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Abstract

Doxastic characterizations of the set of Nash equilibrium outcomes and of
the set of backward-induction outcomes are provided for general perfect-
information games (where there may be multiple backward-induction so-
lutions). We use models that are behavioral, rather than strategy-based,
where a state only specifies the actual play of the game and not the hypo-
thetical choices of the players at nodes that are not reached by the actual
play. The analysis is completely free of counterfactuals and no belief re-
vision theory is required, since only the beliefs at reached histories are
specified.

1 Introduction

We provide a doxastic (that is, belief-based, rather than knowledge-based)
characterization of the set of Nash equilibrium outcomes and of the set of
backward-induction outcomes for general finite perfect-information games: pre-
vious characterizations were provided only for games with no relevant ties
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or generic games.! We make use of models that are behavioral, rather than
strategy-based, in the sense that a state only specifies the actual play of the
game and not the hypothetical choices of the players at counterfactual nodes,
thatis, nodes that are not reached by the actual play. Our analysis is completely
free of counterfactuals (both objective and subjective), as explained below.

We use the history-based definition of extensive-form game (see, for exam-
ple Osborne and Rubinstein (1994)); details are provided in Section 2. If 1 and
I’ are two histories we denote by h < I’ the fact that & is a proper prefix of I/,
while /1 < i’ means that / is a prefix of /', that is, either h < I’ or h = ’. The set
of decision histories is denoted by D and the set of terminal histories by Z.

The following are the main features of our approach.

1. The models that we use are behavioral models where a state specifies the
actual sequence of moves. Strategies play no role.”> We denote the set of
states by Q and use a function C : {) — Z to specify, for every state w € (3,
the terminal history ((w) (that is, the play of the game) associated with w.

2. For every state w we specify only the actual beliefs of the relevant player
at every decision history that is actually reached at w (that is, for decision
histories & such that i < C(w)). No objective or subjective counterfactuals
are postulated. Furthermore, no belief revision theory is needed, since
the models that we use do not specify “initial” beliefs nor do they rely
on any restriction about how the beliefs of a player evolve along a given
play (should a player move more than once along that play).

3. Inline with the philosophy literature that emphasizes that “the deliberat-
ing agent cannot, before choice, predict how he will choose” (Levi 1997,
p-65),* at every reached decision history we endow the active player with
a belief about what will happen if she takes action a, for every available
action a. Thus the beliefs that we model are “pre-choice” or “deliberation-
stage” beliefs. This is a departure from the standard approach in the
game-theoretic literature where it is assumed that, at every state, if a
player takes a particular action then she knows that she takes that action.

1Gee, for example, Aumann (1995), Balkenborg and Winter (1997), Ben-Porath (1997), Bonanno
(2013), Clausing (2003), Halpern (2001), Perea (2012; 2014), Quesada (2003), Samet (1996; 2013),
Stalnaker (1998). Surveys of the literature on the epistemic foundations of backward induction are
provided in Brandenburger (2007), Perea (2007a) and (Perea 2012, p.463).

2If one identifies histories with nodes in the tree, then i < i’ means that node  is a predecessor
of node h’.

3Behavioral models were first introduced in Samet (1996).

4See also Gilboa (1999), Ginet (1962), Goldman (1970), Ledwig (2005), Spohn (1977; 1999).
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4. We use a very weak notion of rationality, which has been referred to in
the literature as “material rationality”.” First of all, for every state w,
rationality is only evaluated at decision histories that are actually reached
at w (and only for the active players at those decision histories). Secondly,
if h is a decision history that is reached at state w, the player who is active
athis rational if the action that she actually takes at /i (at state w) is optimal
given her beliefs, in the sense that it is not the case that - according to her
beliefs - there is another action of hers that guarantees higher utility.

The first result (Proposition 1) provides the following characterization of
the set of Nash equilibrium outcomes:®

e Given a perfect-information game and an arbitrary model of it, if w is a
state where, at every reached history, (1) no player has false beliefs, (2)
every player is rational and (3) no player has uncertainty about what will
happen after any of her choices, then ((w) - the terminal history associated
with w - is a Nash equilibrium play (that is, there is a Nash equilibrium
whose associated play is C(w)).

e If z is a terminal history generated by a Nash equilibrium, then there is
a model of the game and a state w in that model such that (a) {(w) = z
and (b) at w and at every reached history (1) no player has false beliefs,
(2) every player is rational and (3) no player has uncertainty about what
will happen after any of her choices.

The above conditions under (1)-(3) are expressed as events, denoted by T, R and
C, respectively (T for “Truth’, R for ‘Rationality’ and C for ‘Certainty’). Thus
the set of Nash equilibrium outcomes is characterized by the event TN R N C.

The second result (Proposition 2) provides a characterization of the set of
backward-induction outcomes in terms of a strengthening of the above condi-
tions, obtained by intersecting the event T N R N C with one more event, Itrc
(where I stands for ‘Iterated’), which expresses the following conditions: the
root player believes that if she takes action a and 4 is a decision history then (1)
the active player at a has correct beliefs, is rational and has no uncertainty, (2)
the active player at a believes that if he takes action b and ab is a decision history
then the active player at ab has correct beliefs, is rational and has no uncertainty,

5See, for example, Aumann (1995; 1998), Battigalli et al. (2013), Samet (1996).

®For simplicity, the characterization is provided for games where no player moves more than
once along any play, but we explain how to extend the result to general games.
The words “outcome’, "play” and "terminal history” will be used interchangeably.
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(3) the active player at a believes that the active player at ab believes that if she
takes action c and abc is a decision history then the active player at abc has
correct beliefs, is rational and has no uncertainty, and so forth. This condition
can be expressed using belief operators as explained in Section 5.1. Proposi-
tion 2 provides the following characterization of the set of backward-induction
outcomes:’

e Given a perfect-information game and an arbitrary model of it, if
w € (TNRNC)NIrge then ((w) - the terminal history associated with w -
is a backward-induction outcome.

o If the terminal history z is a backward-induction outcome, then there is a
model of the game and a state w in that model such that (4) {(w) = z and
(b)a)e (TﬂRﬂC)mITRc.

The paper is organized as follows. The next section introduces the class
of behavior-deliberation models, Section 3 defines the notion of rationality,
Section 4 provides the characterization of Nash equilibrium outcomes, Section
5 characterizes the set of backward-induction outcomes, Section 6 examines
related literature and Section 7 discusses a number of conceptual issues that are
raised by the approach put forward in this paper. The proofs are given in the
Appendix.

2 Behavioral models of perfect-information games

We use the history-based definition of extensive-form game, which is as follows.
If A is a set, we denote by A* the set of finite sequencesin A. If h = {(ay, ..., ax) € A
and 1 < j <k, the sequence <a1, e aj> is called a proper prefix of h. We denote
the fact that /' is a proper prefix of h by i’ < h, while i’ < h means that either
W <horh =h Ifh={(a,..,a) € A" and a € A, we denote the sequence
(a1, ...,ar,a) € A" by ha.

Definition 2.1. A finite extensive form with perfect information (without chance
moves) is a tuple (A, H, N, 1) whose elements are:

e A finite set of actions A and a finite set of histories H C A* which is closed
under prefixes (that is, if # € H and i’ € A" is such that i’ < h, then

7This characterization is nof restricted to games where no player moves more than once along
any play.
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k' € H). The null history (), denoted by 0, is an element of H and is a
prefix of every history. A history I € H such that, for everya € A, ha ¢ H,
is called a terminal history. The set of terminal histories is denoted by Z.
D = H\ Z denotes the set of non-terminal or decision histories. For every
history h € D, we denote by A(h) the set of actions available at #, that is,
A(hy={a e A:haecH].

o A finite set N of players and a function : : D — N that assigns a player
to each decision history. Thus ((h) is the player who moves at history /;
we refer to that player as the active player at history h. For every i € N, D,
denotes the set of decision histories of player i, thatis, D; = {h € D : «(h) =

i}.

Given an extensive form, one obtains an extensive game by adding, for every
player i € N, a utility (or payoff) function u; : Z — R (where R denotes the set of
real numbers; recall that Z is the set of terminal histories).

From now on, histories will be denoted more succinctly by listing the cor-
responding actions, without angled brackets, without commas and omitting
the null history: thus instead of writing (@, a1, a2, a3, a4) we will simply write
a1arasiy.

Before introducing the definition of a model of a game, we recall the fol-
lowing facts about belief relations and operators. If (1 is a set (whose elements
are called “states”) and 8 C () X Q is a binary relation on Q (representing the
beliefs of an individual), for every w € QO we denote by B(w) the set of states
that are reachable from w using B, that is, B(w) = {0’ € Q : wBw'}.’ B is serial
if B(w) # @, for every w € (; it is transitive if v’ € B(w) implies B(w’) € B(w)
and it is euclidean if " € B(w) implies B(w) C B(w’). Subsets of € are called
“events”. Given an event E C (), we say that at w € Q) the individual believes
E if and only if B(w) C E. Thus one can define a belief operator B : 22 — 29 as
follows: BE = {w € Q : B(w) C E}; hence BE is the event that the individual
believes E. It is well known that seriality of B corresponds to consistency of
beliefs (if the individual believes E then it is not the case that she believes not
E : BE C =B—-E, where, for every event F, —F denotes the complement of F in
Q), transitivity corresponds to positive introspection (if the individual believes
E then she believes that she believes E : BE C BBBE) and euclideanness corre-
sponds to negative introspection (if the individual does not believe E then she
believes that she does not believe E : -BE C B-BE).’

8 As is customary, we take wB(w’) and (w, @) € B as interchangeable.
9For more details see Battigalli and Bonanno (1999).
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To define a model of a game, we begin with a set (3, whose elements are
called states and whose subsets are called events. We interpret each state in terms
of a particular complete play of the game, by means of a function{ : Q — Z
that associates, with every state w, a terminal history ((w) € Z. Next we add,
for every decision history & € D, a binary relation B; on Q representing the
beliefs of ((h), the active player at 1;' however, we do so only at histories that
are actually reached at a given state, in the sense that B;(w) # @ if and only if
h < {(w).

Definition 2.2. Given a perfect-information game, a model of it is a tuple M =
(Q, G, {Bulpep) where

e ()is a set of states.
e (: Q> Z.

e Forevery h € D, B, C QxQis abelief relation that satisfies the following
properties:

1. By(w) # @ifand onlyif h < ((w) [beliefs are specified only at reached
decision histories and are consistent].

2. If o’ € Bj(w) then By(w’) = By,(w) [beliefs satisfy positive and nega-
tive introspection].

3. If o’ € By(w) thenh < ((w’) [the active player at history i knows that
h has been reached].

4. If B,(w) # @ then, for every action a € A(h), there is an o’ € Bp(w)
such that ha < {(’) .

The last condition states that, for every action a available at ki, there is a
state @’ that the active player at h considers possible (v’ € Bj(w)) where she
takes action a (that is, history ha is a prefix of {(w’)). This means that, for
every available action, the active player at /& has a belief about what will, or
might, happen if she chooses that action. Note that this way of modeling
beliefs is a departure from the standard approach in the literature, where it is
assumed that if, at a state, a player takes a particular action then she knows
that she takes that action. The standard approach thus requires the use of
either objective or subjective counterfactuals in order to represent a player’s
beliefs about the consequences of taking alternative actions.!! In our approach

10Thus it would be more precise to write B, instead of B, but we have chosen the lighter
notation since there is no ambiguity, because at every decision history there is a unique player who
is active there.

HFor a critical analysis of the use of counterfactuals in dynamic games see Bonanno (2015).
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a player’s beliefs refer to the deliberation or pre-choice stage, where the player
considers the consequences of taking any available action, without pre-judging
her subsequent decision.'?

Since the state encodes the player’s actual choice, that choice can be judged
to be rational or irrational by relating it to the player’s pre-choice beliefs. Thus
it is possible for a player to have the same beliefs at two different states, say
a and 5, and be labeled as rational at state & and irrational at state 3, because
the action she ends up taking at state « is optimal given those beliefs, while the
action she ends up taking at state f8 is not optimal given those same beliefs. The
formal definition of rationality is given in Section 3.

Consider the game shown in Figure 1, together with a model of it."> We
represent a belief relation 8 as follows: for any two states w and o’, @’ € B(w)
if and only if either w and w’ are enclosed in the same rounded rectangle or
there is an arrow from w to the rounded rectangle containing w’.'* The relations
shown in the model of Figure 1 are those of the active players: the relation at
the null history 0, By, is that of Player 1, the relation at history a;, $B,,, is that of
Player 2, etc.'®

Consider a state, say 0. Then 6 describes the following beliefs: at the null
history 0 (the root of the tree) the active player (Player 1) believes that if she
takes action a; then Player 2 will either follow with action d, (state ) or with
action a, followed by action d3 of Player 3 (state ) and if she takes action d;
then the play will end (state «); at history a; the active player (Player 2) knows
that Player 1 played a; and believes that if he takes action 4, then Player 3 will
follow with d; (state y) and if he takes action d, the play will end (state f8); at
history a1a, the active player (Player 3) knows that Players 1 and 2 played a4
and a,, respectively, and believes that if she takes action a3 then Player 1 will
follow with dy (state 0) and if she takes action d3 then the play will end (state
¥), etc. At state 0, Player 1 ends up playing a; (at the root of the tree), Player 2
ends up playing a,, Player 3 ends up playing a3 and Player 1, at her last move,
ends up playing d; .

12This issue is further discussed in Section 7.3.

13The root of the tree corresponds to the null history @, Player 2’s decision node corresponds
to history a1, Player 3’s decision node to history a4, and Player 1’s last decision node to history
ai1axas.

14Tn other words, for any two states @ and @’ that are enclosed in a rounded rectangle,
{(w, w), (W, @), (@, w), (W, @)} € B (that is, the relation is total on the set of states contained in
the rectangle) and if there is an arrow from a state w to a rounded rectangle then, for every «’ in
the rectangle, (w, @) € B.

5Thus By(w) = {a, B, 7} for every w € Q = {a,B,7,6,€}, B, (w) = {B,y} for every w € {B,y,0,€},
Baya, () = {y, 6} for every w € {y, 6,€} and By, g0, (w) = {0, €} for every w € {6, €}.
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Figure 1: A perfect-information game and a model of it
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In the model of Figure 1, under each state that is considered possible (by the
relevant player) we have recorded the action actually taken by the player and
that player’s payoff (at the terminal history associated with that state). This
will be useful when assessing the rationality of a player at a state. The issue of
rationality is addressed in the next section.

Remark 1. It is worth stressing that the notion of model that we are using allows for
erroneous beliefs. For example, in the model of Figure 1, at state 0 and history a; Player
2 has incorrect beliefs about the subsequent move of Player 3 if she herself plays ay: she
believes that Player 3 will follow with d3 while, in fact, Player 3 plays as.

3 Rationality

We use a very weak notion of rationality, which has been referred to in the
literature as “material rationality” (see, for example, Aumann (1995; 1998),
Battigalli et al. (2013), Samet (1996)). We say that, at state w and at a decision
history / that is reached at w, the active player is rational if her actual action (at
h and w) is “optimal” given her beliefs, in the sense that it is not the case that -
according to her beliefs - there is another action of hers that guarantees higher
utility.’

Definition 3.1. Let w be a state, /1 a decision history that is reached at w (that is,
h < {(w)) and a,b € A(h) two actions available at h. We say that, at w and #, the
active player ((h) believes that b is better than a if, Vw1, w2 € Bp(w), if ha < C(w1)
(that is, a is the action taken at history & at state w;) and hb < ((wy) (that is, b
is the action taken at history / at state w,) then u,;)(C(@w1)) < w0 (C(w2)) (recall
that, for every player i, u; : Z — R is player i’s utility function on the set of
terminal histories). In other words, the active player at h believes that b is
better than a if, restricting attention to the states that she considers possible, the
maximum utility that she obtains if she plays a is less than the minimum utility
that she obtains if she plays b.

For example, in the model shown in Figure 1, at state 6 and at the null
history 0 it is not the case that the active player (Player 1) believes that action a;

16Note that rationality in the traditional sense of expected utility maximization implies rationality
in our sense; thus anything that is implied by our weak notion will also be implied by the stronger
notion of expected utility maximization. On the other hand, our notion has the advantage that it
does not rely on the assumption of von Neumann-Morgenstern preferences: the utility functions
can be just ordinal utility functions.
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is better than action d; (since § € By(6), a1 < C(B) = mda, o € By(),d1 < C(a) = dy
and u1(a1d2) = 0 < uy(d1) = 1) and it is also not the case that Player 1 believes
that action d; is better than action a; (since y € By(0),a1 < U(y) = a1ads,
a € By(6),d; = La) = di and u1(d1) = 1 < uy(aydods) = 2); in other words, at
state 0 Player 1 believes that if she plays d; her utility will be 1 and if she plays
aq her utility might be 0 or might be 2. On the other hand, at state 6 and at
decision history a; the active player (Player 2) believes that action a, is better
than action d5.

Using Definition 3.1 we can define the event that the active player is rational
at decision history i1; we denote this event by Rj,.

Definition 3.2. Let /i be a decision history and w a state. Then w € R; if and
only if (1) h < {(w) and (2) if ha < {(w) (that is, a € A(h) is the action played at 1
at state w) then, for every b € A(h), it is not the case that, at state w and history
h, player ((h) believes that b is better than a.

For example, in the model of Figure 1 we have that Ry = Q, R,, = {y, 6, €}
(Player 2 believes that a; is better than d, and thus he is rational at, and only at,
those states where he plays a,), Ra,q, = {7} and Ry 4,0, = {€}.

Definition 3.3. Let R be the event that at every reached decision history the
active player is rational: w € R if and only if w € Ry, for all 1 € D such that
h < {(w).

For example, in the model of Figure 1 we have that R = {a, y}.

4 Nash equilibrium play

Suppose that we have a model of a perfect-information game where there is a
state w such that, at every reached decision history, the active player is rational
(that is, @ € R: see Definition 3.3); what can we say about ((w), the actual play
at that state? In general, we cannot conclude that ((w) is a Nash equilibrium
outcome. To see this, consider the game and model shown in Figure 2, where
R = {q, ﬁ}.17 Thus a € R and yet ((a) = a1b, which is an outcome that cannot be
generated by a Nash equilibrium (that is, there is no Nash equilibrium whose
associated outcome is a1 by, since - when Player 2’s strategy is to play b, - Player
1’s payoff would increase from O to 1 if she switched her choice from a; to ay).
In this model, at state « Player 1 erroneously believes that if she plays a; then

7In fact, Ry = R, = {a, B}
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Player 2 will follow with b; (8 € Bp(a) and C(f) = a1b1) while, as a matter of
fact, Player 2 plays b,.

In order to obtain a characterization of Nash equilibrium outcomes we need
to rule out erroneous beliefs.

It is well-known that, in general, correctness of beliefs corresponds to the
property of reflexivity of the belief relations, which in our case would be ex-
pressed as follows: Yw € Q,Vh € D, if h < {(w) then w € By(w). However, there
are two reasons why one should not assume the belief relations to be reflexive:
the first is a general conceptual reason and the second is a reason specific to our
class of models.

The conceptual reason is that when the belief relations are assumed to be re-
flexive, beliefs become necessarily correct (and one can speak of knowledge rather
than belief). As Stalnaker (Stalnaker (1996)) points out, it is methodologically
preferable to carry out the analysis in terms of (possibly erroneous) beliefs and
then - if desired - add further conditions that are sufficient to rule out incorrect
beliefs at a particular state. The reason why one should not start with the as-
sumption of necessarily correct beliefs (that is, reflexivity of the belief relations)
is that this assumption has strong intersubjective implications:

“The assumption that Alice believes (with probability one) that Bert
believes (with probability one) that the cat ate the canary tells us
nothing about what Alice believes about the cat and the canary
themselves. But if we assume instead that Alice knows that Bert
knows that the cat ate the canary, it follows, not only that the cat in
fact ate the canary, but that Alice knows it, and therefore believes it
as well.” [Stalnaker (1996), p. 153.]

Thus we want a weaker notion of correctness of beliefs which, for example,
allows for the possibility that a player has correct beliefs about the beliefs of
another player without subscribing to those beliefs, that is, without at the same
time believing that the beliefs of that player are in fact correct.

The second reason why one should not assume reflexivity of the belief rela-
tions is specific to our structures: reflexivity would imply complete uncertainty
in the mind of each active player as to what will happen if she chooses alterna-
tive actions. This is due to the fact that, by Point 4 of Definition 2.2, for every
action available at a decision history , there should be a state where player ((h)
(the active player at ) takes that action; if player (i) happens to believe that
after taking, say, action a the following player will play, say, action b rather than
action ¢, then at a state where, as a matter of fact, action c is played player (k)
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2 0
1 1
state: (0 B Y
o a,b, ab, a,
decision
history:
0 —fe o]
a2 a,,l
q, D
b,.1 b1

Figure 2: A game and a model of it
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must have erroneous beliefs, that is, the relation 8;, is not reflexive at that state.
For example, in the model of Figure 1 at history a4, imposing reflexivity of the
belief relation of Player 3 would require B;,4,()) = B4, (0) = Baya,(€) = {y, 0, €},
implying complete uncertainty in the mind of Player 3 as to what will happen
if she plays a3.

Thus we need to define correctness of beliefs locally, that is, as an event,
which may or may not hold at a particular state.

Definition 4.1. Let T, € Q (where T stands for ‘“Truth’) be the event that the
active player at decision history / has correct beliefs:

w €Ty, ifand only if /1 < {(w) and w € By(w).

Let T be the event that, at every reached history, the active player has correct
beliefs:

w €T ifand only if, Yh € D such that h < ((w), w € T},

For example, in the model of Figure 1, Ty = {a, 8,7}, Tao, = {B, 7}, Tas, =
{y,0}, Tayapas = {6,€}and T = {a, B, ¥}; in the model of Figure 2, Ty = {B, ¥}, T,
{a, fand T = (B, }.

The example of Figure 3 shows that rationality and correct beliefs at every
reached decision history are not sufficient to guarantee the play of a Nash
equilibrium outcome; that is, even if @ € T N R, it is not necessarily the case
that C(w) is a Nash equilibrium outcome. Here we have that T = {«, 5,7} and
R = {B,6} so that TN R = {B},'® but {(B) = a1b1 which is not a Nash equilibrium
outcome.'? The issue in this case is that Player 1 is uncertain as to what will
happen if she plays a;: she does not know whether Player 2 will play b; or
by; since Player 1 considers it possible that, if she plays a1, Player 2 will play
b, (state ) and believes that her choice of a, would be followed by Player 2
playing c; (state y) and uj(a1b2) = 2 > u1(axcq) = 1, it is rational for her to play
a1 (see Definition 3.3). Thus we need to add one more restriction on beliefs,
namely that a player is not uncertain as to what will happen if she chooses any
particular action.

181n this model Ty = {&, B, ), Ta, = {@, B}, Ta, = 1,6}, Ry = Q, Ry, = {B} and Ry, = {6}.
191f Player 2’s strategy selects choice by at decision history a;, then Player 1's best reply is to play
ap rather than a;.
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c,,0 c,,1

Figure 3: A game and a model of it




G Bonanno 15

Definition 4.2. Let C;, C Q (where C stands for ‘Certainty’) be the event that the
active player at decision history & has no uncertainty about what will happen
after any of her choices at h:

w € C, ifand only if h < {(w) and, Ya € A(h),Vo', 0" € By(w),
if ha < {(«") and ha < {(w”) then ((o') = ((w”).

Let C be the event that at every reached decision history the active player has
no uncertainty about what will happen after any of her choices:

w € C if and only if, Vh € D such that / < {(w), w € C),.

For example, in the model of Figure 3, Cy = 2,%° C,, = {a, B} and C,, = {y, 5},
so that C = @; in the model of Figure 2, Cy = {a, 8,7} and C,, = {a, B} so that
C= {CY, ‘B/ )/}

Remark 2. Note that the event C;, only expresses the fact that at history h the active
player has no doubt as to what actions future players will take; however her “doubtless”
beliefs might be erroneous. In other words, if w € Cy, then at history h player ((h) might
be certain that after her own action a the subsequent player will play b and yet, as a
matter of fact, at state w action a is followed (at history ha) not by action b but by a
different action c. If, however, w belongs to the intersection of events Cy, and Ty, then,
at state w, player 1(h) has correct beliefs about what will happen after the action she
actually takes (at h and w), while there is no way of telling whether or not she is also
correct about what would happen after alternative choices at h, because the models that
we are considering are not reach enough to address that issue (see Remark 6 below).

Before stating the main result of this section, we need one more definition.

Definition 4.3. A game satisfies the no-consecutive-moves condition if no
player moves more than once along any given play, that is, if, Yi,i' € D,
h < I implies t(h) # (h').”!

The following proposition provides a doxastic characterization of the set of
Nash equilibrium outcomes (or terminal histories) for games that satisfy the no-
consecutive-moves condition.”” The characterizing condition is that at every

20Because, for every w € Q), a,f € By(w), a1 < {(a), m < C(B) and {(@) = a1by # C(B) = a1by.

21The so-called agent form of a game is obtained by treating a player at different decision histories
as different players with the same payoff function. Thus the agent form of a game satisfies the no-
consecutive-moves condition (but the latter is a weaker condition). Several papers in the literature
on the epistemic foundations of backward induction in perfect-information games restrict attention
to games in agent form (see, for example, Balkenborg and Winter (1997), Stalnaker (1998)).

22 At the end of this section we discuss how this restriction can be relaxed.




16 Behavior and deliberation

reached history, the active player (1) has correct beliefs, (2) is rational and (3) has
no uncertainty about what will happen after any of her choices. This condition
is expressed by the event T N R N C. The proof is given in the Appendix.

Proposition 1. Consider a perfect-information game G that satisfies the no-consecutive-
moves condition. Then,
(A)  If terminal history z is the outcome of a pure-strategy Nash equilibrium
of G then there is a model of G and a state w in that model such that
(1) ((w)=zand (2) e TNRNC.

(B)  For any model of G and for every state w in that model, if o €e TNRNC
then there is a pure-strategy Nash equilibrium of G whose corresponding
outcome is C(w).

Note that it is only Part B of Proposition 1 that requires the restriction
to games that satisfy the no-consecutive-moves condition: Part A is true for
arbitrary perfect-information games. To see why the restriction is needed for
Part B, consider the game and model of Figure 4, where « € TN R N C* and
yet ((a) = a, which is not a Nash equilibrium outcome: if Player 2’s strategy
is by then Player 1’s best reply is either (a1, c1) or (a1, c2), with corresponding
outcome a;1b1, and if Player 2’s strategy is b, then Player 1’s best reply is (a1, c2),
with corresponding outcome a;b,c;. The reason why Player 1 is nevertheless
rational at state &, where she plays a5, is that - in her beliefs - she takes her own
choice of ¢; at her future decision history ;b as given, while changing her plan
of action at the root from a, to “first 4; and then c,” would increase her payoff
from 1 to 2, making her choice of a; irrational.

In order to obtain a general version of Proposition 1, that does not require
the restriction to games that satisfy the no-consecutive-moves condition, all is
needed is a modification of Point 4 of Definition 2.2 where “action at /i’ is replaced
with "plan of action at 4’. A plan of action for player i at her decision history
h is defined as follows. Let {h, ..., h,} be the (possibly empty) set of decision
histories of player i that are successors of & (that is, for every j = 1, ...,m, h < h));
then a plan of action of player i at h is a pair (g, {a1, ..., 4, }) Where a is an action at
h(a € A(h)) and, for every j = 1,...,m, a; is an action at h; (a; € A(h;)); if there are
no successors of & that are decision histories of player i, then a plan of action at
h coincides with an action at #. The modified Point 4 of Definition 2.2 would
require that, for every plan of action of player i at her decision history / there
be a state that player i considers possible at & where she “plays” that plan of
action. We have opted for the simpler version of Definition 1 because it turns

23Tn this model, T = {a,p,R={a}and C = Q,sothat TN RN C = {a}.
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state:
&
decision
history:
0
a,
albz

o B Y 8
a, abye, ab, ab,c,
a,,l a,,0
b1 b0
(o o)
c,,0 c,,2

Figure 4: A game and a model of it
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out to be sufficient for a characterization of the stronger - and more appealing
- notion of backward induction, without requiring the restriction to games that
satisfy the no-consecutive-moves condition. The characterization is given in
the following section.

5 Backward induction

By Proposition 1, the conditions expressed by the event T N R N C characterize
the notion of Nash equilibrium play in perfect-information games. It follows
that for backward induction one needs stronger conditions, since not every
Nash equilibrium outcome is a backward-induction outcome. In this section
we identify the additional conditions that are required for a characterization
of backward induction. Intuitively, rationality is not enough, because it is also
necessary for a player to believe that, no matter what action she takes, the next
player will act rationally and will believe that future players will act rationally,
and so on. To see this, consider the game and model shown in Figure 5, where
T ={a,B},R = {f}and C = Q, so that TNRNC = {} and yet C(B) = a1b1, which is
not a backward-induction outcome (the unique backward-induction outcome
is aibacy). At state p and history a; Player 2, although rational himself, does not
believe that, after his choice of b,, Player 1 will act rationally: he believes that
Player 1 would follow with ¢; (y € B,(8) and {(y) = aibycy). It follows that,
since § € By(a), at state « it is not the case that Player 1 at history @ believes
that if she takes action a; then at history a; Player 2 will believe that if he takes
action b, then Player 1 will play rationally at history a;b,. This is what we need
to rule out in order to obtain a characterization of backward induction.
Before proceeding we need to introduce a definition.

Definition 5.1. Consider a model of a perfect-information game. Let w € Q be
a state and let & = a1a,...a,, (m > 1) be a decision history (thus a; € A(0) and, for
everyi=2,..,m,a; € A(ay...ai-1)). We say that h is reachable from w if there exists
a sequence (wy, @1, ..., Wy in Q such that: (1) wp = w, (2) foreveryi=1,..,m,
ay...a; < C(w;), (3) w1 € By(wp) and, for every i = 2,...,m, w; € Byy_a,(wi-1). We
say that any such sequence {wo, w1, ..., W) leads from w to h.

For example, in the model of Figure 1, decision history a1a,a3 is reachable
from a via the sequence («, 8,7, 6).**

2B € By(a),m < U(P) = mda,y € Boy(B), a1z < L(y) = m1a2ds, 5 € Baya,y (y) and ayazaz < L(0) =
aiarazdy. Another sequence that leads from a to aja0a3 is (a, y, ¥, 0).
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state: ﬁ Y o

g a, ab, abe, abyc,
decision
history:

a,,l a,,2
a (o o) o
b,,2 b,,0
ab, Ol
c,,0 c,,3

Figure 5: A game and a model of it




20 Behavior and deliberation

Remark 3. Consider a model of a perfect-information game. Let w € Q be an arbitrary
state and h € D an arbitrary decision history. Then there is a sequence that leads from
w toh?

By Proposition 1, the play of Nash equilibrium outcomes is characterized by
the conditions expressed by the events T, N Ry, N Cy, for every reached history
h. We now show that, in order to characterize the play of backward induction
outcomes, we need to add “forward iterated belief” in T, N Ry N Cp.

Definition 5.2. Consider a model of a perfect-information game. Let Itrc
(where I stands for ‘Iterated’) be the following event: @ € Irgc if and only if, for
every decision history i = ay...a,, (m > 1), and for every sequence (wo, w1, ..., W)
leading from w to h, w, € T, "R, N Cy.

Definition 5.2 expresses the following condition: the root player (player «(0))
believes that if she takes action 2 and 4 is a decision history then: (1) the active
player at a has correct beliefs, is rational and has no uncertainty, (2) the active
player at a believes that if he takes action b and ab is a decision history then the
active player at ab has correct beliefs, is rational and has no uncertainty and
believes that if she takes action ¢ and abc is a decision history then the active
player at abc has correct beliefs, is rational and has no uncertainty, and so forth.
All of this can be expressed formally using belief operators, as explained at the
end of this section.

So far, characterizations of backward induction have been provided for
perfect-information games in generic position (or that satisfy the somewhat
weaker condition of “no relevant ties”),’® which have a unique backward-
induction solution. By contrast, the following characterization applies to
arbitrary perfect-information games, that is, also those that have multiple
backward-induction solutions (note that, unlike Proposition 1, the character-
ization given in Proposition 2 is not restricted to games that satisfy the no-
consecutive-moves condition). The proof is given in the Appendix.

2Proof. Let h = aj...a, (m > 1). By Point 1 of Definition 2.2, By(w) # @ (since 0 is a prefix of
every history, in particular of history ((w)). Hence, since a; € A(0), by Point 4 of Definition 2.2 there
exists an wq € By(w) such that a; < {(w1). Thus, since a, € A(a;), by Point 4 of Definition 2.2, there
exists an wy € By, (w1) such that aja; < ((w2), etc.

26See, for example, Aumann (1995), Balkenborg and Winter (1997), Ben-Porath (1997), Bonanno
(2013), Clausing (2003), Halpern (2001), Perea (2012; 2014), Quesada (2003), Samet (1996; 2013),
Stalnaker (1998). A perfect-information game has no relevant ties if, Vi € N, Vh € D;, Ya,a’ € A(h)
witha # a’,Vz,2' € Z, if ha is a prefix of z and ha’ is a prefix of z’ then u;(z) # u;(z’). All games in
generic position satisfy this condition.
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Proposition 2. Consider a perfect-information game G. Then,

(A)  If terminal history z is the outcome of a backward-induction solution
of G then there is a model of G and a state w in that model such that
(1) ((w) = zand (2) w € (TNRNC) NIrge.

(B)  For any model of G and for every state w in that model, if
w € (TN RN C)N Irre then there is a backward-induction solution
of G whose corresponding outcome is C(w).

Remark 4. Note that the event (T N R N C) N Irgc is equivalent to the seemingly
weaker event (Ty N Ry N Cp) N Irre.”’

Remark 5. In games that have no relevant ties one can dispense with the events Cy,
since the no uncertainty condition is a consequence of (loosely speaking) the uniqueness
of a rational choice at every decision history.”® Thus for this subclass of games, the
event that characterizes the set of backward-induction outcomes is (T N R) N Ig.”’

5.1 Expressing the event I7zc using belief operators

We now turn to a discussion on how to interpret the event Irgc in terms of
iterated beliefs, using belief operators.’’ Recall that, given a belief relation

27Proof. Itis clear that (T "R N C) N Irge C (Tp N Ry N Cp) N Izge since TNRNC C Ty N Ry N Cy.
To prove the converse, let w € (Tg "Ry N Cp) NIrrc and let h = ay...a,; (m > 1) be a decision history
such that i < ((w); we need to show that w € T, N R, N Cj,. Since w € Irgrc, it will be sufficient
to show that & is reachable from w via the constant sequence (wo, w1, ..., W) With w; = w for every
i=0,1,..,m. Point (1) of Definition 5.1 is trivially true and point (2) follows from the hypothesis
that i < {(w) and the fact that, for every i = 1,...,m — 1, a;...a; < h. As for Point (3), we have, first of
all, that w1 = w € By(wy = w) because w € Ty. Thus a; is reachable from w through the sequence
{w, w) and hence, since w € Itgc, w € Ty, thatis, w € By, (w). It follows that aja; is reachable from
w through the sequence {w, w, w) and hence, since @ € Itrc, € Tyyq,, thatis, w € By 4, (w), and so
forth.

2The proof is by induction. At a “last” decision node (that is, a decision node followed only by
terminal nodes) there is a unique rational choice, since there are no ties. Hence at an immediately
preceding node the active player who believes that after each of her choices the corresponding
player will play rationally, cannot have uncertainty about the subsequent choices of those future
player; hence, since there are no relevant ties, also this player has a unique rational choice. One
then extends this argument backwards in the tree by induction.

2The event Iy is defined as in Definition 5.2 but without reference to the events C;: w € Ity if
and only if, for every decision history h = a;...a,, (m > 1), and for every sequence {wo, w1, ..., W)
leading from w to h, wy, € Ty NRy,.

30The interpretation of the event ITpc given below in terms of “forward belief in rationality”
is conceptually similar to the notion of “forward belief in material rationality” given in (Perea
2007a, Definition 2.7). However, the latter definition is obtained in a class of models where the
space of uncertainty is the set of the opponents’ strategies, rather than the set of terminal histories
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state: a B Y
¢: ab, ab, a,
decision
history:
0 e o]
a3 a,,2
a [0 ]
b,,0 b,.1

Figure 6: A game and a model of it

B C QO xQand an event E, we say that at state w the individual believes E if
B(w) C E and use this to define a belief operator B : 2 — 2 as follows: for
every E C Q, BE = {w € Q : B(w) C E}. Consider the game and model of Figure
6. At state a and history @ Player 1 believes that if she plays a; then Player 2
will play by, which is a rational choice for Player 2 (indeed, the only rational
choice). We would like to express this by writing @ € ByR,,.* However, this is
not the case because R,, = {f} and By(a) = {B, 7} so that By(a) £ R,,. There are
two ways of addressing this issue.

1. Using material conditionals. In propositional logic, the material condi-

(furthermore, Perea uses the “type-space” approach rather than the state-space approach followed
in this paper). The difference between the two classes of models is discussed in Section 7.2.

31That is, at state a and history 0, player 1(0) = 1 believes that at history a; player i(a;) = 2 will
act rationally.
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tional ‘if p then ¢’ is true when either p is false or g is true. Correspondingly,
the set of states where it is true that ‘if event E occurs then event F occurs’
is represented by the event —E U F (where —E denotes the complement of E).
Given a perfect-information game and a model of it, for any decision history h
denote by [/] the set of states where / is reached:

M ={weQ:h< ()

For example, in the model of Figure 6, [a1] = {a, B} so that the material condi-
tional ‘if Player 1 plays a; then Player 2 chooses rationally at a;” is represented
by the event —[2;] U R,, = {y} U {B} and thus we do have that, at state a, Player
1 believes that if she plays a; then Player 2 will act rationally at history a;:
a € By(—[a1] UR,,) (since By(a) = {B, ¥} € —[a1] UR,, = {B,y}). In the model of
Figure 6 the event ITrc coincides with the event By(—-[a1]UR,,) = {a, B, v}. Since
TNRNC = {B}, it follows that (T N R N C) N Irrc = {f} and, in accordance to
Proposition 2, C(f) = a1b; is the backward-induction outcome.

In the model of Figure 7, the event Irgc is the intersection of the following
events:*

o By(-[n1]U (T, NR,, NCy)) = By({B,,6,€)) = y,6,€,n)
o By(-[22] U (Ts, "Ry, N Cy)) = By(fa, B, 5,6, 7)) = Q

o ByBy,(~[01] U (Ta, N Raps, N Caypy)) = BBy, Q = ByQ = Q.7

Thus Itre = {y,6,€,1}. Since TN RN C = {B,€e}, (TNRNC)NIrrc = {€} and, in
accordance to Proposition 2, ((€) = a1b; is a backward-induction outcome. This
game has a second backward-induction outcome, namely a,c;; although in this
model there is no state w such that w € (T N R N C) N Irgrc and ((w) = ax¢q, by
Part B of Proposition 2 one can construct a model of this game where such a
state exists.

In general, using belief operators and the material conditional, the event
Irrc is the intersection of all the following events, for every decision history
h=may..a, (m>1):

32In this model, Ry = {8,€, 7}, Ry, = Ru2 = {B,0},Rayp, = fa,n},R ;3 €}, Tp ={o,B,6,€),Ta, =
len), T, = {B,7,04T albl = {a,n}, T = {8,6,€l,Cp = Q,Cq = {a,e,n},Co, = {B,7,0},Capp, =
{a,n},C=Q,[a1] ={a, €1}, [a2] = {B, 7,0} and [b1] = {a, n}.

33 Note that, if state w and decision history & are such that & is not reached at w (that is, h £ {(w)),
then, by Definition 2.2, 8),(w) = @ and therefore 8),(w) C E, for every event E, that is, w € B,E. For
example, in the model of Figure 7, B, ({a, B}) = {8, 7, 0}, since, for every w € {8, 7,6}, B;, (w) = @
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state
¢ abd, ahx, a,C, 4, ab, abd,
decision
history:
0 (o o) oo ej—e
a,l a,,2 a,,2 a,,3

b,.1 b,,0
a, (oo o
c,l c,,0 c,l
Cl]b] ) [
d,l

Figure 7: A game and a model of it
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Bo(~[a1] U (T, "Ry, N Cyy))

ByBy, (=182] U (Tur, N Roye, 0 Cara))

IB(Z)]BﬂlIBﬂldz"']Bulﬂz...ﬂ",,l (ﬁ[am] U (Tlllﬂz‘..ﬂm m Rﬂlllz.‘.llm n Cﬂlﬂz..‘llm))‘

2. The alternative (and essentially equivalent) approach is to extend the
definitions of T}, R; and Cj, by adding to those events all the states at which
history # is not reached. In other words, define the following events:

Ty ==[hUT, R,=-[h]UR,, C,=-[hUC, 1)

Using this approach the event Itgc is the intersection of all the following events,
for every decision history h = aya,...a,, (m > 1):

By(T,, "R, N C,))

IB(D]Bﬂl (Tﬂlﬂz N Rﬂlﬂz n éﬂlaz)

N A N
b lB(D]B”lB”lﬂz"']Bﬂlaluam—l (T”1a2~~am N Rﬂl”Znﬂm N Ctllﬂz~~~ﬂm)'

6 Related literature

To the best of our knowledge, with one exception (Ben-Porath (1997))** existing
characterizations of Nash equilibrium have been restricted to strategic-form
games (Aumann and Brandenburger (1995), Bach and Tsakas (2014), Barelli
(2009), Perea (2007b), Polak (1999)). Proposition 1 provides a characterization
of Nash equilibrium outcomes in perfect-information games in terms of three
conditions at reached decision histories: (1) correct beliefs (event T), (2) ra-
tionality (event R) and (3) no uncertainty (event C). Before comparing our
characterization to Ben Porath’s characterization we point out the limited sense
in which beliefs are postulated to be “correct”, that s, the limited sense in which
event T captures the notion of correct belief.

341t should also be noted that, for perfect-information games with no relevant ties, Battigalli et al.
(2013) shows that in every type structure there is a unique play consistent with common strong
belief of material rationality and that play is a Nash equilibrium play.
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Remark 6. Given a decision history h, the event Ty, (Definition 4.1) captures the
notion of correct beliefs: if w € Ty, that is, if w € By(w) (for h such that h < C((w)),
then the active player at history h does not have false beliefs. Does this mean that she
is correct in her beliefs about what will happen if she takes any of her actions at h? For
the action she actually takes at h (that is, for that action a € A(h) such that ha < {(w))
her beliefs are indeed correct, but for any other action a’ € A(h) \ {a} the models that we
are using are not sufficiently rich to answer the question, since such an answer would
involve the evaluation of a counterfactual, as explained below.

Consider, for example, state 0 in the model of Figure 7, where at decision
history 0 Player 1 believes that if she takes action a; then Player 2 will follow
with b, (state €) and if she takes action a, then Player 2 will follow with c; (state
0). The latter belief is correct at state 6, where - as a matter of fact - Player 2
plays c1, but is the former belief also correct, that is, is it true - af state 0 - that if
Player 1 played a; then Player 2 would play b,? From the point of view of state
0, the proposition ‘if Player 1 plays a; then Player 2 plays b," is a counterfactual
proposition, that is, one that has a false antecedent. The standard theory of
counterfactuals (Lewis (1973), Stalnaker (1968)) requires that we identify a state
0’ which is such that (1) it is “most similar” to state 6 and (2) it is true at ¢’ that
Player 1 plays a; (that is, ha < ((0')); one then declares the counterfactual true
at state 6 if - at this alternative state ' - Player 2 actually plays b,.*> There is
no reason why, in the model of Figure 7, one should take € to be the closest
or most similar state to 6 where Player 1 plays a;; indeed Player 1 might have
false beliefs, at state 6, about the consequences of taking action a;. We could
enrich our models by adding a counterfactual selection function, but it is not
clear what value there would be in such an extension: from the point of view of
evaluating the rationality of an action what matters is the player’s belief, even
if such belief is erroneous.*

Theorem 2 in Ben-Porath (1997) states that, if the following conditions hold
at a state, then the associated outcome is a Nash equilibrium outcome: (1) there
is Common Certainty of rationality, (2) there is Common Certainty that each
player assigns positive probability to the true profile of strategies and beliefs of
the other players and (3) there is Common Certainty of the support of the beliefs

%Stalnaker (Stalnaker (1968)) postulates a “selection function” f : Q x 29 5 O that associates
with every state w and event E a unique state f(w, E) € E, while Lewis (Lewis (1973)) postulates
a selection function F : Q x 29 — 2 that associates with every state @ and event E a set of states
F(w,E) C E. Stalnaker declares the proposition ‘if E then G’ true at w if and only if f(w,E) € G,
while Lewis requires that F(w, E) € G.

36For an extensive discussion of this issue see Bonanno (2015).
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of each player.”’” A player is certain of an event A if she assigns probability 1 to
A; there is Common Certainty of A if event A occurred, each player is certain
of A, each player is certain that every other player is certain of A, and so forth.
The following are the main differences between our characterization of Nash
equilibrium outcomes and Ben Porath’s characterization:

e Ben Porath restricts attention to generic games.

e Ben Porath uses a stronger notion of rationality, namely expected utility
maximization.

e The models considered by Ben Porath are not behavioral models but
strategy-based models: a state specifies a full strategy for each player,
rather than just the actions actually taken.®

e Ben Porath’s characterization is in terms of common belief: beliefs about
beliefs about beliefs ..., while the characterization we provide is in terms
of “facts” and does not require any form of beliefs about beliefs (in our
models iterated beliefs are required for backward induction outcomes,
not for Nash equilibrium outcomes).*

37 As the author notes, Theorem 2 does not provide a full characterization of Nash equilibrium
outcomes as there are Nash equilibria that are inconsistent with extensive-form rationality. How-
ever, if only normal-form rationality is assumed, that is, if one assumes that a player optimizes
only with respect to her initial beliefs (and not necessarily at every node), then the conditions of
Theorem 2 provide a full characterization of Nash equilibrium outcomes.

38Furthermore, Ben Porath uses the “type space” approach where a state is identified with an
n-tuple of types, one for each player (n is the number of players); the type of a player specifies his
strategy as well as a belief function that assigns, for every node in the tree, a probabilistic belief
over the set of profiles of types of the other players. Each player is assumed to know his own type;
in particular, each player knows his own strategy.

39Epistemic characterizations of Nash equilibrium in strategic-form games have not relied on
the condition of common belief of rationality. For example, in their seminal paper Aumann
and Brandenburger Aumann and Brandenburger (1995) showed that, in games with more than
two players, if there exists a common prior then mutual belief in rationality and payoffs as well as
common belief in each player’s conjecture about the opponents’ strategies imply Nash equilibrium.
However, Polak Polak (1999) later showed that in complete-information games, Aumann and
Brandenburger’s conditions actually do imply common belief in rationality. More recently, Barelli
Barelli (2009) generalized Aumann and Brandenburger’s result by substituting the common prior
assumption with the weaker property of action-consistency, and common belief in conjectures with
a weaker condition stating that conjectures are constant in the support of the action-consistent
distribution. Thus, he provided sufficient epistemic conditions for Nash equilibrium without
requiring common belief in rationality. Later, Bach and Tsakas Bach and Tsakas (2014) obtained a
further generalization by introducing even weaker epistemic conditions for Nash equilibrium than
those in Barelli (2009): their characterization of Nash equilibrium is based on introducing pairwise




28 Behavior and deliberation

The characterization of backward-induction outcomes provided in Propo-
sition 2 is in terms of a, by now well-understood,*’ condition, namely that
players should believe that future players will be rational and will believe the
same about players who will choose after them and so forth. Since the litera-
ture on the epistemic foundations of backward induction has been thoroughly
reviewed by Perea (Perea (2007a),(Perea 2012, p.463)) and Brandenburger (Bran-
denburger (2007)) it is unnecessary to go into the details of each contribution.
The distinguishing features of our approach were listed in Section 1.

As noted earlier, the purely behavioral point of view that we have adopted
(consisting in associating with every state a play of the game rather than a
strategy profile) was first introduced by Samet (Samet (1996)). The other papers
that take a purely behavioral point of view are based on a specification of
each player’s initial beliefs as well as her disposition to revise those beliefs in
response to information that she might receive during the play of the game; this
is done either probabilistically using conditional probability systems (Battigalli
et al. (2013)) or by means of qualitative belief revision structures (Baltag et al.
(2009), Stalnaker (1996; 1998)). Those models impose the constraint that, if at
a state player i chooses strategy s;, then she knows that she uses strategy s;
(that is, at every state that she considers possible, she uses strategy s;); thus
subjective counterfactuals (or dispositional belief revision) are needed in order
to represent a player’s beliefs about the consequences of choosing a strategy
different from s;.

The closest paper to the present one is Bonanno (2013), which also uses
behavioral models and the weak notion of rationality postulated in this paper.
The main differences are: (1) Bonanno (2013) only deals with backward induc-
tion and not Nash equilibrium, (2) the characterization of backward induction
provided in Bonanno (2013) is obtained only for games without relevant ties
and thus does not cover games with multiple backward-induction solutions*!
and (3) the models considered in Bonanno (2013) are explicitly dynamic models,
while in the models considered in this paper time plays no explicit role.

epistemic conditions imposed only on some pairs of players (contrary to the characterizations in
Aumann and Brandenburger (1995) and Barelli (2009), which correspond to pairwise epistemic
conditions imposed on all pairs of players). Not only do these conditions not imply common belief
in rationality but they do not even imply mutual belief in rationality.

405ee Balkenborg and Winter (1997), Baltag et al. (2009), Clausing (2003; 2004), Feinberg (2005),
Perea (2014), Stalnaker (1998).

41The conditions for backward induction provided in Bonanno (2013) are conceptually the same
as those expressed by the event (T N R) N Itr (see Remark 5).
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7 Discussion

7.1 Ontherelationship between backward induction and subgame-
perfect equilibrium

An anonymous referee raised the issue whether Proposition 2 should be viewed
as a characterization of the notion of subgame-perfect equilibrium (SPE) or of
the notion of backward induction solution (BIS). Are the two notions different?
This is a subtle point, which hinges on the meaning of the expression “backward
induction solution”. If by BIS one means “the set of choices selected by the
backward-induction algorithm”, then the two notions of SPE and BIS coincide
in finite games with perfect information (with or without relevant ties): a
pure-strategy profile s is a SPE if and only if s is a possible output of the
backward-induction algorithm. By giving an alternative interpretation to the
notion of “backward induction solution”, one can draw a distinction (in perfect-
information games with relevant ties) between SPE and BIS, but this requires
using a different class of models from the one considered in this paper: one
needs to consider models where states are interpreted in terms of strategy profiles
(rather than in terms of terminal histories). For example, in the game of Figure
2, the set of pure-strategy subgame-perfect equilibria is {(a1, b1), (a2, b2)} while
one could consider the set of “backward induction solutions” to be the larger set
{(a1,b1), (a2, b2), (a2, b1)}, that is, one can also view (ay, b1) as a BIS in the following
sense. One can construct a model where the strategy profile associated with
a state w is (ap,b1) and, at w, both players are rational because (1) Player 1
knows that his strategy is a, and, on the supposition that he plays a;, believes
that Player 2 would play b, — which is a rational choice for Player 2 — and
(2) if Player 1 were to play a; then Player 2 would play b; — which would be
a rational choice for her. Thus, in such a model, at state w, Player 1 would
have erroneous beliefs about what would happen if he played a; (instead of the
chosen action a;). On the other hand, in the approach proposed in this paper
one cannot distinguish between the strategy profile (a, b,) (which is a SPE) and
the strategy profile (a2, b1) (which is not even a Nash equilibrium), since the
associated outcome (namely, a,) is the same, and states are only described in
terms of outcomes, not in terms of strategies. Indeed, as pointed out in Remark
6, in the models used in this paper at a state where Player 1 chooses action a, one
cannot even assess whether Player 1’s beliefs about what would happen if she
played a; are correct or not. Thus the question whether Proposition 2 should
be viewed as a characterization of the notion of subgame-perfect equilibrium
or of the notion of backward induction solution (assuming that one is adopting
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a broad interpretation of the latter) seems to lie, conceptually, outside the scope
of the framework adopted in this paper.

Several contributions in the literature have explored the relationship be-
tween the notion of SPE and “backward-induction-like” procedures in general
extensive-form games (that is, games with possibly imperfect information).
Kaminski (Kaminski (2009)) defines a backward-induction equilibrium (BIE) as
a strategy profile that survives “backward pruning” and proves that in a large
class of extensive-form games a strategy profile is a BIE if and only if it is a
SPE, thus extending the equivalence beyond perfect-information games. Penta
(Penta (2009)) proposes an alternative extension of the notion of backward
induction to extensive games with imperfect information: his “backward ratio-
nalizability procedure” iteratively eliminates strategies and conditional belief
vectors starting from the end of the game and proceeding backwards towards
the root. Perea Perea (2014) provides an epistemic characterization of this pro-
cedure in terms of the notion of “common belief in future rationality”.** He
also introduces a new algorithm, the “backward dominance procedure”, which
differs from Penta’s procedure in that it operates only on strategies (rather than
strategies and conditional belief vectors)*> and shows that the strategies that
survive the backward dominance procedure are exactly the strategies that can
be chosen under common belief in future rationality if one does not impose
(common belief in) Bayesian updating. The generalized notions of backward
induction proposed by Penta and Perea are weaker than SPE.** Both authors
rely on the approach commonly used in the literature where the underlying
space of uncertainty is the set of the opponents’ strategies, while in our ap-
proach the underlying space of uncertainty is the set of terminal histories.

“Defined as follows: players are rational and always believe in their opponents’ present and
future rationality and believe that every opponent always believes in his opponents’ present and
future rationality and that every opponent always believes that every other player always believes
in his opponents’ present and future rationality, and so on.

“In the first round the algorithm eliminates, at every information set of player i, strategies
of player i himself that are strictly dominated at present and future information sets, as well as
strategies of players other than 7 that are strictly dominated at present and future information sets.
In every further round k those strategies are eliminated that are strictly dominated at a present or
future information set I; of player i, given the opponents’ strategies that have survived up to round
k at that information set I;. The strategies that eventually survive the elimination process constitute
the output of the backward dominance procedure.

#“Perea (Perea (2014)) also suggests that, in general extensive-form games, the two notions of
common belief in future rationality and sequential equilibrium reflect the difference between BIS
and SPE.
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7.2 On the space of uncertainty: strategy profiles versus termi-
nal histories

There is a large literature on the issue of whether common belief of rational-
ity implies backward induction in perfect-information games (Artemov (2010),
Aumann (1995; 1996; 1998), Bach and Heilmann (2011), Balkenborg and Win-
ter (1997), Baltag et al. (2009), Battigalli et al. (2013), Ben-Porath (1997), Bin-
more (1996; 1997), Clausing (2003; 2004), Halpern (2001), Quesada (2003), Samet
(2013), Stalnaker (1998)). Most of this literature has focused on games without
relevant ties and has employed models of games where the underlying space of
uncertainty is the set of the opponents’ strategies. In contrast, in our approach
the underlying space of uncertainty is the set of terminal histories. An anony-
mous reviewer suggested that, by not modeling hypothetical or counterfactual
beliefs, one might give up the ability to model the reasoning of the players in
dynamic games. The lively debate on the relationship between (common belief
of) rationality and backward induction (most notably, Aumann (1995; 1996),
Binmore (1996; 1997), Halpern (2001), Stalnaker (1998)) has centered on the is-
sue of what is the correct way of modeling hypothetical or counterfactual beliefs
about players’ rationality. For example, Stalnaker ((Stalnaker 1998, pp.45-46))
claims that Aumann (Aumann (1995)) “equivocates between epistemic and
causal ‘if’s” and that “a strong and implausible belief revision policy has been
implicitly built into [Aumann’s] definition of substantive rationality”. Refer-
ring to a “centipede-like”game (that is, a game with a structure similar to the
game shown in Figure 1 above), he illustrates this point as follows ((Stalnaker
1998, p.48))

Bob has the following initial belief: Alice would choose A, on her
second move if she had a second move. This is a causal ‘if’ — an
‘if” used to express Bob’s opinion about Alice’s disposition to act
in a situation that they both know will not arise. Bob knows that
since Alice is rational, if she somehow found herself at the second
node, she would choose A,. But to ask what Bob would believe
about Alice if he learned that he was wrong about her first choice
is to ask a completely different question — this ‘if” is epistemic; it
concerns Bob’s belief revision policies, and not Alice’s disposition
to be rational. No assumption about Alice’s substantive rationality,
or about Bob’s knowledge of her substantive rationality, can imply
that Bob should be disposed to maintain his belief that she will act
rationally on her second move even were he to learn that she acted
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irrationally on her first.

While the traditional models (where the underlying space of uncertainty is the
set of the opponents’ strategies) allow one to address a rich set of issues — in
particular, the issues mentioned above concerning belief revision — they also
raise the question of what it means to interpret a state in terms of a strategy pro-
file. As Halpern ((Halpern 2001, p.433)) points out, in this type of models “one
possible culprit for the confusion in the literature regarding what is required
to force the backward induction solution in games of perfect information is the
notion of a strategy”. For example, consider the game of Figure 1 above and a
state where Player 1’s strategy is (d1, a4):

According to strategy (d1,a4), Player 1 plays a4 at history aja,a3. But
a1a,a3 is a history that cannot be reached if Player 1 uses the strategy
(d1,a4), because according to this strategy, Player 1 plays d; at the
root. The standard reading of the strategy (di, a4) is that “if history
a1ayas is reached, then Player 1 plays a4”. But this reading leaves
a number of questions unanswered. How Player 1 plays (if she is
rational) depends on her beliefs. Should this be read as “no matter
what Player 1’s beliefs are, if history 414,43 is reached, then Player 1
will play as”? Or perhaps it should be that “given her current beliefs
(regarding, for example, what moves the other players will make),
if history aja,a; is reached, then Player 1 will play a4”. Or perhaps
it should be “in the state closest to the current state where history
a1a,a3 is actually reached, Player 1 plays as”. (Halpern 2001, p.434),
paraphrased to match the example of Figure 1).

Halpern adopts the last interpretation and shows that one can make sense of
Aumann’s (Aumann (1995)) and Stalnaker’s (Stalnaker (1998)) opposite claims
about the implications of common belief of rationality for backward induction,*
by explicitly modeling the counterfactuals that are implicit in the strategies and
by varying the interpretation of those counterfactuals.

The approach put forward in this paper — which dispenses with strate-
gies and interprets states in terms of plays (or terminal histories) — is certainly
not rich enough to provide an epistemic foundation for the backward-induction
strategies, but it does provide an epistemic foundation for the backward-induction

4 Aumann’s claim is that common knowledge of substantive rationality implies the backward
induction solution in perfect-information games without relevant ties, while Stalnaker maintains
that it does not. Roughly speaking, a player is substantively rational if, for every history / of hers,
if the play of the game were to reach /i, then she would be rational at &.
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play. A consequence of this is that the subtle issues, discussed in the literature,
pertaining to belief revision are not conceptually necessary for an understand-
ing of what is needed to obtain the backward-induction outcome.*® The differ-
ence between the two approaches (“states interpreted in terms of strategies”
versus “states interpreted in terms of outcomes”) reflects a different philoso-
phy concerning the nature of theoretical predictions in game theory. In the
strategy-based approach the prediction is in terms not only of what play will be
observed, but also in terms of a set of counterfactuals about what the various
players would do in circumstances that ought not to arise given the predicted
outcome. In the outcome-based approach what a player would actually do at
an unreached history is left unspecified; however, the beliefs of the active players
along the actual play of the game about the possible consequences of alternative moves
are explicitly modeled and provide the reasoning behind the selection of a specific move.

7.3 On the notion of pre-choice belief

While the standard approach in the literature is to model a player’s beliefs after
she has made her choice (and thus knows what that choice is), we have chosen
to model beliefs at the pre-choice, or deliberation, stage. This does not mean
that we are representing the beliefs of the players before the game is played;
on the contrary, beliefs are modeled as beliefs during the play of the game at
decision nodes that are actually reached. According to this approach, when it is her
turn to move, a player considers the possible consequences of all her actions,
without pre-judging her subsequent decision; in other words, the beliefs of the
active player at a state w and decision history / (that is reached at w) are truly
open to the possibility of taking any of the actions available at k. This reflects
the view, expressed by several authors (Gilboa (1999), Ginet (1962), Goldman
(1970), Ledwig (2005), Levi (1986; 1997), Shackle (1958), Spohn (1977; 1999), that
it is the essence of deliberation that one cannot reason towards a choice if one
already knows what that choice will be. For example, Gilboa writes:

“[...] we are generally happier with a model in which one
cannot be said to have beliefs about (let alone knowledge of) one’s
own choice while making this choice. [...] One may legitimately ask:
Can you truly claim you have no beliefs about your own future
choices? Can you honestly contend you do not believe - or even

461t is worth noting that, as pointed out by Samet ((Samet 2013, p.194), while Aumann (Aumann
(1995)) states the weaker claim that common knowledge of substantive rationality implies the
backward-induction play, he actually proves that it implies the backward-induction strategies.
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know - that you will not choose to jump out of the window? [...]
The answer to these questions is probably a resounding “No”. But
the emphasis should be on timing: when one considers one’s choice
tomorrow, one may indeed be quite sure that one will not decide
to jump out of the window. However, a future decision should
actually be viewed as a decision by a different “agent” of the same
decision maker. [...] It is only at the time of choice, within an “atom of
decision”, that we wish to preclude beliefs about it.” ((Gilboa 1999, pp.
171-172), second emphasis added.)]

An implication of this point of view is that, since —at the time of deliberation
— the agent does not know what choice she is going to make, she cannot know
that her forthcoming choice is rational. For example, at a state w that belongs
to the event that characterizes backward induction (event Irrc: see Definition
5.2), at a reached history / the active player does not know that she is rational
(at /), even though she believes that every future player (and possibly herself
at histories that are successors of /) is rational. This issue has been discussed
extensively in the philosophical literature (see, for example, Levi (1986; 1997),
Spohn (1977; 1999)), where it is argued that no inconsistency is involved in this
approach (as pointed out in the above quote from Gilboa (1999))).

As pointed out in Section 7.2, the advantage of modeling beliefs as pre-
choice beliefs is that one can obtain a “conceptually lighter” characterization
of backward induction that does not require the use of (objective or subjective)
counterfactuals.

A Proofs

Before proving Proposition 1 we introduce some notation and a definition.

Let G be a perfect-information game and o a pure-strategy profile of G. Let
fo + H = Z (recall that H is the set of histories and Z is the set of terminal
histories) be defined as follows: if z € Z then f,(z) = z and if 1 € D (recall that
D is the set of decision histories) then f;(h) is the terminal history reached from
h by following the choices prescribed by o.

Definition A.1. Let G be a perfect-information game and ¢ a pure-strategy
profile of G. The model of G generated by ¢ is the following model:

e Q=17
e (:Z — Zis the identity function: ((z) =z, Vz € Z.
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e Forevery h € D, 8, C Z x Z is defined as follows: B),(z) # @ if and only
if h < zand z’ € B(z) if and only if z’ = f,(ha) for some a € A(h) (recall
that A(h) is the set of actions available at #). That is, the active player at
decision history & believes that if she takes action 4 then the outcome will
be the terminal history reached from ha by o.

Figure 8 shows an extensive form with perfect information and the model
generated by the strategy profile o = (a1, b1, ¢1,d1) (0 is highlighted by double
edges).

Remark 7. Let G be a perfect-information game and M the model generated by a
pure-strategy profile o of G. Then the no-uncertainty condition (Definition 4.2) is
satisfied at every state, that is, C = Z. Furthermore, if z* is the play generated by o
(that is, 2 = f,(0)), then z* € By(z*) for all h € D such that h < z*; that is, z* € T.

Proof of Proposition 1

Proof. (A) Fix a perfect-information game G (not necessarily one that satisfies
the no-consecutive-moves condition) and let o be a pure-strategy Nash equi-
librium of G. If h is a decision history, to simplify the notation we shall write
o(h) instead of o,p4)(h) to denote the choice selected by o at i. Consider the
model generated by ¢ (Definition A.1). Let z* be the play generated by o, that
is, z* = f5(0). By Remark 7, z* € CNT. Thus it only remains to show that
z* € R, that is, that z* € Ry, for all # € D such that i < z*. Fix an arbitrary
h € D such that & < z*' and let a be the action at & such that ha < z*, that is,
o(h) = a; then f;(ha) = f,(0) = z*. Suppose that z* ¢ R;,. Then there is an action
b € A(h) \ {a} that guarantees a higher utility to player (%), that is, if 2z’ € B;(z")
is such that hb < z/, then u,4)(z") > u,p)(z"). By Definition A.1, z’ = f,(hb) and
thus u,g)(fo(hb)) > u,py(fs(ha)) so that by unilaterally changing his strategy at
h from a to b (and leaving the rest of his strategy unchanged), player (/) can
increase his payoff, contradicting the assumption that o is a Nash equilibrium.

(B) Let G be a perfect-information game that satisfies the no-consecutive-moves
condition (Definition 4.3) and consider a model of it where there is a state «
such that « € TNRNC. We need to construct a pure-strategy Nash equilibrium
o of G such that £;(0) = C(a).

STEP 1. For every h € D such that h < ((a), let o(h) = a where a € A(h) is the
action at & such that ha < ((«).

STEP 2. Fix an arbitrary h € D such that i1 < {(«) and an arbitrary b € A(h) such
that b # o(h) (o(h) was defined in Step 1). Since a € C, for every w, v’ € By(a)
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state: a0, a6 ab, ab,d, ab,d,
G: axC, a6 ab, a,b,d, ab,d,

decision
history:

I CHND el

2 CHE

o« G

. CI

Figure 8: A game and the model generated by the strategy profile 0 =
(a1, b1, ¢1,d1)
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such that hb < {(w) and hb < ((@’), {(w) = {(@’). Select an arbitrary w € By(«a)
such that hb < {(w) and define, for every i’ € D such that hb < I’ < {(w),
o(l’') = c where ¢ € A(K) is the action at /i’ such that /¢ < ((w).

So far we have defined the choices prescribed by ¢ along the play to ((a) and
for paths at one-step deviations from this play. This is illustrated in Figure 9,
where TN RN C = {6}.¥ Focusing on state 6, the above two steps yield the
following partial strategy profile (which is highlighted by double edges). By
Step 1, O((D) = Ll1,0'(611) = bz and, by Step 2, 0(612) = dl, o(a1b1) =1, o(alblcl) =eq,
while o(a2d>) and o(a1b1c;) are left undefined by Steps 1 and 2.

STEP 3. Complete o in an arbitrary way.*®

Because of Step 1, {(a0) = f5(h), for every h < ((ar). We want to show that ¢ is a
Nash equilibrium. Suppose not. Then there is a decision history h with h < C(«)
such that, by changing her choice at /1 from o(h) to a different choice, player
1(h) can increase her payoff (recall the assumption that the game satisfies the
no-consecutive-moves assumption and thus there are no successors of & that
belong to player ((h)). Let o(h) = a (thus ha < ((a)) and let b be the choice at
that yields a higher payoff to player ((h); that is,

iy (fo(hD)) > 14,1 (C()).- )

Let w € By(a) be such that hb < {(w) (such an w exists by Point 4 of Definition
2.2). Since a € C, for every o’ € By(a) such that hb < ('), {(w) = (). By
Step 2 above,

C(w) = fo(hb). ©)

It follows from (3) that, at state @ and history #, player ((h) believes that if she
plays b her payoff will be u,¢,(f5(hb)). Since a € T, a € By(a), and since a € C,
for every w’ € By(a) such that ha < {(’), {(w") = (). Thus, at state @ and
history h, player i(h) believes that if she plays a her payoff will be u,4)(C(x)).
It follows from this and (2) that at @ and h player ((h) believes that action b is
better than action a, which implies that @ ¢ Ry, contradicting the assumption
that « € R C R O

Before proving Proposition 2 we need to define the length of a game.

4In the model of Figure 9 we have that Ry = {6,6,7,0,A}, Ry = {6},Re, = {a, B}, Rypp, =
{1,604 Roppe, = € Rajpe, = {1}, Repa, = {a} so that R = {6}. Furthermore, T = {y,6} and
C=1{5¢n,0,A}. HenceTNRNC = {0}.

#8For instance, in the example of Figure 9, one can complete the above-mentioned partial strategy
profile by adding o(a,d>) = g2 and o(a1b1¢2) = fi (even though ¢, and f; are “irrational” choices).
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Figure 9: A game and a model of it
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Definition A.2. The length of a history h, denoted by L(h), is defined recursively
as follows: L(@) = 0 and, for every a € A(h), L(ha) = L(h) + 1; thus the length of
history / is the number of actions in ii. The length of a game, denoted by ¢, is the
length of a longest history in the game: £ = %%X{L(h)}.

Proof of Proposition 2

Proof. (A) Fix a perfect-information game G and let the pure-strategy profile o be
a backward-induction solution of G (that is, a possible output of the backward-
induction algorithm). Consider the model generated by ¢ (Definition A.1); then
- by construction - for every terminal history z and every decision history & such
thath <z,

Vz' € Z, 2’ € By(z) if and only if 2z’ = f;(ha) for some a € A(h). 4)
It follows from this that*’

VheD, ifz= f;(h) thenze T, (5)

and®®

Vze Z and Yh € Dsuch thath <z, z € C). (6)

Let z* be the play generated by o, that is, z* = f;(0). Since every backward-
induction solution is a Nash equilibrium, it follows from Part A of Proposition
1 that z* € TN RN C. Let ¢ be the length of the game. If £ = 1 there is
nothing further to prove. Assume, therefore, that £ > 2. We need to show
that z* € Irgc, that is, that, for every decision history h = ay...a,, (m > 1) and
for every sequence (zo, z1, ..., Zy) that leads from z* to h (see Definition 5.1),
zm € Ty N Ry N Cy; however, by (6), we only need to show that z,, € Tj N Ry,.
Let h = a;...a,, (m > 1) be a decision history and let (zo, z1, ..., zs) be a sequence
that leads from z* to & (such a sequence exists: see Remark 3). By Definition 5.1,
Zm € Bay..an(Zm-1), so that, by (4), z,, = f5(a1...am-1b) for some b € A(a;...am-1);
hence ay...a;,-1b < z,,. Again by Definition 5.1, a1...4y-14, = h < z,, and thus
b = a,, so that

Zm = fo (h) (7)

Proof. Leth € D and z = f;(h). Leta = o(h) be the action prescribed by o at h. Then
fo(h) = f5(ha). By (4), fs(ha) € By(z) and thus z € By (z), thatis, z € Ty,

50Proof. Let h € D and z € Z be such that 1 < z. Fix an arbitrary a € A(h) and arbitrary
z’,7"” € By(z) be such that ha <z’ and ha < z”. Then, by (4), 2’ = 2" = f;(ha); hence z € Cy,.
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Hence, by (5), z,, € T,

Let a € A(h) be the action taken at & at state z,, (that is, ha < z,,). It follows
from (7) that a = g(h). Furthermore, by (4), for every z’ € By(zy), 2’ = f5(ha’)
for some a’ € A(h). Hence at state z,, and history & player (/) believes that
after any choice a’ at i the outcome will the one generated by ¢ starting from
ha’ (that is, the backward-induction outcome induced by ¢ in the subtree that
starts at history ha’). Furthermore, by (7), the action that she takes at & is o(h),
the backward-induction choice prescribed by 0. Hence player ((h) is rational at
h and z,,, that is, z,, € R;,.

(B) Let G be a perfect-information game. Consider a model of G and a state
a in that model such that a € (T N R N C) N Itgrc. We want to show that ((a) is
a backward-induction outcome. Let ¢ be the length of the game. If £ = 1 then
every successor of () (the root of the tree) is a terminal history. Hence, since
a € R C Ry, the action chosen at 0 at state @ maximizes player ((0)’s payoff and
thus is a backward-induction choice. Assume, therefore, that £ > 2.

STEP 1. First we show that, at every decision history of length £ — 1 that is
reachable from «, the action chosen there is a backward-induction choice. Fix
an arbitrary decision history & = a;...a¢-1 of length £ — 1 (thus every successor
of I is a terminal history) and let {(wo, wj, ..., w¢-1) be a sequence in Q that leads
from a to & (such a sequence exists: see Remark 3), that is, (1) wy = a, (2) for
everyi=1,..,0-1,a1.4; < {(w), (3) w1 € By(a) and, for everyi=2,..,6 -1,
w; € By, 4, (wi—1). Since, by hypothesis, @ € Irrc, we—1 € Ry, and thus if b is the
action taken at history h at state w,—; (that is, C(w¢-1) = hb), then b maximizes
the payoff of player ((h), that is, b is a backward-induction choice at h.

STEP 2. Next we show that, at every decision history of length ¢ — 2, the active
player believes that, for every a € A(h), if ha is a decision history then the action
chosen at ha is a backward-induction action. Fix an arbitrary decision history
h = ay...ap—; of length £ — 2 and let {(wo, w1, ..., w¢-2) be a sequence in O that leads
from a to h (see Remark 3). Leta € A(h) be such that ha is a decision history and
let w € Bj,(w¢-2) be such that ha < {(w) (such an w exists by Point 4 of Definition
2.2). Then the sequence (wy, w1, ..., W¢—, ) reaches ha from a and thus, by Step 1,
the action chosen by the active player at ha is a backward-induction action (that
is, if {(w) = hab, with b € A(ha), then b is a backward-induction choice at ha).
Furthermore, since a € Itrc, we—2 € Cj, and thus, for every other o’ € B)(we-2)
such that ha < ('), {(@’) = {(w) and thus, at h and wy_,, player ((h) believes
that if she takes action a at i then the ensuing outcome is backward-induction
outcome ((w). From a € Irgc it also follows that w,—» € R, and thus the action
chosen by player ((h) at h at state w;_, is optimal given her beliefs that after




G Bonanno 41

every choice a at h the outcome following ha is a backward-induction outcome.
Finally, from « € Irgc it follows that w;—, € T}, so that w,—p € Bj(w¢-2) and thus
player () has correct beliefs at 1 and at state w,— about the outcome following
the action actually taken at & and at wy—, (that is, if 4 is such that hd < C(w¢-2)
then player i(h) believes that if she takes action 4 then the outcome will be the
backward-induction outcome ((w¢—3)). Thus ((w,-7) is a backward-induction
outcome in the subtree that starts at history .

STEP 3. Iterate the argument of Step 2 backwards to conclude that if 2 € A(0) is
decision history of length 1 that is reachable from « via a sequence of the form
{(a, B), then C(B) is a backward-induction outcome in the subtree that starts at
history a.

STEP 4. Use the fact that a € Ty N Cy to conclude that at state « and history 0
player ((0) has correct and certain beliefs about the outcomes following decision
histories in A(@) and thus, using the fact that a € Ry and the conclusion of Step
3, deduce that the action taken at state a by ((0) is a backward induction action,
so that ((a) is a backward-induction outcome. O
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