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Abstract

Counterexamples to two results by Stalnaker (Theory and Decision, 1994) are
given and a corrected version of one of the two results is proved. Stalnaker’s proposed
results are: (1) if at the true state of an epistemic model of a perfect information game
there is common belief in the rationality of every player and common belief that no player
has false beliefs (he calls this joint condition “strong rationalizability’), then the true (or
actual) strategy profile is path equivalent to a Nash equilibrium; (2) in a normal-form
game a strategy profile is strongly rationalizable if and only if it belongs to COO, the set of

profiles that survive the iterative deletion of inferior profiles.



Stalnaker (1994, Section 6) introduced the notion of Strong Rationalizability and
stated a number of results. We provide counterexamples to the two main results
(Theorem 3, p. 63, and Theorem 4, p.64) and give a proof of a corrected version of one of

them. First we recall some basic notation and definitions.

Let /"= (N, (Ci, ui>ieN> be a normal-form game, where N = {1, ..., n} is the set
of players and, for every ieN, C. is i’s set of strategies and u, : C — R (where C = C| x

...x C ) is 1’s payoff function. An epistemic model for I'; which we denote by M,., isa
tuple (W, a, (Ri, P, Si>ieN> where W is a finite set of states (or possible worlds), a is a

designated member of W, representing the true state (or actual world), and, for every

playeri € N,

® R is a serial, transitive and euclidean relation (the interpretation of xRy is that at

state x player 1 considers state y possible). We denote the set {yeW : xRy} by R.(x).

e P.: W — AW) (where A(W) denotes the set of probability distributions on W) is a

function that associates with every weW, player i’s subjective probabilistic beliefs

P. € AW) at state w, satisfying the condition that P, (y) > 0 if and only if

yeR (w).

e S : W — C is a function that associates with every state a strategy for player i,
satisfying the property that if y € R(x) then S(y) = S,(x). Define S : W — C and
S,:W—>C,(where C,=C x..xC_xC  x..xC)as follows: S(w) =

(S,(W), ..., S (W) and S_(W) = (S,(W), ..., S, (W), S, (W), ..., S (W)).

Let R denote the transitive closure of the R, relations. For every weW, R (w)

denotes the set {yeW : wR y}. A proposition (or event) E = W is commonly believed at



weW if and only if R*(w) c E. Player i is rational at state w if and only if , for all

ceC,
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Let A, be the set of states where player i is rational and let A = ﬂ A, . In model M.

ieN
(1) there is common belief in rationality whenever this obtains at the true state, that is, if
and only if R*(a ) A, and
(2) there is common belief that no player has false beliefs if and only if the R, relations

restricted to the set R*(a) are reflexive, that is, for all weR*(a) and all ieN, weR (w).

Stalnaker (p. 61) calls a strategy profile strongly rationalizable if it is the strategy

profile associated with the true state in some model M,. where there is common belief in
rationality and common belief that no player has false beliefs. A strategy profile ¢ €X is
inferior relative to X if there exists a player i and a (possibly mixed) strategy m. of player
1 such that (1) u(c) < u(m, ¢ ) and (2) for all s, € C_ such that (c, s ) € X,
u(c, s ) <u(m,s ). Forevery k > 0, define Ck c Cand Ik c C as follows: CO =C, Ik is

k k+1 k. k £ =
the set of profiles that are inferior relative to C and C T =\ LetC” = ﬂ ct.
k=1

Stalnaker states the following result (the sufficiency part of Theorem 3, p.63): If ce C is
strongly rationalizable, then c e C”. We show that this result is not correct. Let 7 be the

following two-player game.

Player 2
d a
Player D 1,1 1,1
1 A 1,1 0,0




First note that (A, a) ¢ C” since it is inferior relative to C (for Player 1 A is weakly
dominated by D and u,((A, 2)) = 0 < u ((D, a)) = 1). We now construct a model for /”

where there is common belief in rationality and common belief that no player has false

beliefs and nevertheless S(a) = (A, a), so that (A,a) is strongly rationalizable. Let W = {a,
b, c}. Forx e {b,c}, R /(Xx) =R,(x) = {x} and R (a) = {c} and R,(a) = {b}. Let S(a) =

(A, a), S(b) = (D, a) and S(c) = (A, d). This model is represented in Figure 1 where there

is an arrow for player i from state x to state y if and only if y € R(x).

Player 1: Q ._Q

b a C
Player 2: Q_. Q
b a C

(D,a)  (A,a) (A,d)

Figure 1

Note that S (a) = S (¢), as required by the fact that ¢ € R (a), and similarly for Player 2. It

is easy to check that at every state every player is rational (indeed for x € {b, ¢} S(x)is a
Nash equilibrium). Hence at a (indeed at every state) it is common belief that all the
players are rational. Furthermore there is common belief (at a, indeed at every state) that

no player has false beliefs.

The above is also a counterexample to Theorem 4 (p.64) which states the

following: In the strategic form of any perfect information game, if a strategy profile is



strongly rationalizable then it is path equivalent to a Nash equilibrium strategy profile. To
see this, consider the extensive game of Figure 2, whose normal form coincides with the

game of the previous example.

1 2

A a
>» 0
0
D d
1
1
Figure 2

Since S(a) = (A, a) is not a Nash equilibrium and there is no other strategy profile

yielding the same outcome as (A, a), we have a counterexample to the above claim.

We now state and prove a corrected version of the sufficiency part of Theorem 3.

THEOREM. Let /" be a normal-form game and M, a model for /"where there is

common belief (at the true state) that every player is rational and that no player has false

beliefs. Then (at the true state) it is common belief that only strategy profiles in C” are

chosen, that is, R*(a) c{weW:S(w)e Coo}.

Proof. For every w € R*(a) define j(w) as follows: j(w) = w0 if S(W) € C” and
j(w) =k € N (where N is the set of non-negative integers) if S(w) € Ck and S(w) ¢ Ck+l.
Clearly j(w) is well defined, since S(w) € CO for all w € W. Let k be the minimum of
{j(w)}weR*(a) . Suppose that R*(a) ¢ {weW:S(w) e COO}. Then k <oo. Let w € R*(a)



be such that j(w )= k . Then S(w )e 1", that is, S(w) is inferior relative to C*. Thus
there is a player i and a (possibly mixed) strategy m. of player i such that:

u(m,s )= u(S(w),s )foralls ,eC  suchthat (S(w),s ) e C*,and (1)

u(m, S (7)) > u(S(7)). @)

Since w € R*(a) and at a it is common belief that no player has false beliefs, w € R(w),
which implies that F, ;(w) > 0. By definition of R*, R(w)c R*( w ). By transitivity of
R*, since w € R*(a), R*(W) c R*(a). By definition of w, R*(a) c{weW: S(w)e c* 3

Hence R(w) < IweW:S(w)e C 4 }. 1t follows from this and (1) and (2) that

D P, uSON< D, By u(m,S_ (»),

YER; (W) VER, (W)
[recall that, for all y € R(w ), S,(y) = S,(w)] that is, player i is not rational at w . Hence

it cannot be common belief at a that player i is rational. B

REMARK. As a corollary to the above theorem one obtains that, if at least one

of the players does not have false beliefs at the true state, then S(a) € COO.1
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