
(3) ensures that BR2 is satisfied, Property (4) ensures that BR3 is satisfied and
Property (1) ensures that BR4 is satisfied.

Consider now the subset of the set of L 4, frames consisting of those frames
satisfying the following properties:

VteT\Vwe QVE c22\{@}, H €T :t—t and Iy (w) = E. (Pomp)

and

Vi e T,Vw € Q, Tiy(w) # @. (seriality of Z;)

Let Leomp (“comp” stands for “comprehensive”) be Lagay +CM P+ 1., where
CMP and I, are the following axioms: for every Boolean ¢

~A-¢ — OI. (CMP)

_‘I(¢ A _‘d)) (Icon)

Axiom C'M P says that, for every Boolean formula ¢, if there is a state where
¢ is true, then there is a next instant where the agent is informed that ¢, while
axiom ., rules out contradictory or inconsistent information.
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Proposition 18 Logic L.omyp s characterized by the class of L agar-frames that
satisfy Poarp and seriality of I,.'?

We can view logic Leomp as an axiomatization of the AGM belief revision
functions. In fact, if we take any model based on a Loy, frame and any
state-instant pair, the one-stage revision frame associated with it is such that
& = 2\{@}. Thus the corresponding one-stage revision model is comprehensive
(see Definition 15) and therefore, by Proposition 16, the associated AGM belief
revision function K® : ®; — 2% satisfies AGM postulates (®1)-(®5a) and
(®6)-(®8). Conversely, by Proposition 17, for every consistent belief set K and
AGM belief revision function K® : &, — 2%0 there is a model based on an Leomp
frame whose associated AGM belief revision function coincides with K% .13

Lcomp models, however, are “very large” in that, for every state-instant pair
and for every Boolean formula ¢ whose truth set is non-empty, there is a next
instant where the agent is informed that ¢. This requirement corresponds to
assuming a complete belief revision policy for the agent, whereby the agent
contemplates his potential reaction to every conceivable (and consistent) item
of information. In a typical L 4gas frame, on the other hand, the items of
information that the individual might receive at the next instant might be few, so
that the agent’s belief revision policy is limited to a few (perhaps the most likely)
pieces of information. How does this limited belief revision policy associated
with L 4 frames relate to the AGM postulates for belief revision? The answer
is given in the following proposition, which was proved in [8] (we have reworded
it to fit the set-up of this section). We can no longer recover an entire AGM belief
revision function from a model based on an arbitrary IL 4gps frame. However we
can recover, for every pair of Boolean formulas ¢ and 1, the values K® (¢) and
K® (¢ A1) of an AGM belief revision function whenever there is a next instant
at which the agent is informed that ¢ and there is another next instant where
he is informed that (¢ A ).

Proposition 19 (A) Let K C ®B be a consistent and deductively closed set
and let K® : &) — 2% be an AGM belief revision function. Fix arbitrary
¢, € OB . Then there is an Laga-model, t1,ta,t3 € T and o € Q such that

(A]) tl — tz

(A.2) K ={x € ®®: (a,t1) E Bx}

(4.3) (o, ts) = I

(A.4) K*(6) = {x € % : (a,1,) | By}

(A.5) if ¢ is consistent then (8,t) = ¢ for some B € Q andt € T

(Aﬁ) tl — t3

(A7) (i, t3) = 1( A1)

(A.8) K®(p Np) = {x € ®” : (a,t3) = Bx}

12Note that, given the non-standard validation rule for I¢, the equivalence of axiom D
(I — —I—¢) and seriality of Z; breaks down. It is still true that if Z; is serial then the axiom
I¢ — —I—¢ is valid, but the converse is not true (see [6], Footnote 25, p. 226).

13 A1l we need to do in this respect is to eliminate the empty set from &£ in the proof of
Proposition 17, that is, discard the possibility that ¢ is a contradiction.
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(A.9) if (¢ A1) is consistent then (v,t') = (¢ AN) for some v € Q and
teT.

(B) Fiz an Lagar-model such that (1) for some t1,ta,t3 € T, a € Q and
Qb,w € (I)B, t1 — tQ, t1 — t3, (Oé,tg) ): I¢ and (Oz,tg) ': I(d)/\?/)), (2) Zf¢
is not a contradiction then (B,t) = ¢, for some p € Q andt € T and (3) if
(¢ AY) is not a contradiction then (v,t') = (¢ A1), for somey € Q andt' € T.
Define K = {x € ® : (a,t1) |= Bx}. Then there exists an AGM belief revision
function K® : &, — 2% such that K®(¢) = {x € ®¥: (a,t2) = Bx} and
K®(pAp) = {x € ®P : (a, t3) = Bx}. Furthermore, for every ¢,v € ®5, there
exists an L g ar-model such that, for some o € Q and ta,t3 € T, (1) (a,tz) E I
and (o, t3) E I(@ AY), (2) if ¢ is not a contradiction then (8,t) |E ¢, for some
BeQandt €T and (3) if (9 A1) is not a contradiction then (v,t) = (¢ A1),
for some vy € Q andt' €T.

8 Conclusion

We proposed a temporal logic where information and beliefs are modeled by
means of two modal operators I and B, respectively. A third modal opera-
tor, the next-time operator (), enables one to express the dynamic interaction
of information and beliefs over time. The proposed logic can be viewed as a
temporal generalization of the theory of static belief pioneered by Hintikka [23].
The combined syntactic-semantic approach of modal logic allows one to state
properties of beliefs in a clear and transparent way by means of axioms and to
show the correspondence between axioms and semantic properties. Natural
extensions of our L agas logic would impose, besides consistency of information
(axiom I.o,)', the standard KD45 axioms for belief (axiom 4: B¢ — BB¢ and
axiom 5: ~B¢ — B-B¢, while the D axiom: B¢ — - B-¢ would follow from
axioms I.,, and W (). Furthermore, one might want to investigate axioms that
capture the notion of memory or recall, for instance B¢ — (OB ()~ ! B¢ and
-B¢ — QB! =B¢ (the agent always remembers what he believed and what
he did not believe in the immediately preceding past). Further strengthenings
might add the requirement that information be correct (I — ¢) or the weaker
requirement that the agent trusts the information source (B O (I — ¢)).
Another natural direction to explore is the axiomatization of iterated revision, a
topic that has received considerable attention in recent years (see, for example,
[11], [14], [29], [30]). Extensions of logic L s that incorporate axioms for
iterated revision have been recently investigated in [35]. Finally, another line of
research, which is pursued in [10], deals with the conditions under which belief
revision can be rationalized by a plausibility ordering on the set of states, in
the sense that the set of states that are considered possible after being informed
that ¢ coincides with the most plausible states that are compatible with ¢.

14 As pointed out by Friedman and Halpern [18], it is not clear how one could be informed
of a contradiction.
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A Appendix

Proof of the claim in Footnote 6, namely that axiom WND is equivalent
to the following axiom: if ¢ and 1 are Boolean,

O~Y(B¢ A B A—B-¢) A L — Bi.

Derivation of WND from the above axiom (‘PL’ stands for ‘Propositional Logic’):

1. O7YBoA B A—-B-¢) — (I¢p — By) above axiom, PL
2. OO0 B¢ A By A-B-¢) — O(Ip — By) 1, rule RK for O
3. (B¢ A B A-B-¢)— OO H(BgpA By A-B~¢) Temporal axiom Oy
4. (Bé A By A-B-¢) — O(Ip — By) 2.3, PL.
Derivation of the above axiom from WND:
1. (BoABpA=B-d) — O(Id — Bip) Axiom WND
2. = (Ié — Bib) — —~(Bo A By A —~B-) 1, PL
3. O 'O Ip— BY) — O '=(BoABpA-B-¢) 2, rule RK for O~
4. O"YBoA By A=B-¢) — Ot O (Ip — BY) 3, PL, definition of ¢!
5. —(I¢ — By) — O 0~(Ip — B) Temporal axiom Os
6. OO Ip— ByY)— (I¢p — BY) 5, PL, definition of ¢~! and ¢
7. 01 (B A B A ~B-o) — (I$ — Bi) 4,6,PL.m

Proof of the claim in Footnote 7, namely that axiom WNA is equivalent
to the following axiom: if ¢ and 1 are Boolean,

O~ (Bé A =Bip) A I — —Bip.

Derivation of WNA from the above axiom:
1. O YBoA-BY)ANIp— —By above axiom

2. O"YBoA-BY) — (I¢p — —B) 1, PL
3. OO0 YBopA-Byp)— OI¢p — —Bi) 2, rule RK for O
4. (B A=Byp) — OO 1B A—By) Temporal axiom O,

5. (B A-B) — Old — —Bi) 3, 4, PL.
Derivation of the above axiom from WNA:
1. (BéA—Bi) — Od — —~Bi) Axiom WNA
2. = (Ip— —By) — ~(Bé A—By) 1, PL
3. O '0OU¢p— —-By)— O t=(BpA-Byp) 2, rule RK for O~ !
4. OYBoA-ByY) — 01O (Ip — —By) 3, PL and definition of ¢!
5. —(I¢ — —By) — O 10=(Ip — —By) Temporal axiom Os
6. O 'O I¢p— —~By)— (I¢ — —Bp) 5, PL, definition of ¢! and ¢
7. 0N (B A -BY) — (I — —BY) 4,6, PL
8. O~ Y(BoA-BY)AIp — ~By 7,PL.m

Proof of Proposition 4. (1) Fix a frame that satisfies Py yp, an arbitrary
model based on it and arbitrary a € Q, t; € T and Boolean formulas ¢ and
and suppose that (a,t1) E (Bé A By A ~B-¢). Since (a,t1) E ~B-¢, there
exists an w € By, («) such that (w,t1) = ¢. Thus B, (o) # @. Fix an arbitrary
t2 € T such that ¢; — to and suppose that (o, t2) = I¢. Then Z;, (o) = [¢],, .

19



Fix an arbitrary 8 € By, (). Since (o, t1) = B, (8,t1) = ¢. Since ¢ is Boolean,
by Remark 2 (8,t2) = ¢. Hence 8 € Z;,(«). Thus B, () C 7, («). Hence, by
Pwnp, Bi,(a) C By, («). Fix an arbitrary w € By, (). Then w € By, («) and,
since (a,t1) = B, (w, 1) = . Since ¢ is Boolean, by Remark 2 (w,t2) |= 4.
Thus (a, t2) = By.

Conversely, suppose that Py yp is violated. Then there exist a € 2 and
t1,t2 € T such that t1 — t2, By, () # &, By, (o) C Ty, () and By, (a) € By, ().
Let p and ¢ be atomic propositions and construct a model where ||p|| = Z¢, («) x
T and ||q|| = B, (a) X T. Then («, t1) = (BpABgA—-B—q). By hypothesis, there
exists a 5 € By, (a) such that 8 ¢ B, (a), so that (5,t2) ¥ ¢. Hence («, t2) # Bq
while (o, t2) | Ip, so that («,t2) ¥ Ip — Bq. Thus, since t; — to, WND is
falsified at (o, t7).

(2) Fix a frame that satisfies Py ya, an arbitrary model based on it and
arbitrary a € Q, t; € T and Boolean formulas ¢ and 1 and suppose that
(a,t1) |E Bé A =Btp. Then there exists a 8 € By, («) such that (5,t1) E —.
Fix an arbitrary ty € T such that ¢; — t5 and suppose that («,t2) = I¢p. Then
T, (a) = [¢];,. Fix an arbitrary w € By, (). Since (o, t1) | B, (w,t1) F ¢.
Since ¢ is Boolean, by Remark 2 (w,t3) = ¢ and therefore w € Z;, (o). Thus
Btl (a) - It2 (a) and7 by PWNA; Btl (0‘) C BtQ (a) Since (ﬂvtl) ): ﬂ/) and _'w
is Boolean (because 1 is), by Remark 2 (3,t2) E —¢. Since 8 € By, («) and
B, () C By, (), B € B, («) and therefore (o, t2) = —B1.

Conversely, suppose that Py 4 is violated. Then there exist o € €2 and
t1,t2 € T such that t; — to and By, (@) C Zy,(a) and By, (o) € By, («). Let p
and ¢ be atomic propositions and construct a model where ||p|| = Z, () x T
and ||q|| = Bi,(a) x T. Then (o, t1) | BpA—Bgq and (a,t2) = Ip A Bg, so that,
since t1 = to, (a,t1) - O (Ip — —Bgq). m

Proof of Proposition 6. First of all, note that, since ()~! is a normal
operator, the following is a theorem of Ly (hence of Ly ):

OTIXAOTIE= 0T (X AE). (1)

It follows from (1) and axiom BU that the following is a theorem of Ly:

OTIXAOTIE = 0T (X A ). (2)
The following is a syntactic derivation of WNC:
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L. O"YBp A —=B=¢) ANO 1By — O~ (B A =B—¢ A By) Theorem of Ly
(see (2) above)

2. O"YBdA-B-¢pAByY)AIp— By Equivalent to WND
(see Footnote 6)

3. O YBéA-B-@d)ANO1BYAIp— By 1,2, PL

4. IpNO™YBopA-B=g) — (O~ By — Bp) 3, PL

5. O"YBoA-B-¢p) AN =By — O"Y(Bp A B¢ A-Brp) Theorem of Lo
(see (1) above)

6. —(BpA-By)— ~(BdA-B-gpA-Byp) Tautology

7. O ' (BoA-BY) — O t(Bp A=B=d A =Bi) 6, rule RK for O~*

8. O YBdA-B-pA-Bip)— O HBpA-B) 7, PL, def. of !

9. O YBpA-B-¢p)ANQ =By — O~ (Bo A -By) 5,8, PL

10. O~ YBoA—-BY)AIp — By equivalent to WNA
(see Footnote 7)

11. O"YBpA—-B-¢p) AN =By Alp — =B 9, 10, PL

12. I AO~H(Bo A-B-¢) — (O~ '=Bip — —Bi) 11, PL

13. (O '=BY — =By) — (B — O~ 1B) tautology and
definition of {1

14. I¢pAO~YHBopA—-B-¢) — (By — O~ LBy) 12, 13, PL

15. I A O~ Bp A—~B-¢) — (B « O~1By) 4,14, PL. m

Proof of Proposition 7. (1) Fix a frame that satisfies Pyp, an arbitrary
model based on it and arbitrary o € €2, t; € T and Boolean formulas ¢ and
¢ and suppose that (a,t;) | -B—¢ A By. Fix an arbitrary to € T such that
t1 =tz and (a,t2) = I¢. Then I, (o) = [¢],,. Since (o, t1) = ~B-¢, there
exists a 8 € By, («) such that (8,t1) &= ¢. Since ¢ is Boolean, by Remark 2
(B,t2) = ¢ and, therefore, 8 € Z;,(«). Thus By, (o) N Ii,(a) # & and, by
Pyp, Bi,(a) C By, (a). Fix an arbitrary w € B, («). Then w € By, («) and,
since (a,t1) E B, (w,t1) | . Since ¥ is Boolean, by Remark 2, (w, t2) = 1.
Hence (o, t2) = Bi.

Conversely, fix a frame that does not satisfy Pyp. Then there exist a € §2
and ¢1,to € T such that t1 — ta, By, (a)NT, () # @ and By, (o) € By, («). Let p
and ¢ be atomic propositions and construct a model where ||p|| = By, (o) x T and
llgll = Zt, (o) x T. Then (a,t1) = ~B—g A Bp and (o, t2) = Iq. By hypothesis
there exists a 5 € By, (a) such that 5 ¢ By, (). Thus (5,t2) ¥ p and therefore
(a,t2) E = Bp. Hence (a,t1) = -~ O (Ig — Bp).

(2) Fix a frame that satisfies Py4, an arbitrary model based on it and
arbitrary a € €, t; € T and Boolean formulas ¢ and 1 and suppose that
(a,t1) E ~B—(¢ A—p). Fix an arbitrary ¢t € T such that t; — 5 and suppose
that (a,t2) = I¢. Then I;,(a) = [¢],,. Since (a,t1) | ~B=(¢ A =), there
exists a B € By, («) such that (8,t1) &= ¢ A —p. Since ¢ and ¢ are Boolean, by
Remark 2 (8,t2) = ¢ A =p. Thus § € I, () and, by Pya, 8 € B, (a). Thus,
since (B,t2) = 1, (a,ts) = —B.

Conversely, fix a frame that does not satisfy Py 4. Then there exist a € Q
and ¢1,t2 € T such that t; — to and By, (@) N Ty, (a) € By, («). Let p and ¢ be
atomic propositions and construct a model where ||p|| = Zt, (o) x T and ||g|| =
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B, () x T. Then (a to) = Ip A Bq and, therefore, (o, t1) = = O (Ip — —Bgq).
Since By, (a) NIy, (o) € By, () there exists a 3 € By, (a) N Zy, (o) such that
B ¢ B, (). Thus (5,t1) = p/\—\q Hence (a,t1) |E ~B—(p A—q), so that axiom
N A is falsified at (a, 7).

(3) Fix a frame that satisfies Pga, an arbitrary model based on it and
arbitrary @ € Q, t; € T and Boolean formula ¢ and suppose that (a,t1) =
—B-¢. Then there exists a 5 € By, (o) such that (5,t1) |= ¢. Fix an arbitrary
t such that ¢; = t» and suppose that (a,t2) = [¢. Then 7y, (a) = [¢],,. Since
¢ is Boolean and (53,t1) = ¢, by Remark 2 (8,t2) = ¢. Thus S € Ty, ( ) and,
therefore, By, (o) NIy, (a) # @. By Pga, Bi,(a) C Zy,(a). Thus (o, t2) = Bé.
Hence (o, t1) E O — Bo).

Conversely, suppose that Pga is violated. Then there exist a € 2 and
t1,t2 € T such that t1 — ta, By, (o) NIy, () # @ and By, (o) € Iy, (a). Let p
be an atomic proposition and construct a model where ||p|| = Z;,(a) x T. Then
(a,t1) E =B—p and (a,t2) | Ip. By hypothesis, there exists a 5 € By, ()
such that 8 ¢ Z;,(«). Thus (8,t2) ¥ p and therefore (a,t2) = —Bp. Hence
(a,t1) 2 O(Ip— Bp). =

Proof of the claim in Remark 9, namely that WNA is a theorem of
logic Ly + N A:
1. =B(¢p—¢)— OIp— -Byp) Axiom NA (see Footnote 8)

2. B(¢ — ) — (Bp — By) Axiom K for B
3. (BpA-ByY)— -B(p — ) 2, PL
4. (BéA-BY) — OId—-By) 1,3 PL.m

Proof of Proposition 10. (1) The proof of this part is straightforward
and is omitted.

(2)Fix a frame that satisfies property Pr7. Let « and t; be such that
(a,t1) E O(I(¢ A1) A Bx), where ¢, ¥ and y are Boolean formulas. Then
there exists a t3 such that t; ~— t3 and (a,t3) = I(¢ A ) A Bx. Thus
Zis (@) = [¢ A9],,. Fix an arbitrary ¢» such that t; — t» and suppose that
(a,t2) = I¢. Then I, (a) = [¢],,. Since ¢ and 1) are Boolean, by Remark 2,
(o AP, = [¢ AP],,. Thus, since [¢ AP, C [¢],,, Zi,(a) € T, (o). Hence
by Pk7, Ziy() N By, (o) C By, (a). Fix an arbitrary § € By, (). If (6,t2) =
—(¢ A1) then (B,12) = (9 AY) — x. If (B,t2) = ¢ At), then, by Remark 2,
(8,t3) E ¢A¢ and, therefore, 8 € T;, («). Hence 8 € By, (). Since (o, t3) = By,
(B,t3) = x and, therefore, (8,t3) = (¢ A1) — x. Since (¢ A1) — x is Boolean
(because ¢, ¥ and x are), by Remark 2, (8,t2) = (¢ A1) — x. Thus, since
B € B, () was chosen arbitrarily, (a,t2) E B((¢ A1) — X).

Conversely, suppose that Pg7 is violated. Then there exist t1, t3, t3 and «
such that t; — to, t1 — 3, Iy, () C Ty, () and Ty, (o) N By, () € By, (). Let p,
g and r be atomic propositions and construct a model where ||p|| = Itz( ) x T,
llgll = Zy,(e) x T and ||r|| = By, () x T. Then, (a,t3) = Br and, since
Tis(a) C I, (@), Lty() = [pAql,, so that (a,t3) = I(p A q). Thus, since
t1 — t3, (a,t1) = O(I(p A ¢) A Br). By construction, (a,t2) = Ip. Since
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Ty, (@)NBy, () € By, (@), there exists a 8 € Ty, () By, () such that 8 ¢ By, ().
Thus (8, t2) }— -r; furthermore since 8 € Ty, («), (B,t3) = pAg and, by Remark
2, (B,t2) Ep A g. Thus, (8,t2) # (pAq) — r. Since § € By, («) it follows that
(a,t2) ¥ B((p A q) — r). Hence, since t1 — ta, (a,t1) ¥ O(Ip — B((pAgq) —
7)) so that axiom K7 is falsified at (a,t1).

(3) Fix a frame that satisfies property Pgs. Let ¢, ¥ and x be Boolean
formulas and let « and ¢; be such that (o, t1) | O(Ip A ~B=(p Ap) A B(yp —
X)). Then there exists a ty such that t; — t2 and (a,t2) = I A "B-(¢p A
Y) A B(Yp — x). Thus I, (o) = [¢],, and there exists a 3 € Bi,(a) such
that (8,t2) = ¢ A 4. Fix an arbitrary t3 such that t; — t¢3 and suppose that
(e t3) = 1(¢ A9). Then Zy, () = [¢ A],,. Since ¢ A1) is a Boolean formula
and (B,t2) E ¢ A, by Remark 2, (8,t3) = ¢ A ¢ and therefore 8 € 7, (a).
Hence Zy, (o) N By, () # @. Furthermore, since ¢ is Boolean, by Remark 2,
[¢1,, = [¢];,- Thus, since [¢p Ap],, C [¢],, it follows that Z;,(a) C Zt,(a).
Hence, by property Pks, B, () C Zy, () N By, («). Fix an arbitrary v € By, («).
Then v € Z;, (o) N By, () and, since (o, t2) = B(¥ — x), (v,t2) E ¥ — x. Since
¥ — x is a Boolean formula, by Remark 2 (v,t3) = 9 — x. Since v € T, ()
and Z, () = [¢ A, (7,t3) E . Thus (v,13) = x. Hence (a,t3) = Bx.

Conversely, fix a frame that does not satisfy property Pkg. Then there exist
t1,t0,t3 and a such that 1 — to, t1 — t3, I, (@) N By, () # &, Iy, () C Iy, ()
and By, () € Ty () N By, (). Let p, ¢ and r be atomic propositions and
construct a model Where lIpll = Ze, (o) X T, |lgl] = Zts () x T and ||r|| =
(Tts () N By, () x T. Then (a,t2) = Ip and, since Ty, (o) C Ty, (o), if w €
Ty (c) then (w,t) = p A q for every t € T. Thus, since Z;, () N By, (o) # @,
(a,t2) E ~B-(p A q). Fix an arbitrary w € By, («); if w € Ty, (o) then (w,t2) =
r; if w ¢ Ti,(a) then (w,t2) E —qg; in either case (w,t2) &= ¢ — r. Thus
(a,t2) = B(q — r). Hence (o, t2) = Ip A =B=(p A q) A B(q¢ — r) and thus
(a,t1) E OUpA=B=(pAg)AB(g—r)). Since I (o) = [q],, and Iy, (o) =
[pl;, and, by Remark 2, [p],, = [p],, and Zy,(a) C Tt (), "if follows that
Iis(a) = [p A ql,,, so that (a,t3) | I(p A q). Since Biy(a) € Ty, (o) N Br,(a),
there exists a 8 € By, («) such that 8 ¢ Zy, () N By, (a). Then (6 t3) E —r
and therefore (v, t3) = = Br. Thus («,t3) ¥ I(p A q) — Br and hence, (a,t1) ¥
OW(pAq) — Br), so that axiom K8 is falsified at (a,t1).

(4) Let ¢ be a Boolean formula, o € Q, ¢ € T and suppose that (a,t) E
I¢p N —~A-¢. Then Zy(a) = [¢], and there exist § € Q that (8,t) = ¢. Thus
Z:(a)) # @ and, by the above property, B;(«a) # &. Fix an arbitrary formula 1)
and suppose that («,t) = By. Then, Yw € Bi(a), (w,t) = 1. Since Bi(a) # 9,
there exists a v € By(a). Thus (v,t) = ¢ and hence (e, t) E ~B—.

Conversely, fix a frame that does not satisfy property Py . Then there exist
a € Qand t € T such that Z;(«) # @ while Bi(«) = @. Let p be an atomic
proposition and construct a model where ||p|| = Z¢(«) X T. Then (a,t) E Ip.
Furthermore, since Z;(a) # @, there exists a § € Zy(a). Thus (5,t) = p and
hence (o, t) = —A-p. Since Bi(a) = @, (o, t) = By for every formula 1, so
that («,t) = Bp A B—p. Thus WC is falsified at (a,t). m
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Proof of the claim in Footnote 11. (BR3' = BR3). Fix arbitrary
EF € £ such that F C F and Rp N E # @. Then ENF = E, so that
(E N F) € £ and Rgnr = Rg. Thus, by (BR3/), Rg=RpNE.

(BR3 + BR1 = BR3'). Let E,F € &£ be such that (FENF) € £ and
RrNE+#@. By (BR1), Rp C F so that Rp N F' = Rp. Hence

RrN(ENF)=RrNE. (t)

Thus Rp N (ENF) # @. Hence, since ENF C F, it follows from (BR3)
that Rgnrp = Rp N(ENF). Thus, by (), Renp =RrpNE . &

In order to prove Proposition 16 we need the following lemma. We shall
throughout denote the complement of a set E by "E.

Lemma 20 Let (Q,€,0,R,V) be a rich belief revision model. The, for every
formula ¢ € @, ||@|| = @ if and only if ¢ is a contradiction (that is, =¢ is a
tautology).

Proof. If ¢ is a tautology then [|¢|| = Q. If ¢ is a contradiction then —¢
is a tautology and thus ||=¢| =7]|¢|| = Q, so that ||¢| = @. If ¢ is neither
a tautology nor a contradiction then it is equivalent to a formula of the form

(\/?:1 (/\;n:1 Qij)) where each @;; is either an atomic proposition or the nega-
tion of a atomic proposition (see Hamilton [22], Corollary 1.20, p. 17). By
definition of rich model, for every formula /\;":1 Qij, there is a state w; such

that w; = AT, Qige Thus ol = [Vis, (7L Qu)|| = Uy AT Q| 2

{wl,...,wn}#g.l -

Proof of Proposition 16. Let (Q,£,0,R,V) be a comprehensive belief
revision model and define K = {¢) € &y : R C ||¢||}. First we show that K is
deductively closed, that is, K = [K]"%. If 1 € K then ¢ € [K]"*, because ¢ —
¥ is a tautology; thus K C [K]"". To show that [K]"" C K, let ¢ € [K]"",
that is, there exist ¢y, ...,¢,, € K such that (¢; A... A @,) — ¥ is a tautology.
Since [[¢y Ao Ayl = [[o1]l N - O |6, ], and ¢; € K (that is, Ro C [|¢y]]) for
all i = 1,...,n, it follows that Rg C ||¢; A ... A¢,||. Since (¢ A ... A,) — ¥
is a tautology, ||(¢1 A ... A ¢d,) — || = Q, that is, ||¢; A ... Ad,|| € ||¢| . Thus
Ro(a) C |[¢], that is, ¥ € K. Next we show that [K]™" # &, (consistency).
By definition of one-stage revision frame (see Definition 14), O # &; thus, by
property BR2, Rgp # @. Choose an arbitrary atomic proposition p € S. Then
l(p A —p)|| = @ and therefore Rgp Z ||(p A —p)l|, so that (p A —p) ¢ K. Since
K = (K], (0 -p) ¢ [K]™".

Next we show that AGM postulates (®1)-(®5a) and (®6)-(®8) are satisfied.
For every formula ¢ € ®q, define K% (¢) = {¢p € ¢ : R4 C [[¢||} (note that,
since the model is comprehensive, for every ¢ € @y, ||¢] € ).
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(®1) Fix an arbitrary ¢ € ®;. We need to show that {1 € ®o: R4 C [[¢|} is
deductively closed. We omit this proof since it is a repetition of the argument
given above for K.

(®2) Fix an arbitrary ¢ € ®;. We need to show that ¢ € K®(¢), that is, that
R4 C [|¢[l. This is an immediate consequence of property BR1 of Definition
14.

(®3) Fix an arbitrary ¢ € ®;. We need to show that K®(¢) C [K U {¢}]FL.
Let ¢ € K®(¢), that is, R4 C [[#||. First we show that (¢ — ¢) € K, that
is, Ro C |l¢ = ¢l = ol Ullvl. If Ro € 7|¢| there is nothing to prove.
Suppose therefore that Ro N ||¢|| # @. Then, by property BR4 of Definition 14,

R4 =RoN |- (3)

Fix an arbitrary w € Rg. If w ¢ ||¢|| then w € ||=¢|| and thus w € ||¢ — ||; if
w € [|¢]], then, by (3), w € R4 and thus, since R4 C [[¢]|, w € [|1]], so that
w € ||¢ — 9||. Hence (¢ — 1) € K. It follows that ¥ € [K U {¢}]F'E.

(®4) Fix an arbitrary ¢ € ®. We need to show that if -¢ ¢ K then [K U
{o}"" C K*(¢). Suppose that ¢ ¢ K, that is, Ro Z |-¢|| = 7[|¢], that is,
Ro N ||4|| # @. Then by property BR4 of Definition 14,

R4 =RoN |- (4)

Let x € [K U {¢}]F, that is, there exist ¢q,...,¢, € K U {¢} such that
(¢ A ... AN @,,) — x is a tautology. We want to show that x € K®(¢), that is,
R4 C lIx|l. Since (¢; A... A¢,) — X is a tautology, |[(¢y A ... Ad,) — x| =
Q, that is, [|[(¢1 A ... Ag,)|| C llx|l. If ¢; € K for every i = 1,...,n, then Ry C
(@1 Ao A@y,)| and thus Rg C |lx||. Hence, by (4), Ryg € [Ix|l. If, for
some j = 1,..,n, ¢; ¢ K, then we can assume (renumbering the formulas, if
necessary) that ¢, € K, for every i = 1,....n — 1, and ¢,, ¢ K, which implies
(since ¢; € K U {¢} for all : = 1,...,n) that ¢,, = ¢. Since, by hypothesis,
(qbl AN NP1 A ¢) — x is a tautology and, furthermore, it is propositionally
equivalent to ((bl A A ¢n71) — (¢ — x), ((/)1 A A ¢n71) — (¢ — X)H =Q,
that is, [|¢; A ... A¢,_1]| € Il¢ — x||, so that, since Rg C ||¢y A ... A,
(because ¢y, ...,0,_1 € K), Rg C ||¢ — x||. Thus Ron|¢| C |[¢||N]l¢ — x|
Il Hence, by (4), Ry < [

(®5a) If ¢ is a contradiction, ||¢|| = @. By property BR1, Rj4 C [|¢[|. Hence
Ry = @ and, therefore, K®(¢) = {1 € ®o : Ryjg C [[¢]|} = Po.

(®6) If ¢ <« 1 is a tautology then ||¢ « ¢| = Q, that is, ||¢]| = ||¢|. Hence
Ryg) = Ryyy and thus K*(¢) = {x € ®o : Rygy < fIxll} = {x € Do : Ry
(I} = K= (%)

(®7) Fix arbitrary ¢, € ®;. We need to show that K® (¢Ah) C [K® (¢) U {w}]"F.
Let x € K®(¢ A1), that is,

Rijgnyy < lIxIl- ()
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First we show that Ryy C [[(# A¥) — x[| = T[@ Av[lUlIx]. R4 € o A9
there is nothing to prove. Suppose therefore that Ry N [|¢ A9 # @. Then,
by property (BR3) (with E = [[¢ A || and F = [|¢]),

Ry Nl Al = Rypay)- (6)

Fix an arbitrary w € Rjg. If w ¢ [|[¢ A¢| then w € [|[=(¢ A%)| and thus
w e (@A) — x|; if w € || A, then by (5) and (6), w € ||x]|| so that w €

(¢ A1p) — x||. Hence Ryg C [[(¢ Ap) — x||, that is, (¢ Ay — x) € K(d).
Since (¢ A ¢ — x) is tautologically equivalent to (v — (¢ — ¥x)), and, by

(®1) (proved above), K®(¢) is deductively closed, (¥ — (¢ — x)) € K®(¢).

Furthermore, by (®2) ¢ € K®(¢). Thus {¢, (v — (¢ — X)), ¢} C K®(¢)U{v}
and therefore x € [K® (¢) U {y}]FE.

(®8) Fix arbitrary ¢,7 € ®;. We need to show that if —ip ¢ K®(¢p) then

[K® () U{w}]"" C K® (¢Ae). Suppose that ~ ¢ K®(¢), that is, Ryg € |||
= [|[=%]], i.e. Ryg N ||¥]| # @. Then by property (BR3') (see footnote 11)

Ryjpnul = Ryg) N1 (7)

Let x € [K®(¢)U {w}]PL, that is, there exist ¢, ..., ¢,, € K®(¢)U{¢} such that
(1 A ... A @,,) — X is a tautology. We want to show that y € K® (¢A), that is,
Rgry) € lIx|l. Since (¢y A ... A @) — X is a tautology, ||(¢; A ... A@,) — || =
Q, that is, [|(¢y Ao AD)| C |Ix]l- If ¢; € K® (o) for every ¢ = 1,...,n, then
RH¢H C I(py A ... N,)|l and thus R”¢H C |lx|]- Hence, by (7), RH¢/\1/)H -
x| If, for some j = 1,...n, ¢; ¢ K®(¢), then we can assume (renum-
bering the formulas, if necessary) that ¢, € K®(¢), for every ¢ = 1,...,n —
1, and ¢, € K®(¢), which implies (since ¢; € K®(¢) U {¢} for all i =
1,...,n) that ¢, = . Since, by hypothesis, (¢1 ANy /\¢) — x is a
tautology and it is propositionally equivalent to (¢1 Ao A (bn_l) — (Y — %),
H(¢1 AR ¢n—1) - (¢ - X)H = Qa that iS, ||(¢1 ARTAN d)n—l)” g ||¢ - XH? S0
that, since Ry C |[(¢1 A .. Ad,_1)]|| (because ¢y, ....¢,, 1 € K¥(¢)) Ry €
[ — x|l- Thus Ry 1 [0 € 1911719 — xII € x|l Hence, by (7), Rygng)
Il

Next we show that, if the model is rich, then (®5b) is satisfied.

(®5b) If the model is rich and ¢ is not a contradiction, then by Lemma

20 ||¢|| # @. Thus, by property BR2, R4 # @. Fix an arbitrary p € S.
Since ||p A =pl|| = @, it follows that Ry & |lp A —pl| and therefore (p A —p) ¢

K®(¢). Since, by (®1) (proved above), K®(¢) = [K® (¢)]PL7 it follows that
[K°(9)]"" # 2. m

Before proving Proposition 17 we note the following.
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Definition 21 A set £ C 2 of events is called an algebra if it satisfies the
following properties: (1) Q€ &, (2)if E € € then "E € & and (3) if E,F € £
then (EUF) € €1

Remark 22 In a belief revision frame where € is an algebra, property (BR3')
(see Footnote 11) is equivalent to: Yw € Q, VE, F € &,

(BR?)H) if RF(UJ) NE 7é & then REQF((U) = RF((U) NE.

Proof of Proposition 17. Let M be the set of maximally consistent sets
(MCS) of formulas for a propositional logic whose set of formulas is ®g. For any
F C®glet Mp ={weM: F Cw}. By Lindenbaum’s lemma, Mg # & if and
only if F is a consistent set, that is, [F]7'L # ®. To simplify the notation, for
¢ € @y we write My rather than Myg,.

Define the following belief revision frame: Q@ =M, & ={My: ¢ € B}, O = Q,
R = Mg and, for every ¢ € @y,

1%} if ¢ is a contradiction

Ry, = My NMg if ¢ is consistent and My N Mg # &

Mpge (¢ if ¢ is consistent and My N1 Mg = @.
First of all, note that £ is an algebra. (1) M € & since Ml = M;,,—,) where
p is any atomic proposition. (2) Let ¢ € ®y. Then My € £ and 7|My| =
{w eM: ¢ ¢ w}. By definition of MCS, for every w € M, ¢ ¢ w if and only if
—¢ € w. Thus 7|My| = M-, € €. (3) Let ¢,¢ € ®g. Then My, M, € £ and,
by definition of MCS, Mg UMy = Mgyy € £.
Next we show that the frame so defined is indeed a one-stage revision frame,
that is, it satisfies properties (BR1)-(BR4) of Definition 14.

(BR1) We need to shows that, for every ¢ € ®g, Ry, € My. If ¢ is a contra-
diction, then My = @ and, by construction, Ry, = &. If ¢ is consistent and
MyNMf # @ then Ry, = MyNMpg C My. If ¢ is consistent and My "My = @
then Ry, = Mge (4). Now, if w' € Mge (4) then K¥(¢) C W’ and, since by
AGM postulate (®2), ¢ € K¥(¢), it follows that ¢ € ', that is, w’ € My.
Hence M= (¢) € M.

(BR2) We need to show that, for every w € Q and ¢ € Oy, if My # @ then
Ry, # @. Now, M, # & if and only if ¢ is a consistent formula, in which case
either RMd) = M¢ N Mg if M¢ NMg # @ or RM¢ = M- (é) lfM¢ NMg = @.
In the latter case, by AGM postulate (®5b), K®(¢) is a consistent set and
therefore, by Lindenbaum’s lemma, Mg« (4) # 9.

(BR3) Instead of proving (BR3) we prove the equivalent (BR3") (see Remark 22
and footnote 11), that is, we show that, for every ¢, € @y, if Ry, N My, # @
then Ry, v, = R, "My First note that, by definition of MCS, My "M, =
Myny. Since Ry, # @, ¢ is a consistent formula and either Ry, = My N M,
if My N Mg # @, or Ry, = Mge (4), if My " Mg = @. Suppose first that

15Note that from (1) and (2) it follows that @ € £ and from (2) and (3) it follows that if
E,F € € then (ENF) € &. In fact, from E, F € £ we get, by (2), "E,"F € £ and thus, by
(3), C"EUTF) € &; using (2) again we get that ("EU'F) =(ENF) € €.
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Md;ﬂMK # &. Then RMd) ﬁMw = M(bﬁMKﬁMw = M¢A¢QMK 7& &, and, thus,
by construction, Ry, ,,, = Mgy M Mg. Thus Ry,nm, = Rmya, = R, NMy.
Suppose now that My N My = &. Then, by construction, Ry, = Mg« (4)
and, since Mgry N Mg = Mg N My N Mg € Mg N Mg = @ we also have that
Ry, ., = Mge (gayg)- Thus we need to show that Mg (gny) = Mge (g) N My
By hypothesis, Ry, N My, # &, that is, Mge (4) N My, # @. This implies that
—p ¢ K®(¢).1% Hence, by AGM postulates (®7) and (®8),

[K® (o) u{w}] "= K" (¢ A0). (8)

Let w € Mo (say)- Then K® (¢A1) C w and, since K® (¢)U{s} C [K® () U {¢}]"",
it follows from (8) that K® (¢)U{¢} C w. Thus w € Mge (4) NMy,. Conversely,

let w € Mge gy N My. Then K®(¢) U {¢} C w. Hence, by definition of
MCS, [K®(¢) U {v}FF C w. It follows from (8) that K® (¢ A 1)) C w, that is,

w € Mge ($A)- Thus Mg« (pAp) = Mo (@ﬂMw, that is, RM¢me = RM¢QM¢.
(BR4) Since O = Q and, by construction, Rg = M, we need to show that, for
every formula ¢, if My N Mg # @ then Ry, = My N Mg. But this is true by
construction.

}PL

Consider now the model based on this frame given by the following valuation:
for every atomic proposition p and for every w € 2, w = p if and only if p € w.
It is well-known that in this model, for every formula ¢,!”

o]l = M. (9)
Note also the following (see Theorem 2.20 in Chellas, [13], p. 57): VF C
(I>07v¢ € (p07

¢ € [F]PF if and only if ¢ € w, Yw € Mp. (10)

We want to show that (1) K = {¢p € &g : Ry C ||¢||} and, (2) for every
¢ € Py, K¥(¢) = {vp € @o: Rygy C [|¥]I}-
(1) By construction, O = Q and R = Mg and, by (9), for every formula 1,
|¥]| = M. Thus we need to show that, for every formula v, ¢ € K if and
only if Mg C M. Let ¢ € K and fix an arbitrary w € Mg. Then K C w
and thus ¥ € w, so that w € My,. Conversely, suppose that Mg C M. Then
Y € w, for every w € M. Thus, by (10), ¥ € [K]PF. By AGM postulate (®1),
K = [K]PE. Hence ¢ € K.

(2) Fix an arbitrary formula ¢. First we show that K% (¢) C {¢) € ®o: Ry, C

16Suppose that =) € K®(¢). Then, for every w € My (¢)r W 2 K® (¢) and, therefore,
-1 € w. But this implies that My« N My, = 2.

17The proof is by induction on the complexity of ¢. If ¢ = p, for some sentence letter p, then
the statement is true by construction. Now suppose that the statement is true of ¢, ¢ € Po;
we want to show that it is true for =¢; and for (¢, V ¢5). By definition, w | —¢; if and only
if w# ¢ if and only if (by the induction hypothesis) ¢; ¢ w if and only if, by definition of
MCS, —¢; € w. By definition, w = (¢; V ¢,) if and only if either w = ¢;, in which case,
by the induction hypothesis, ¢; € w, or w |= ¢, in which case, by the induction hypothesis,
¢ € w. By definition of MCS, (¢ V ¢9) € w if and only if either ¢y € w or ¢y € w.
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9]}, Let v € K®(¢). If ¢ is a contradiction, Ry, = @ and there is nothing
to prove. If ¢ is consistent then two cases are possible: (i) My N Mg = @
and (ii) My N Mg # @. In case (i) Ry, = Mgs (4). Since, by hypothesis,
Y € K¥(¢), Mg (gy S My and, by (9), My = [[¢|. Thus Ruy, C [l
In case (ii), Ry, = Mg N Mg. First of all, note that My N Mg = Mgugey-
Secondly, it must be that ~¢ ¢ K.'® Hence, by AGM postulates (®3) and (®4),
K®(¢) = [K U{#}]PL. Since, by hypothesis, v € K®(¢), v € [K U {¢}]FL.
Hence, by (10), ¥ € w, for every w € Mgygy. Thus Mgyugey € My. Hence,
since Ry, = My N Mg = Mgyggy, Rm, € My. Next we show that {¢p € @ :
Ry, C [¥} € K¥(¢). Suppose that Ry, C [[¢|| = My, If ¢ is a contradiction,
then, by AGM postulate (®5a), K®(¢) = @y and, therefore, ¢ € K®(¢). If ¢
is not a contradiction, then either (i) My N Mg = @ or (ii) Mg N Mg # @. In
case (i) Ry, = Mge (4)- Thus, since, by hypothesis, Ry, € My, we have that
Mpce (¢) € My, that is, for every w € Mg« (4), 1 € w. By (10) ¢ € [K® (¢)]"F
and, by AGM postulate (®1), [K®(¢)]Ft = K®(¢). Thus ¢ € K¥(¢). In
case (ii), Ry, = Mg N M. Thus, since, by hypothesis, Ry, € My, we have
that My N Mg C My, from which it follows (since My N Mg = Mg g4}) that
Mgugpy € My. This means that, for every w € Mgygy, ¥ € w. Hence, by
(10), ¥ € [K U{¢}]PE. Since My "My # @, =¢ ¢ K and, therefore, by AGM
postulates (®3) and (®4), K (¢) = [K U {¢}]FL. Thus ¢ € K¥(¢). =

Proof of Proposition 18. In view of Corollary 12 it is sufficient to show
that (1) axiom CM P is characterized by property Poap and (2) I, is char-
acterized by seriality of Z;.

(1) Fix an arbitrary model based on a frame that satisfies property Poarp.
Fix arbitrary o € Q, tg € T and Boolean formula ¢ and suppose that (o, ty) =
—A=¢. Let E = [¢], . Then E # @. We want to show that (a,to) = ¢I¢. By
property Popsp, there exists a t € T such that ¢ty — t and Z;(w) = E. Since ¢
is Boolean, [¢], = [¢],. Thus (a,?) = I$ and hence (o, to) = O1¢.

Conversely, fix a frame that violates property Poasp. Then there exist o € €2,
to € T and E € 2*\{@} such that, V¢t € T, if tq — t then Z;(w) # E. Construct
a model where, for some atomic proposition p, ||p|| = E x T. Then, Vt € T with
to — t, (o, t) ¥ Ip. Thus (o, tg) ¥ OIp.

(2) Fix an arbitrary model based on a frame where Z; is serial and suppose
that —I(¢ A —¢) is not valid, that is, for some o € Q, ¢t € T and formula ¢,
(a,t) = I(¢ N —¢). Then I;(a) = [¢p A —¢],. But [¢pA—¢]|, = &, while by
seriality Z;(a) # @, yielding a contradiction.

Conversely, fix a frame where Z; is not serial, that is, there exist t € T and
a € Q such that Z;(a) = @. Since, for every formula ¢, [¢p A —¢], = @ , it
follows that (a,t) = I(¢p A —¢) so that =I(¢ A —¢) is not valid. m

I81f ~¢ € K then —¢ € w for every w € Mg and therefore Mgy NMg = 9.
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