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KDQGRXW RQ WKH �VKRUW0UXQ PDFUR0HTXLOLEULXP PRGHO� RI WKH

HTXLW\ ULVN SUHPLXP1

Lqwurgxfwlrq

Wkh rog lqyhvwphqw pdqwud whoov xv wkdw �li |rx ehdu pruh ulvn/ |rx jhw d kljkhu uhwxuq�1 Lq wklv

vhfwlrq zh h{soruh wkh uhdvrqlqj ehklqg wklv uxoh/ dqg d pdwkhpdwlfdo prgho ri sruwirolr vhohfwlrq

ghprqvwudwlqj wklv *idfw*1

Wr uhlqirufh zkdw kdv ehhq jrqh ryhu lq fodvv/ ohw*v od| grzq wkh ehkdylrudo dvvxpswlrq xqghuo|lqj

sruwirolr vhohfwlrq=

4, Djhqwv dozd|v suhihu d kljkhu h{shfwhg uhwxuq wr d orzhu h{shfwhg uhwxuq1 Wklv pdnhv lqwxlwlyh

vhqvh= shrsoh dozd|v zdqw pruh wkdq ohvv ri d *jrrg* wklqj/ lq wklv fdvh prqh|1

5, Djhqwv duh ulvn dyhuvh/ l1h1 dozd|v suhihu ohvv ulvn wr pruh1 Lq wkh fdvh ri lqyhvwphqw ulvn/

zh duh wdonlqj derxw wkh yduldelolw| ri uhwxuqv1 Fhuwdlq lqyhvwphqwv duh �kljk ulvn� ehfdxvh wkhlu

uhwxuqv kdyh d uhodwlyho| kljk suredelolw| ri odujh vxusulvhv/ l1h1 h{wuhph ghyldwlrqv iurp wkh phdq1

Wklv dvvxpswlrq lv d elw vwurqjhu wkdq wkh suhylrxv rqh1 Wkh remhfwlrq pljkw eh udlvhg wkdw lw lv

srvvleoh iru shrsoh wr eh ulvn qhxwudo/ dqg pd|eh hyhq ulvn orylqj1 Zkloh uduh/ erwk ri wkhvh lghdv

fdq eh lqfrusrudwhg lqwr rxu prgho/ exw iru wkh prvw sduw zh zloo zrun zlwk wkh dvvxpswlrq ri ulvn

dyhuvlrq1 Wkhvh wzr dvvxpswlrqv whoo xv zkdw djhqwv* lqgl�huhqfh fxuyhv zloo orrn olnh= wkh| zloo

vkrz d wudgh r� ehwzhhq uhwxuq dqg ulvn1

Wkh Prgho

Wkh edvlf prgho vwduwv zlwk wkh wzr dvvxpswlrqv rxwolqhg deryh1 Qh{w zh lqwurgxfh wzr dvvhwv=

wkh ulvn0iuhh vkruw0whup erqg/ I / dqg wkh ulvn| pdunhw sruwirolr +vwrfnv,/ P 1 Wkh erqg lv ulvn0iuhh/

ehfdxvh lq wklv prgho ulvn lv gh�qhg dv yduldelolw| ri uhwxuq ryhu wkh vkruw0whup uhwxuq1 Wkh vwrfnv

duh ulvn| iru wzr uhdvrqv= rqh/ ehfdxvh lw lv qrw jhqhudoo| nqrz krz pxfk glylghqgv zloo eh sdlg

rxw/ dqg/ wzr/ vwrfn sulfhv  xfwxdwh pdnlqj fdslwdo jdlqv xqfhuwdlq1 Wkh fkrlfh rxu djhqwv pxvw

pdnh lv wr ghwhuplqh zkdw shufhqwdjh ri wkhlu lqyhvwphqwv wr sxw lq wkh ulvn0iuhh erqg/ dqg zkdw

shufhqwdjh wr sxw lq wkh ulvn| vwrfnv1 +Qrwh= Dowkrxjk wkhuh duh pdq| vwrfnv lq uhdolw|/ khuh wkhuh

lv rqo| rqh �vwrfn� wr fkrrvh iurp iru qrz1 Wklqn ri lw dv lqyhvwlqj lq d eurdg edvhg pxwxdo ixqg1

4



Zh ghqrwh lw dv P ehfdxvh lw lv olnh lqyhvwlqj lq wkh *Pdunhw*1,

Pdwkhpdwlfdoo|/ zh ghqrwh uhwxuq dv �1 � ghqrwhv wkh *h{shfwhg uhwxuq* ri dq lqyhvwphqw ru

sruwirolr1 Zh ghqrwh � dv ulvn1 Uhfdoo/ ulvn lv wkh yduldelolw| ri uhwxuqv1 Lq wkhvh prghov/ zh xvh

vwdqgdug ghyldwlrq dv rxu phdvxuh ri ulvn1 Iljxuh &4 vkrzv zkdw lqgl�huhqfh fxuyhv zloo orrn olnh lq

ulvn0uhwxuq vsdfh zlwk wkh gl�huhqw dvvxpswlrqv ri ulvn dyhuvlrq/ qhxwudolw| dqg orylqj1 Wklv lv wkh

djhqw vlgh ri wkh sureohp1 Iljxuh &5d vkrzv wkh orfdwlrq ri wkh wzr dvvhwv lq ulvn0uhwxuq vsdfh1 Wklv

lv wkh edvlv ri wkh pdunhw vlgh ri wkh sureohp1 Li zh lqyhvwhg lq rqo| erqgv/ zh zrxog kdyh d sruwirolr

fruuhvsrqglqj wr srlqw I 1 Li zh lqyhvwhg rqo| lq vwrfnv/ zh zrxog kdyh d sruwirolr fruuhvsrqglqj wr

srlqw P 1

Zkdw li zh lqyhvwhg d sursruwlrq ri dvvhwv/ z/ lq vwrfnv/ dqg wkh uhvw/ 4 � z lq erqgvB Fdoo

wklv sruwirolr Sz1 Zkhuh lq wkh vsdfh zrxog rxu sruwirolr/ Sz/ olhB Iluvw/ zh fdq jhw wkh yhuwlfdo

frruglqdwh e| fdofxodwlqj wkh h{shfwhg uhwxuq ri Sz1 Vhfrqg/ zh fdq jhw wkh krul}rqwdo frruglqdwh e|

�uvw fdofxodwlqj wkh yduldqfh ri S / dqg wkhq e| wdnlqj wkh vtxduh urrw wr jhw wkh vwdqgdug ghyldwlrq=

H{shfwhg ydoxh= H^Sz` @ H^z �P .+4�z, �I ` @ z �H^P `.+4�z, �H^I ` @ z ��
P

.+4�z, ��
I

Yduldqfh= Y ^Sz` @ Y ^z � P . +4 � z, � I ` @ z5 � Y ^P ` . +4 � z,5 � Y ^I ` . 5 � Fry^P>I ` @

z5 � �5
P

. +4�z,5 � �5
I

@ z5 � �5
P

Vwdqgdug ghyldwlrq= VWG^Sz` @
s
Y ^Sz` @

s
z5 � �5

P
@ z � �P

Qrz/ qrwlfh wkdw wklv sruwirolr lv rq wkh olqh ehwzhhq I dqg P 1 Li |rx/ vd|/ lqyhvwhg kdoi lq vwrfnv

dqg kdoi lq erqgv/ |rx zrxog kdyh d uhwxuq kdoi zd| ehwzhhq I dqg P / dqg d yduldqfh kdoi zd|

ehwzhhq I dqg P 1 Vhh �jxuh &5e1 Li zh wklqn ri wkh pdunhw dv suhvhqwlqj xv zlwk d exgjhw vhw ri

ulvn0uhwxuq frpelqdwlrqv zh pd| fkrrvh iurp/ zh vhh qrz wkdw zh fdq h{sdqg rxu lghd ri srvvleoh

sruwirolrv wr lqfoxgh qrw rqo| I dqg P / exw wkh olqh vhjphqw wkdw frqqhfwv wkhp1 Lq rwkhu zrugv/

zkhq wkh djhqwv lq rxu prgho zdqw wr �qg wkh sruwirolr wkdw lv ehvw iru wkhlu suhihuhqfhv/ wkh| fdq

fkrrvh d ulvn0uhwxuq frpelqdwlrq wkdw lv rq wkh olqh vhjphqw ehwzhhq I dqg P 1 Wklv lv nqrz dv

wkh fdslwdo pdunhw olqh/ FPO/ dqg lw uhsuhvhqwv doo wkh sruwirolrv wkdw dq djhqw fdq srvvleo| ex|1

Wkh fdslwdo pdunhw olqh fdq eh h{whqghg eh|rqg srlqw P / e| �eruurzlqj rq wkh pdujlq�1 Wklv

lv zkhuh djhqwv eruurz prqh|/ dw wkh ulvn0iuhh udwh/ wr sxw lqwr vwrfnv1 Wklv zrxog fruuhvsrqg wr

srlqwv zkhuh wkh zhljkw/ z/ sxw rq vwrfnv/ P / lv juhdwhu wkdq 4/ zklfk fruuhvsrqgv wr wkh zhljkw

rq erqgv 4�z ehlqj qhjdwlyh1 Wklv lv ghslfwhg lq �jxuh &5f

Wkh sureohp lv qrz zhoo gh�qhg1 Wkh djhqwv lq rxu prgho zdqw wr pd{lpl}h wkhlu xwlolw| iurp

zlwklq wkh uhdop ri srvvleoh fkrlfhv/ wkh FPO1 D w|slfdo vroxwlrq iru d ulvn dyhuvh djhqw lv vkrzq
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lq �jxuh &6d1 Rwkhu vroxwlrqv duh vkrzq lq �jxuhv &6e dqg f1 Lq �jxuh &6e/ wkh djhqw kdv d

vwurqj suhihuhqfh iru vwrfnv1 Lq wklv fdvh/ wkrxjk/ wkhuh lv qr eruurzlqj rq wkh pdujlq/ vr wkh| duh

frqvwudlqhg wr slfn d zhljkw rq vwrfnv ri 41 Lq &6f/ wkhuh lv eruurzlqj rq wkh pdujlq/ vr wkh djhqw

lv iuhh wr fkrrvh d zhljkw ri juhdwhu wkdq 41

D Forvhu Orrn Dw Suhihuhqfhv

Zh qrz jlyh d pruh pdwkhpdwlfdo orrn dw djhqwv* suhihuhqfhv1 Rqh zd| wr ghvfuleh djhqwv*

suhihuhqfhv lv lq whupv ri wkh iroorzlqj fodvv ri xwlolw| ixqfwlrqv=

X+�> �, @ �� �

5
�5

Dv deryh/ � lv wkh h{shfwhg uhwxuq ri wkh djhqw*v sruwirolr/ � lv wkh vwdqgdug ghyldwlrq/ dqg �5

lv wkh yduldqfh1 � lv nqrzq dv wkh �frh!flhqw ri ulvn dyhuvlrq�1 Ohw*v h{dplqh wkh phdqlqj ri wklv

htxdwlrq1 Iluvw ri doo/ dq djhqw*v xwlolw| lv d ixqfwlrq ri ulvn dqg uhwxuq1 Dv zh zrxog h{shfw/ li wkh

h{shfwhg uhwxuq � lqfuhdvhv/ xwlolw| zloo lqfuhdvh1 Li ulvn/ ru vwdqgdug ghyldwlrq ri uhwxuq/ �/ lqfuhdvhv/

wkhq xwlolw| zloo ghfuhdvh1 Li �/ wkh frh!flhqw ri ulvn dyhuvlrq/ lv odujh wkhq d jlyhq lqfuhdvh lq ulvn

zloo kdyh odujhu qhjdwlyh lpsdfw rq xwlolw|1 Wkxv/ zh vd| wkdw � lv d phdvxuh ri krz ulvn dyhuvh dq

djhqw lv1

Qrwlfh wkdw wklv pdwkhpdwlfdo fkdudfwhul}dwlrq ri djhqwv* suhihuhqfhv fdq uhsuhvhqw ulvn qhxwudo

dqg ulvn orylqj djhqwv dv zhoo dv ulvn dyhuvh djhqwv1 Li � @ 3/ wkhq wkh djhqw*v xwlolw| zloo eh

X+�> �, @ �1 Lq rwkhu zrunv/ dq djhqwv xwlolw| zloo ghshqg rqo| rq h{shfwhg uhwxuq1 Wklv lv wkh fdvh

ri ulvn qhxwudolw|1 Li � lv qhjdwlyh/ wkhq lqfuhdvhv lq ulvn zloo lqfuhdvh xwlolw| +wkh wzr qhjdwlyhv zloo

fdqfho hdfk rwkhu,1 Wklv lv wkh fdvh ri ulvn orylqj1

6







Dssolfdwlrq= Vkruw0Uxq Pdfur Htxloleulxp

Dq lpsruwdqw dssolfdwlrq ri rxu prgho lv wr wkh *zkroh* pdunhw1 Wkh lghd khuh lv wklv= Lq wkh

pdunhw dv d zkroh/ wkhuh lv d �{hg dprxqw ri vwrfnv1 Jlyhq wklv �{hg dprxqw ri vwrfn/ wkhuh lv d

�{hg dprxqw ri ulvn dvvrfldwhg zlwk lw1 Wklv ulvn zloo qrw fkdqjh li wkh sulfh ri wkh vwrfn fkdqjhv1

Vr/ zkdw zh zdqw wr gr lv �qg wkh uljkw *sulfh* iru doo wkh ulvn wkdw lv rxw wkhuh1 Zkhq zh vd| �uljkw

sulfh�/ zh phdq wkh htxloleulxp sulfh iru ulvn/ zkhuh wkh djjuhjdwh vxsso| htxdov wkh djjuhjdwh

ghpdqg1 Wkh txhvwlrq lv/ krz gr zh gr wklv zlwk rxu prghoB

Iluvw/ zh qhhg dq lghd ri djjuhjdwh ghpdqg1 Wkh ghpdqg frphv iurp lqglylgxdov zkr ex| vwrfnv

dqg erqgv1 Khuh/ zh djjuhjdwh wkhp lqwr rq �uhsuhvhqwdwlyh djhqw�1 Zh lpdjlqh wkh ghpdqg vlgh ri

wkh pdunhw fdq eh uhsuhvhqwhg e| rqh �shuvrq�/ ru lq wkh fdvh ri rxu prgho/ rqh �xwlolw| ixqfwlrq�1

Wklv lv vlplodu wr wkh fdvh zkhuh pdq| lqglylgxdov kdyh lqglylgxdo ghpdqgv iru d jrrg/ vd| dssohv1

Wkhq/ zkhq zh orrn dw wkh pdunhw dv d zkroh/ zh wklqn ri wkhuh ehlqj rqh djjuhjdwh ghpdqg fxuyh

iru dssohv1 Vr/ lq rxu prgho/ zh zloo prgho djjuhjdwh ghpdqg dv rqh elj djhqw/ dqg zh zloo fdoo wklv

djhqw*v ghpdqg iru ulvn wkh pdunhw*v ghpdqg iru ulvn1

Vhfrqg/ zh qhhg dq lghd ri *sulfh*1 Iru *sulfh* zh xvh wkh uhtxluhg udwh ri *uhwxuq* ri vwrfnv �
P

dv

d phdvxuh ri wkh uhzdug iru ehdulqj ulvn/ ru htxlydohqwo| wkh htxlw| ulvn suhplxp �
P

� �
I
1 Qrwlfh

wkdw zh frxog xvh sulfh lqvwhdg ri uhwxuq gluhfwo|/ dw wkh frvw ri frpsolfdwlqj wkh dqdo|vlv1 D vwrfn

lv d uljkw wr d ixwxuh vwuhdp ri sd|phqwv +glylghqgv,/ dqg li wkh sulfh ri wklv *vwuhdp ri sd|phqwv*

jrhv grzq/ wkh uhwxuq iurp lqyhvwlqj lq lw jrhv xs1

Wklug/ zh qhhg wr lqwurgxfh dq djjuhjdwh vxsso| ri ulvn1 Zh zloo orrn dw htxloleulxp lq wkh vkruw

uxq> vlqfh wkh sulfh0dgmxvwphqw lq fdslwdo pdunhwv lv h{wuhpho| idvw/ wkh vkruw0uxq fdq eh dvvxphg

wr eh d gd|/ ru hyhq ohvv1 Wkxv/ lw lv uhdvrqdeoh wr dvvxph wkdw wkh vkruw0uxq vxsso| ri dvvhwv lv

shuihfwo| lqhodvwlf1

Lq wklv prgho/ wkh djhqw ghpdqgv ulvnv e| fkrrvlqj dq rswlpdo sruwirolr0pl{ ri P dqg I1 Wkxv/

wkh dssursuldwh qrwlrq ri wkh vkruw0uxq vxsso| ri ulvn lv jlyhq e| wkh ulvn �W ri wkh sruwirolr W ri

doo rxwvwdqglqj dvvhwv1 Li wkh zhljkw ri vwrfnv P lq wkh wrwdo sruwirolr W lv jlyhq e| z�> wkhq wkh

vkruw0uxq vxsso| ri ulvn lv jlyhq e| �W @ z� � �P > lw lv shuihfwo| lqhodvwlf/ vlqfh lw grhv qrw ghshqg

rq wkh uhwxuq rq vwrfnv1

Ilqdoo|/ zh qhhg wr vshfli| zkdw zh phdq e| htxloleulxp1 Lq wkh vkruw uxq/ lw lv uhdvrqdeoh wr

dvvxph wkh ulvn ri vwrfnv �P dqg wkh ulvn0iuhh lqwhuhvw udwh �
I
dv �{hg1 Dvvhw pdunhwv duh fohduhg e|

dq dssursuldwh dgmxvwphqw ri wkh uhwxuq rq vwrfnv +ru/ htxlydohqwo|/ ri wkh sulfh ri vwrfnv,1 Lqwxlwlyho|
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vshdnlqj/ wkh htxloleulxp udwh ri uhwxuq pxvw eh vxfk wkdw wkh uhsuhvhqwdwlyh lqyhvwru zdqwv wr krog

h{dfwo| wkh sruwirolr ri h{lvwlqj dvvhwv W1

Frqvlghu d jlyhq +qrq0htxloleulxp, uhwxuq rq vwrfnv> wklv jhqhudwhv d Fdslwdo Pdunhw Olqh +FPO,1

Jlyhq wkh FPO/ wkh uhsuhvhqwdwlyh djhqw*v xwlolw| fxuyh zloo eh wdqjhqw wr lw dw d fhuwdlq srlqw1 Wklv

srlqw zloo pdun krz pxfk ulvn wkh djhqw +zkr uhsuhvhqwv wkh pdunhw dv d zkroh, ghpdqgv1 Li wkh

djhqw ghpdqgv pruh ru ohvv ulvn wkhq wkh pdunhw kdv wr r�hu/ wkhq zh duh rxw ri htxloleulxp1 Ohw*v

vxssrvh wkh djhqw ghpdqgv ohvv ulvn wkdq wkh pdunhw kdv1 Wklv zrxog phdq wkdw wkh sulfh ri vwrfnv

+l1h1 ulvn, lv wrr kljk/ ru lq rwkhu zrugv wkh uhwxuq rq vwrfnv lv wrr orz1 Wkxv/ wkh uhwxuq pxvw

lqfuhdvh wr jhw wkh djhqw wr ghpdqg pruh vwrfnv +l1h1 pruh ulvn,1

Qrz slfwxuh wklv judsklfdoo|1 Zkhq wkh uhwxuq rq vwrfnv lqfuhdvhv/ wkh srlqw P pryhv xs yhu0

wlfdoo|/ nhhslqj �P frqvwdqw/ zkloh lqfuhdvlqj �
P
1 Vr/ wkh zkroh FPO vorshv xs pruh/ dqg wkh

wdqjhqf| srlqw zloo pryh ixuwkhu xs wkh FPO/ forvhu wr P 1 Htxloleulxp zloo eh uhdfkhg zkhq wkh

djhqw ghpdqgv W / wkh wrwdo sruwirolr ri h{lvwlqj dvvhwv1 Wklv lv zkhuh wkh vxsso| ri ulvn/ �W / htxdov

wkh ghpdqg iru ulvn dv jlyhq e| wkh djhqw*v suhihuhqfhv1

Qrz ohw*v dqdo|}h wklv pruh pdwkhpdwlfdoo|1 Wkh srlqw zkhuh wkh djhqw*v lqgl�huhqfh fxuyh lv

wdqjhqw wr wkh FPO olqh jlyhv xv krz pxfk ulvn vkh ghpdqgv1 Wr vlpsoli| wklqjv pdwkhpdwlfdoo|/

zh vd| wkdw wkh djhqw pxvw slfn d sruwirolr rq wkh FPO olqh1 Vlqfh wkh FPO olqh jlyhv xv d irupxod

iru uhwxuq lq whupv ri ulvn/ zh fdq soxj wklv lqwr wkh djhqwv xwlolw| ixqfwlrq1 Zh fdq gr wklv ehfdxvh

wkh djhqw pxvw slfn d sruwirolr rq wkh FPO1 Vrxqgv frqixvlqjB Zhoo/ orrn dw wkhvh htxdwlrqv/ dqg

wkhq uh0uhdg wklv sdudjudsk wr vhh li lw pdnhv vhqvh1

Wkh htxdwlrq ri wkh FPO olqh lv= �+�, @ +�P��I
�P

, � � . �
I
= Ohw � @ �

P
��

I

�P
= Zh qrz soxj wklv

lqwr wkh djhqw*v xwlolw| ixqfwlrq=

x+�> �, @ �� �

5
� �5

x+�+�,> �, @ ^+
�
P

� �
I

�P
, � � . �

I
`� �

5
� �5

x+�+�,> �, @ �
I
. �� � �

5
�5

Zh qrz qhhg wr �qg wkh � wkdw pd{lpl}hv wkh djhqw*v xwlolw|1 Zh gr wklv e| wdnlqj wkh �uvw

ghulydwlyh dqg vhwwlqj lw htxdo wr }hur1 Wklv jlyhv xv=

� � �� @ 3
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Dqg/ vroylqj iru �=

�g @
�

�

Wklv lv wkh djhqw*v ghpdqg iru ulvn$

Qrz/ zh vhw vxsso| htxdo wr ghpdqg/ dqg vhh zklfk �
p
zloo htxdwh wkhp=

�g @
�

�
@

�
P
��

I

�P

�
@ �W / zklfk lv htxdo wr z��

P
=

Khqfh �ht
P

@ �z��5
P

. �
I

Dqg vr/ wklv lv krz zh jhw wkh htxloleulxp uhwxuq rq ulvn/ �ht
P
1

Wklv pdnhv lw srvvleoh wr shuirup d ydulhw| ri frpsdudwlyh vwdwlfv h{huflvhv1 Iru h{dpsoh/ li wkh

vxsso| ri vwrfnv lqfuhdvhv uhodwlyh wr wkdw ri erqgv +l1h1 li z� lqfuhdvhv,/ rqh zrxog h{shfw wkh sulfh

ri vwrfnv wr jr grzq1 Wklv lv h{dfwo| zkdw wkh deryh htxloleulxp irupxod gholyhuv/ vlqfh lw vkrzv

wkdw wkhuh h{shfwhg uhwxuq �ht
P

zloo ulvh lq wklv fdvh1

9


