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l. Introduction

The flrst rigorous analysis of the behaviour of irms which do not treat prices
as exogenous parameters is due to Cournot (1838), whose book preceded
Walras's (1874) by thirty-six years. Cournot studied the case of a homogeneous-
product industry where each irm knows the inverse demand function which
associates with every value of industry output the common price at which every
firm is able to sell. Each trm independently chooses its own output level. The
notion of equil ibrium put forward by Cournot is a special case of the more
general notion of Nash equil ibrium introduced later (Nash, 1950, 1951). lt con-
sists of a l ist of output levels, one for each flrm, with the property that no irm
can increase its profits by unilaterqlb) changing its output. We shall refer to this
notion of equil ibrium as Cournot-Nqsh. On the other hand, when the decision
variable of a firm is the price it charges - rather than its own output level -

the corresponding notion of equil ibrium will be referred to as Bertrand-Nash.2
The 1930s saw, with the publication of the books by Chamberlin (1933) and

Robinson (1933), an upsurge of interest in the theory of imperfect comperirion.
The approach, however, remained one of partial equil ibrium and some authors
(e.g. Triff in, 1940) expressed the hope that a general theory of monopolistic com-
petit ion could be developed that would match the scope of the Walrasian theory
of general equil ibrium with perfect competit ion. While the latter was fully devel-
oped and systematized in the 1950s (Arrow and Debreu, 1954, Debreu, 1959), the
lirst attempt to introduce imperfect competit ion in a general equil ibrium model
was made as late as 1961 by Negishi. Since then a large number of contributions
have appeared, but unfortunately we are sti l l  far from a satisfactory theory of
general equil ibrium with imperfect competit ion.
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ln this survey I shall attempt to highlight the main problems that arise when

the hypothesis of perfect competit ion is relaxed and discuss the way in which

such problems have been dealt with (or set aside) in the l iterature. After a brief

outl ine of some of the main issues (section 2), t shall take as point of departure
(section 3) the pioneering contribution of Negishi (1961), which falls within the

Cournot-Nash approach. In section 4 more recent developments within the same

framework are reviewed. In section 5 I shall abandon the Cournot-Nash

hypothesis and discuss models which fall within the Bertrand-Nash approach. In

sections 6 and 7 I deal with issues that apply to both approaches. In section 8

I briefly mention some new insights into the notion of perfect competit ion which

have emerged from the l iterature on imperfect competit ion. Section 9 contains

some concluding remarks. Due to space limitations, I wil l be unable to cover all

the contributions to the l iterature on general equil ibrium with imperfect competi-

t ion. In particular, I rvil l  not discuss the recent and numerous contributions to

the foundations of the theory of unemployment. An excellent and up-to-date

survey of this part of the l iterature can be found in Silvestre (1988, 1989).

2. The main issues

There are essentially three reasons why it seems desirable to have a well
developed theory of g€neral equil ibrium with imperfect competit ion.

The irst is realism: real-world economies are characterized by the widesprcad
presence of large l irms whose behaviour can hardly be captured by the
hypothesis of price-taking.

The second reason is that an enormous amount of l i terature has investigated
ihe cases of monopoly, oligopoly and monopolistic competit ion from the parlial-

equil ibrium point of view and it seems that a general equil ibrium synthesis would
bc necessary in order to somehow complete the theory and check its consistency.

The third reason is that there seem to be some conceptual difftculties rvith the
notion ol perle(' l  competit ion which one may be able to solve by appealing to
thc notion ol imper-fect competit ion. As Hahn (1987, p. 321) points out, the
notion of Walrasian equil ibrium is implicit ly based on some hypothesis of what
uou ld  happen ou t  o f  equ i l ib r ium:

'Any textbook wil l tell you that market equil ibrium entails the equality of
supply and demand. To be more precise, it entails the equality of what some
price-taking agents would optimally demand and some other price-taking

agents would optimally supply. Now ask: rvhy has this particular state been
singled out as an equil ibrium? I think that the answ€r which would most
frequently be given is that in any oth€r state prices would change. But that
is a proposition of dynamics by which I mean a theory which explains the
temporal movement (as well as the temporary constancy) of an economic
variable. In this case the theory is as follows: the rate of change of the price

of any good is a sign preserving function of the excess demand for it and
a zero excess demand is a crit ical point of this dynamics. Our wil l ingness to
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accept the text-book equil ibrium notion must be contingent on our wil l ing-

ness to accept the dynamics which it entails. '

However, as Arrow (1959) pointed out, it is impossible to reconcile the

hypothesis of price-taking agents with the notion of a dynamic adjustment of
prices towards a Walrasian equil ibrium: if each agent in the economy considers
prices to be beyond his control, who changes prices out of equil ibrium? The auc-

tioneer, of course, is simply a fictit ious device which leaves that basic question

unanswered: ' i f $'e apply the methodology of the textbook consistently then we

shall want price changes to be the outcome of the calculations of rational opti-

mizing agents and not hand them over to an auctioneer' (Hahn, 1987, p. 322).

What does relaxation of the price-taking hypothesis entail? An agent who is

not a price-taker is an agent who realizes that the decisions she makes affect her

cnvironment: for example, the output she chooses determines the price at which

she wil l be able to sell, or the price she charges affects the quantity that wil l be
demanded. What behaviour do we expect from a rational agent who has market
power (that is, who is not a price taker)? The answer obviously depends on what

we mean by rationality. As Arrow (1986, p. 206) points out, the common under-

standing of the notion of rationality involves not only maximization ol a well-

specified objective function, but also sound reasoning, the complete exploitation

ol information, etc. The question of u'hat an imperfect competitor does, or

should, know is an important one. While in a perfectly competit ive world the
ind iv idua l  agent  needs  to  know'on ly ' the  re levant  p r ices  in  o rdcr  to  choose an

opt ima l  ac t ion ,

'the knowledge requirements of the decision maker change radically under
monopoly or other forms of imperfect competit ion. Consider the simplest
case, pure monopoly in a one-commodity partial equil ibrium model, as orig-
inally studied by Cournot in 1838. The flrm has to kno\a not only prices but
a demand curve. Whatever delinit ion is given to complexitl '  of knowledge,
a demand curve is more complex than a price. It jnvolves knowing about the
behav iour  o f  o thers .  . . .  F rom a  genera l  equ i l ib r ium po in t  o f  v iew,  the
difl icult ies are compounded. The demand curve relevant to the monopolist
must be understood mulatis mutqndis, \ot celetis paribus. A change in the
monopolist 's price rvil l  in general cause a shift in the purchaser's demands
lor other goods and therefore in the prices of those commodities. These
price changes wil l in turn by more than one channel affect the demand for
the monopolist 's produce and possibly also the factor prices that the mono-
polist pays. The monopolist, even in the simple case where there is just one
in the entire economy, has to understand all these repercussions. ln short,
the monopolist has to have a full general equil ibrium model of the economy.
The informational and computational demands become much stronger in
the case of oligopoly or any other system of economic relations where at
least some agents have power against each other. There is a qualitatively

new aspect to the nature of knowledge, since each agent is assuming the
rqtionqlitt of other agents' (Arrow, 1986, pp. 207-208).
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In the passage quoted above Arrow highlights two theoretical issues which
must be faced when attempting to relax the assumption of price-taking in a
general equil ibrium model: (i) the notion of demand curve, and (i i) the notion
ol rational behaviour. The latter is not an issue rvhich is specil ic to the general
equil ibrium approach: even at the partial equil ibrium level the problem arises as
to u'hat constitutes a rational choice of action in a situation rvhere a number of
agents realize that their uti l iry is affected not only by their own actions but also
by thc actions of other agents. r The traditional way of dealing with this problem
is to identify rational behaviour with the notion of Nash equil ibriurn. A dis-
cussion of the adequacy of this notion is beyond the scope of this paper.r We
shall therefore concentrate on the first issue.

In the passage quoted above Arrow points out one important problem concer-
ning the introduction of imperfect competit ion in a general equil ibrium model:
thc 'parameters' of the demand function (such as the prices of other goods and
consumers' incomes) which are ignored in a partjal equil ibrium modei (by
appealing to the ceteris poribrs assumption) can no longer be lcft out. There is,
however, another problem:

'ln the theories of monopolistic competit ion one talks often and easily about
the "demand function" of a hrm. One is happy enough not to know what
it is so long as one's concern is only with the behavior of the firm, or with
the monopolistic competit ion among several f irms having rcspective demand
functions. But happiness fades when one becomes seriously interested in the
u'orking of a national economy involving monopolistic competit ion where
all economic agents are mutually interdependent in a completely circular
way.
Demand for goods must be effective demand coming from thc incomes
earned by agents in the national economy. The traditional oligopoly theorist
pays l itt le attention to the source of effective demand. He lets a monopolist
seek a maximum of its prollts calculated in terms of its demand function.
Suppose the maximum monopoly profit is distributed among ccrtain agents.
The distributed prolit wil l be spent and rvil l  result in the effcctive demand
for goods. Thus, the dernand ;function ncty hctve profrt os one o.f its argu-
rnents. Ho\\ ignorant can the theorist be oi the possiblc inconsistency of
prott as onc of the argumenls in the demand function with that as the irm's
maxirnand calculated in terms of the lunction?' (Nikaido, 1975, p. 1:
cnphasis added).

What Nikaido is referring to is the so-called 'feedback effecr' or 'Ford effect"
and it concerns the circularity betrveen demand, price/quantity decisions and
proftt. Thus the question arises whether the notion ol demand function can be
given a coherent meaning in a general equil ibrium context.6

Finally, there is one more problem that arises when the assumption of price
taking is relaxed in a gcneral equil ibrium model. It is standard to assumc that
frrms' objective is profit maximization. Ho$,ever, as Hart (1985, pp. 106-10?)
observes .
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' In a competit ive framework, this is usually accepted without question as the

right objective for a firm. Under imperfect competit ion matters are more

complicated, a point noted a long time ago by Marshall (1940' p. 402) and

emphasized more recently by Gabszewicz and Vial (19'72). The reason is that

the owners of a firm are interested not in monetary profits per se, but rather

in what this profit can buy. Given that a monopolistically competit ive hrm

can influence prices, the owners may prefer low monetary profit but

favourable prices for consumption goods to high monetary profit and

unfavourable prices.
This argument suggests that we should substitute owner uti l i ty ma\imiza-

tion for profit maximization as the l lrm's goal Unfortunately, things are

not that simple. lf owners have different tastes, they wil l have different

trade-offs concetning high monetary profit versus favourable consumptlon
goods priccs. That is, each owner wil l have his own private objective func-

tion which hc would l ike the l irm to pursue, and the problem then is horv

to aggregate these into an overall objective function.'

Th is  p rob lem has  becn no ted  by  a  number  o f  au thors"  bu t  no  sa t is fac to ry

alternative to the assumption of profit maximization has been put forward.

Having outl ined the main issues involved, we can now turn to a dircct examin-

ation of the main contributions to the subject. It is worth noting from the very

beginning that the l iterature on imperfect competit ion in general equil ibrium has

mainly iocused on the question of existence of an equil ibrium' While gcneral

equil ibriurn theory with perfect competit ion has gone beyond mere existence

rcsults, by establishing (under suitable conditions) the Pareto emciency of

Walrasian equil ibria and the possibil i ty of decentralizing any Pareto efhcient

allocation, no such results are available in a world of imperfect competit ion

Irrdeed, Nash equil ibria are typically Pareto inefficient (see Grote, l9'74, for a

precise statcment) and the efficiency of Walrasian equil ibria is a leature which

quickly disappears as soon as we relax any one of the crucial assumptions of the

Walrasian model (price taking, complete markets, ctc.)

3 .  Neg ish i ' s  mode l

Since Negishi's contribution was the first attempt to deal with imperfect competi

t jon at the general equil ibrium level, it represents a natural startlng polnt.

Neg ish i ' s  mode l  i s  a long the  l ines  o f  Debreu 's  (1959)  charac ter iza t ion  o f  a
private-owncrship economy: there are rT goods, /? consumers (each consumer js

a price taker) and r f irms, of rvhich r' are perfectly competit ive (\i ' i th 0 < r' < ,").

Lc t  Fp :11 ,2 , . . . , r ' l  bc  the  se t  o f  per fec t l y  compet i t i ve  f i rms and

1 ' - \ t :  l r '  +  1 , . . . , r1  bc  the  se t  o f  monopo l is t i ca l l y  compet i t i ve  f i rms.  We le t

p  €  R" '  denote  a  p r ice  vec tor .  Each consumer  i  ( i  :  1 , . . . ,  n )  i s  charac ter ized  by  a

corsumption set xi (a subset of the commodity space R"'), a uti l i ty function

Ui . Xi - 1P., an init ial cndowment of goods ei ( R"r and a share 0;r € [0, 1] of the
profits ol f irm ,t (k : 1 , ,.., r; for each k, the sum of the dit 's over thc set ol con-

sumers is cqual to 1). Each firm k is characterized by a production set Ir (a
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subset of the commodity space lR-). A production decision for l irm k is a vector
yr: (r*r, ..., !u) ( yr and the convention is that if the Jth component of J/k,
/rr, is negative, then good j is an input for f irm k, while if i t is positive, it is
an output. For each monopolistic f irm k ( Fu we denote by -/k the set of goods
for which the firm has market power (monopoly or monopsony power). Negishi
assumes that if f irm k is an imperfect competitor with respect to good j, then
no o ther  l i rm is :  lo r  every  k ,k 'CFu,  J rnJK '=0-  Th is  assumpt ion  ru les
out homogeneous-product oligopoly and bilateral monopoly (it does allow for
multi-product monopolistic l irms, however). It is also assumed that no firm is an
imperfect competitor for all goods, that is, ,/k is a proper subset of the set of
goods, for every keFy.

A slate of the morket (or status quo) is a pair (0, O), where p is a price yector
and r?=( i r , . . . , t . :  j t , . . . ,R)  i s  a  consumpt ion-produc t ion  a l loca t ion  [ *1  =
( t r r , . . . , i i - )  i s  consumer  i ' s  consumpt ion  dec is ion  and j t :  ( j t v . . . ,9 r - )  i s  f i rm
k's production decisionl . Negishi assumes rhat each monopolistic frrm k e Fu jn
each state of the market (F, ri), has - for each j € "/*, that is, for each good for
which it has market power - some conjectures

Pi0 t i ;  F ,9 t )

concerning the price the firm could charge (would have to pay) if i ts output
(input) were /kj. Negishi imposes two restrictions on these conjectures. The first
is a consistency condition: if _y4 is equal to js (recall that y7"; is the value of y1,
at the status quo), then th€ conjectured price p; must coincide with the observed
price iJ, that is,

Pijri; it, ir) = pi.

This means that the corrjectural demand curve must pass through the observed
stotus quo." The second restriction on conjectures imposed by Negishi is that in
each state of the market (p,\?) the graph of the conjectural (inverse) demand
function pj(l/. j ; 0, *) be a decreasing straight l ine (that is, the function be afhne
and decreasing).

To i l lustrate the conjectures postulated by Negishi, suppose that f,rm k is an
imperfect comp€titor for goods 3, 5 and 9, which it produces. Given a state ot
the market (p,fv), the firm conjectures the inverse demand functions:

p(ysy ;  f i , f l ) :  a  byp  (w i th  b>  0)
ps(!u; F,fr) : ot - Ayr (with 6 > 0)
p e Q s ; | , f r ) : c  d y p  ( w i t h  d >  0 )

where  the  parameters  a ,b ,a ,13 ,c ,dare  a l lowed to  vary  ( in  a  cont inuous ,  bu t
otherwise arbitrary, way) with the state of the market (0,rt). The consistency
condition reouires that

s-  b ik l  =  p3
a - l3i*s = Fs
c - d i k e : i s
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Thus in the stqtus quo (0, f i), f irrn k conjectures that if i t changes its output of.

say, good 5 from j*s to jrs, the price at which it wil l be able to sell i t wil l change

fronr f5 to F:: a - Ajr, Note that these conjectures are particularly simple,

since firm k believes that if, ceteris parib!.t, it changes its output of good 5 then

only the price of good 5 wil l change, while all the other prices wil l remain

constant.e This way of modell ing conjectures gives a partial equil ibrium flavour

to the analysis, but it also provides a numeraire in terms of which firm k

measures its profits (the set of goods which are not in "/k: recall the assumption

that "/k is a proper subset of the set of goods).

Negishi then defines an equil ibrium - which we shall call a coniecturql

Cournot-Nctsh-Walros equilibrium - as a state of the market where demand

equals supply in each market and furthermore every consumer is marimizing

util i ty (within her budget set), every competit ive firm is maximizing profits as

price-taker, and every monopolistically competit ive firm is making a production

decision which - on the basis of the state of th€ market and the firm's conjec-

tural demand - is a profit-maximizing one. Formally, a conjectural Cournot-

Nash-Walras equil ibrium is a state of the market (p, rl) such that: t( '

(3 .1 )  fo r  every  consumer  i ( i :1 , . . . ,n ) ,  i i  be longs  to  the  budget  se t

B = t x i ( X , 0 . x i ( 0 ' e , - I  d *  r p .  j * l t

and maximizes the consumer's utit i ty function- ui in B;

(3.2) for every competit ive flrm k € f;, 9r maximizes the f,rm's profit function

0.yk in the production set Yr;

(3.3) for every monopolistically competit ive firm k( F,v' it maximizes the

lirm's prolit function

Z. biYri+ E. Pi\ri: i ,$t)Yt.i
i t  J '  j  < J ^

in the production set fr;

(3.4) L  x , -  L  e t  L  t k : u
i = l  i = l  k + 1

(that is, there is zero excess demand in each market).
Negishi's main concern was to prove the existence of an equil ibrium. He was

able to do so by making the usual assumptions about preferences, endowments

and production sets which are used to prove the existence of a walrasian equi-

l ibrium (cf. Debreu, 1959). One of these assumptions is that the production set

f* ol every flrm is convex and contains the origin, which implies decreasing or

constant returns to scale. Negishi (1961, p. 199) himself felt uncomfortable about

making this assumption'considering the fact that monopolistic competit ion has

much to do with so-called increasing returns (Sraffa, 1926)'. Silvestre (1977a) in

a less general version of Negishi's model, where each f,rm is a price taker for its

inputs (thus monopsony is ruled out), and each imperfect competitor produces

303
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a sjngle good, was able to somewhat relax the assumption of convexity of th€
production sets and sti l l  prove the existence of a coniectural Cournot_Nash_
W a l r a s  c q u i l i b r i u m .  r l

As Negishi (1961, p. 198) himself points our, the assumption that conjectural
inverse demand curves be straight l ines is not necessary in order to prove the
existence of an equil ibrium. What is crucial is that rhe prolit function of f irm k
be quas i -concave in  j , r  ( fo r  every  k :  1 , . . . , / ' ) .  Thus  any  o ther  c lass  o f  con jec_
tural demand functions which guarantee quasi-concavity of the profit functions
can be allowed. We shall discuss the plausibil i ty of the assumption of quasi_
concavily of the profrt functions in section 6.

4. Objective demand in the Cournot-Nash framework

The main crit icism which can be raised concerning Negishi,s approach is thar
thcre is an element of arbitrariness in the conjectures of monopolistic f irms. As
Har t  (1985,  p .  107)  purs  i t ,

'The problem is that rhe very generality of the model gives it very l itt le pre_
dictive power. Given particular subjective demand functions or conjectures
... the model wil l of course generate a small number of equil ibria (possibly
only one). However, the model does not tell us how these conlecrures are
formed. To an outside observer who is asked to predict the market outcome
but who does not know what conjectur€s are, almost anything could be an
equil ibrium. ... To put it sl ightly differently, an economy with given demand
conditions, sizes of f irms, etc., could end up in a highly monopolistic state
or a highly competit ive one, depending on whether firms conjecture that
they face low elasticit ies of demand or high ones. ... Negishi,s theory does
not tell us which is more l ikely.'

Indeed, it was shown by Cary Bobo (1986) that every feasible allocation such
that the production of each firm is different from zero and yields non-negative
profits is a conjectural Cournot-Nash-Walras equil ibrium, that is, tnere exlst
subjective demand curves for rvhich this allocation is an equil ibrium as defined
by  Neg ish i . r2

The need was therefore felt for an analysis based not on conjectural demand
func t ions  bu t  on  the ' t rue 'o r 'ob jec t i ve ,demand func t ions  faced by  the  imper_
fect competitors. In the Cournot-Nash framework this approach was pioneered
by Gabszewicz and Vial (1972). The authors summarize the methodolosv thev
emplo l  a .  fo l lowr  1pp.  381 382) :

'The institutional organization of this economy can be described as follows.
The consumers provide firms with labor and other nonconsumable
resources, l ike primary factors. With these resources, the firms choose pro-
duction plans which consist only of bundles of consumption goods. The
various forms of labor and other primary factors are not ,,marketable,,;

rather, the firms distribute "real wages" to the consumers who have pro-
vided them with these factors and labor - in terms of preassigned shares
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of their output. At the end of the production process' each consumer is thus

endorved with the sum of his shares in the various firms, namely, with some

bundle of consumption goods. Exchange markets are then organized, where

the consumers aim at improving their consumption through trade. The insti-

tutional rule of exchange consists in using a price mechanism. The prices on

the exchange markets then serve as an information for the firms to adjust

cventually their production plans according to some preassigned rule.'

Thus in Gabszewicz and Vial's model the existence of intermediary goods pro-

duced by some firms for other firms is excluded: all inputs to production come

from the init ial endowments of consumers. Despite this very strong simplifying

assumption, th€re remain some conceptual problems in the construction of

the objective inverse demand curves facing firms (each firm is an imperfect

competitor in Gabszewicz and Vial's model). The methodology employed is as

follorvs.r3 Fix a production decision yr € /* for each firm k (k: 1, .., r). We are

now in a pure-exchange economy where consumer t(l: 1' ... '  n) has a modiied

endov,ment giver' by

0 i tY *
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Let (p", x*) be a walrasian equil ibrium of this pure-exchange economy (where

p*  =  (p ' * , . . . ,p , , , * )  i s  a  p r ice  vec tor  and x*  :  (x ' * ,  . . . ,  J , * )  i s  a  consumpt ion

allocation). The aim is to define a mapping

( Y ' '  . . . ,  Y . )  *  P ( Y r '  . . . '  Y ' )

rvhich associates with every production allocation (y',...,y.) a price vector

p* : P(-vr, . .., !.) corresponding to a Walrasian equil ibrium of the pure exchange

economy resulting from the production allocation (y,, ..., y'). This mapping rep-

resents the objective inverse demand function facing each frrm. We can then

define an objecliw Courno t-Nush- l ly'alrcts equil ibrium as a (r+n+ l)-tuple

( y r * , . . . , y . * ;  x ' * , . . . , x u * ;  p * )  s u c h  t h a t :

( a . l )  p *  =  P ( y ' * ,  . . . ,  Y . * ) ;

(4.2) xi* maximizes consumer I 's uti l i ty function Ui in the budget set

B =  I x i (  X i  p . x r  <  p * . ( e i +

t

2) xi - e i  L  l k

(Cond i t ions  (4 .1 ) - (4 .3 )  mean tha t  (p* ,x ' )  i s  a

exchange economy resulting from ilxing firm k's

(4.4) for every firm k,

0&yk* )  l

* = 0

Walrasian equil ibrium of the
production decision at yr* )

,

(4 .3 ) T

y** 'p*  >  y r  P(y r * , . . . ,  y r  r  
x  

,  y *  ,  y r  +  r  
*  

,  .  .  .  ,  y . *  )  fo r  every  y* (  I l
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(Condition (4.4) means that (y1*,..., y,*) is a Cournot-Nash equil ibrium of the
game between the / f irms, where each firm's strategy space is its production set
y r  and i t s  payof f  func t ion  is  the  pro f i t  func t ion  y1 .P(y r , . . . , y . ) .

There are problems, however, with this approach:
(i) Given a production allocation (yr,...,y,), the corresponding exchange

economy may have no Walrasian equil ibria, even if we make standard assump-
tions on consumer's preferences and endowments.ta

(i i) Even if we only allow firms to choose production plans for which the
corresponding exchange economy has a Walrasian equil ibrium, there may be
many Walrasian equil ibria with different prices, in which case we need an
exogenous selection rule in order to construct the mapping P(y,,...,y,).tt

( i i i) Even if we adopt an exogenous selection rule, the resulting function
P(y , , . . . , y . )  may be  unavo idab ly  d iscont inuous ,  as  shown in  F igure  l ,  w i th  the
consequence that a Cournot-Nash equil ibrium of the game among firms may not
exist.

(iv) Even if the function P(yr,...,y.) turns out to be continuous, the profit
function of each firm need not be quasi-concave in the firm's own decision vari-
able, with the consequence that a Cournot-Nash equil ibrium of the game among
firms may not exist (s€e section 6),

In order to prove the existence of an objective Cournot-Nash-Walras equi-

Figure l. The graph of the correspondence which associates with every production
al location y = (yr,. . . ,  y.) the price vectors p of the Walrasian equil ibr ia of the result ing
exchange economy. (Since y belongs to an mr-dimensional space and p belongs to an
,r?-dimensional space, the curve shown is a two-dimensional section of the graph of the
correspondence.) Start ing from the upper port ion of the curve, as y increases a jump to
the lower port ion must occur at a point between A and B. Similarly, start ing from the
lower port ion of the curve, as y decreases a jump to the upper part must occur at a poinf

between C and D.

P l
I
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l ibrium Cabszewicz and Vial assume that for every (yr,..., yr) the corresponding

exchange economy has a unique Walrasian equil ibrium and that for each firm k

and fo r  every  (y r , . . . , y r  r ,J t * r , . . . , J ' )  the  pro l l t  func t ion

Y t ' P ( Y r , . . . , Y ' )

is quasi-concave in yk. We shall discuss the plausibil i ty of the latter assumption

in section 6. The assumption of existence and uniqueness of Walrasian equil ibria

is obviously very strong.
To the l ist of conceptual diff icult ies given above, two more items should be

added:
(v) ln the Cournot-Nash approach each firm considers the effect on prices of

a change in its own production plan, ceteris paribls, that is, while everything else

in particular the production plans of th€ other firms - remains constant.

However, if f irm ft uses as input a commodity produced by firm k' , how can an

increase in the output of f irm k be obtained without at the same time increasing

the output of f irm k'? Gabszewicz and Vial do not address this problem and

simply assume that all inputs come from the endowments of consumers This is

clearly not a satisfactory assumption. ' '

(vi) As Gabszewicz and Vial emphasize, the construction of the price function

P(y, , ..., y,) requires the specification of a normalization rule, that is, the choice

of a numeraire. In an example (pp. 398-399) they show that the objective

Cournot-Nash-Walras equil ibria are not invariant to the normalization rule

chosen. In other words, an equil ibrium for a given choice of numeraire cease\

to be an equil ibrium if a different good (or set of goods) is chosen as numeraire.

This is to be contrasted with the fact that Walrasian equil ibria are independent

of the chosen normalization rule. we discussed this problem in section 2 when

we mentioned the difl lcult ies associated with the assumption of profit maximiza-

tion. It may be helpful to i l lustrate this with a very simple example. Suppose that

there are only three goods (m = 3), plus money, and that when flrm k changes

its output of good l, /rr, from I to 2 units, the vector of monetary prices

changes from p : (2,2,l) to p' = (l , I , 2) (we shall also assume zero production

cost). Monetary profits remain, therefore, constant (equal to 2). If we take good

2 as numeraire, the inverse demand curve looks l ike Figure 2a and the corres-
ponding profit function l ike Figure 2b, and the move from 161 = I to yrr :2 is
profitable. If, instead, we choose good 3 as numeraire, the inverse demand curve

looks l ike Figure 2c and the corresponding profit function l ike Figure 2d, and the

more  l rom / * r  I  to  y r l  =  2  i s  no t  p ro f i tab le . r -

Concerning this problem Gabszewicz and Vial (1972, p. 400) observe:

'On this basis some readers could accordingly be tempted to reject our
theory as a whole; but they should be aware that they would simultaneously
reject the whole theory of imperfect competit ion in partial analysis. By a
similar argument, it can be shown indeed, that the graph of the classical
demand function in the price-quantity coordinates is not invariant on the set
of normalization rules of the whole price system in the economy!'
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5. Objective demand in the Bertrand-Nash framework

In the Cournot-Nash framework imperfect competitors are assumed to treat
output levels as their strategic variables. Even though, from a purely formal
point of view, the corresponding prices can be obtained from the objective
inverse demand functions, the question remains as to what mechanism leads to
the determination of prices. This was Bertrand,s original crjt icism of Cournot's
approach and it sti l l  remains a valid objection.ls

A number of authors (Marshak and Selten, 1974, Nikaido, 1975, Benassy,
1988) have therefore followed the Bertrand-Nash approach, where flrms, strat-
egies are prices rather than output levels. Marshak and Selten's 0974) model
shares with Gabszewicz and Vial's model the feature that all inputs to production
are assumed to come from consumers' endowments, so that no imperfect com_
petitor buys from or sells to another imperfect competitor, that is, there are no
intermediary goods. Nikaido's (1975) model does not suffer from this l imitation,
although it suffers from lack of generality in another respect, namely the
assumption of a Leontief technology with single-product frrms. We shall here
describe Nikaido's model. re

(d)
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Nikaido assumes that each f,rm is an imperfect competitor and produces a
single good and that labour is the only non-produced good. Let m be the number
of produced goods, which, therefore, is also the number of f irms. Let a = @*)-
j, k = 1,.,,, tn be a Leontief matrix, where 4r'r is the amount of good j needed by
firm k in order to produce one unit of its own output (f irm k produces good ft).
Le t  y  =  1_1, t ,  . . . ,1 , , )  denote  the  vec tor  o f  g ross  ou tpu ts ,  l :  ( l t ,  . . . ,1 , " )  the  (pos i -

tive) vector of labour inputs, p: (pi, ..., p^)be the price vector, lt the wage rate
and r : ( r r , . . . ,2 , , )  be  the  vec tor  o f  to ta l  p ro i r ts .  N ika ido  assumes tha t  the
labour force consists of many atomistic workers who behave as price takers in
supplying labour and demanding goods. Workers do not get any share of the
f,rms' prolits and therefore their supply of labour and demand for goods depend
only on (p, n). Nikaido takes labour as numeraire, that is, he chooses the norma-
lization rule )r = 1. From now on, therefore, prices wil l be interpreted as prices

in terms of labour. Let Z(p) denote the workers' aggregate supply-oflabour
function and F(p) : (Fr(p),..., F-(p)) the workers' aggregate demand-tbr-
goods function.'z{) Firms are owned by capitalists, who - as producers - are
price makers, but - as consumers are price takers. Let G(p, r) : (Gr (p, r),
...,C-(p,r)) be the aggregate demand-for-goods function from the capitalist
c lass .2 l

Given a vector of prices in terms of labour, p, the aggregate supply of labour
rvil l  be t/p). The labour market wil l therefore be in equil ibrium if the vector of
gross outputs y is such that l 'V = Z(p). Workers' aggregate demand for goods
is given by F(p). The vector ol net outputs wil l be (I A)y (where 1is the iden-
tity matrix). lf the net output of each llrm is sold, the total prof,t of f irm t wil l be

Let  r :  (2 r , . . . ,  r , , , ) .  Then,  i f  the  ne t  ou tpu t  o f  each l i rm is  so ld ,  cap i ta l i s ts '
demand wil l be C(p, r), and the net output wil l indeed be sold and the market
for each good wil l be in equil ibrium if and only if

G(p ,  r )  +  F(p)  =  ( / -  ,a  )Y .

Thus the question is whether, given p, there exists a vector of gross outputs y

such that:
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( 5 .  1 )

(5.2)

( 5 . 3  )

/  g  , \
rl = 

\Pi{ ,4, 
Ptatt - tt 

)!r,

,r: 
Qr , i ,  

p,q^ - tr)tr;

l ' v :  L ( p ) ;

a  =  ( 7 1 , . . . , r . )  a n d

O(p, r)  + F(p) = ( /  ,a )v.

(Nikaido calls such a y a'competit ive choice'). Nikaido shows that under stand-
ard conditions such a y exists for every positive p.22 Furthermore, if G(p, z) is
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differentiable and no good is inferior for the capitalist class (that is, the aggre-
gate demand function G(p, r) is monotonically non-decreasing with respect to
the arguments rr:...,1rm for each fixed p), then such a y is unique. Thus we can
deli ne a funcl ion

p  *  y ( p )

which associates with every price vector p the unique vector of gross outputs
which satisfies (5.1)-(5.3) above. Nikaido calls this function a\ objectiye gross
demond function. It is worth emphasizing that the objective demand function
y(p) is constructed in such a way as to incorporate the circularity of profits and
demand, referred to in section 2, We can now define an objectiye Bertrqnd-Nash-
Walras equilibrium as a pair (p*, y* ) such that:

(5.4) y-: y(p-) (this condition guarantees, in virtue of (5.1) (5.3) above, that
every consumer is maximizing uti l i ty and in every market supply equals demand);
and

,  ' . . ,  P *  t * ,  p r ,  p * + t n ,  , . , ,  p - * )

for all (admissible) pa (his condition means that p* is a Nash equil ibrium of the
game between firms where strategies are prices and the payoff functions are the
profit functions).

Nikaido did not define such an equil ibrium explicit ly, nor did he investigate
conditions under which such an equil ibrium exists. The reason is that, as he dem-
onstrates in a simple example (pp. 53-56), the objective demand functrons 'are

much different from those which the traditional oligopoly theorist has in mind',
indeed 'they need not be downward-sloping even with respect to the price of the
good in question'.23 In order to prove the existence of an objective Bertrand-
Nash-Walras equil ibrium one would need to impose a condition of the form:

fb r  every  (pv . . . ,F*  t ,  i r * r , . . . ,  F^ )  the  pro f i t  func i ion  o f  f r rm
k ( k : 1 , . . . , m ) ,

r<oa = (or _

is quasi-concave in pk.2a

Such an assumption, however, implies restrictions on the shape of the objective
demand function which, as we said above, are unlikely to be met. This topic is
taken up in the following section.

ln a very recent contribution Benassy (1988) generalized Nikaido's model in
two directions. First of all, he relaxed the assumption of a Leontief technology
and introduced more general production possibil i ty sets; secondly, he relaxed the

Q, ,4, 
pi. oir - u)vf >

/  ( \  .  . \
\r^ ,L, 

oi o,^ pt akr lt 
)t^toi

Aru,"u 

- puouu tr)to@r'. . . , i*  ",  p*, frr ' r ,  ,  p^)
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(implicit) assumption that price makers serve whatever demand or supply is
addressed to them. Even though it may seem counterintuit ive, an imperfect com-
petitor may hnd it in his interest to ration his customers and a truly general
model should allow for this possibil i ty.z5 Benassy 11988; makes use of some of
the techniques and deflnit ions introduced in the l iterature on fix-price equil ibria
(Benassy, l9'76, 1982, Silvestre, 1987) andgives suficient conditions for the exist-
ence of an equil ibrium.26 One of the conditions is, again, that the profit func-
tions of the imperfect competitors are quasi-concave. We can now turn to a
discussion of the plausibil i ty of this assumption.

6. The assumption of quasi-concavity of the profit functions

Almost every model of imperfect competit ion - whether it is a partial equi-
l ibrium or a general equil ibrium one, whether it makes use of subjective or
objective demand functions, whether it follows the Cournot-Nash or the
Bertrand-Nash approach - contains the assumption that the prollt function of
each imperlectly competit ive firm is quasi-concave in the firm's decision
var iab le .2 r

Imposing restrictions on the shape of the profit function implies imposing
restrictions on the shape of the demand curve. ln fact, in general, if the demand
curve is not concave the profit function wil l turn out to be multimodal and,
therefore, not quasi-concave. The following example i l lustrates this fact in a
simple partial equil ibrium model where the failure of the profit functions to be
quasi-concave leads to non-existence of a Bertrand-Nash equil ibrium.28

There are two f,rms which produce differentiated products at zero cost. Let pi
be the price of f irm I (l : l , 2). Firm I's demand function, i l lustrated in Figure
3a, is given by

D l l p t .  p 2 ) -  p t t  ,  l 2 p t )  5 2 p 1  . 9 3  t  p ,

while l lrm 2's demand function, i l lustrated in Figure 3b, is given by

D , r n ,  n . r  3 + 0 . 1 4 p 1 -  p 2  i f  0 ( p : < 1 + 0 . 6 8 p r
'  

2 .5  +  0 .4p t  -  0 .5  pz  i t  p t  >  |  .  0 .68p1

As can be seen from Figure 3, neither demand curve is concave. Since we
assumed zero production costs, the profit function of frrm I (l = 1,2) is given by

Pi(pt, pz) : piDi(pr, pz).

A Bertrand-Nash equil ibrium is a pair of prices (p1', p2") such that

h(pr * ,  p2* )  >  h (h ,  p2* )  lo r  a l l  p1)  0

and Pz(pt* , pz*) > P2(pt* , p2) for all p2 > 0.

Figure 4 shows the graph of the profit function of f irm l, as a function of pr,
for different values of the 'param€ter' p2. It car' be seen that the function is mul-
timodal and, therefore, not quasi-concave. With every p2 we can associate the
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l ' igure 3.  (a)  The demand funct ion of  f i rm l ,  Dt  (p1,  p2),  for  a g iven p2.  (b)  The demand
funct ion of  l rm 2,  Dz (p1,  p2),  lor  a g iven p| .
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price p1 which maximizes Pt(pt,pz). ln general, this pr is unique, but as
Figure 4 shows - there may be a crit ical value of pz at which the profit function
Pt(pt, pz) has two global maxima at the same level (Figure 4b). As rhis crit ical
value of p2 is crossed, the profit-maximizing price for l irm I jumps discon-
tinously from a value close to Pt to a 'distant' value close to 11 (cf. Figure 4b).

Thus the reaction curve of f irm l, which associates with every p2 the price (or
prices) p1 which maximizes Pt{pt,pz) is not connected.2e Figure 5 shows the
reaction curves of the two firms. Since a Nash equil ibrium exists if and only if
the reaction curves intersect, it can be seen from Figure 5 that in this simple
duopoly model no Bertrand-Nash equil ibrium exists.

Of course, the demand curves of this example are rather arti l lcial and it may
very well be that behind them lie some unusual assumptions about consumers'
preferences, Roberts and Sonnenschein (1977), however, have shown that it is
possible to construct general equil ibrium models with standard assumptions on
consumers'preferences and technology (e.g. convexity) where the demand curves
turn out to have convex regions and, as a consequence, the corresponding profit
functions are not quasi-concave and no equil ibrium exists, r0

Thus there is an asymmetry between the general equil ibrium theory with
perfect competit ion and the various general equil ibrium rheories with imperfect
competit ion put forward so far: in the former the existence of an equil ibrium is
proved starting from simple assumptions on the data of the theory, namely
endowments, preferences and technology; in the latter a further assumption is
added the quasi-concavity of the profit functions - which cannot be obtained
from simple assumptions on endowments, preferences and technology.

A possible way out of the problem of non-existence of equil ibria due to the
lack of quasi-concavity of the profit functions is to resort to the more general
notion of Nash equil ibrium in mixed strategies. rr lndeed, Dasgupra and Maskin
(1986a,b) have shown that, in general, an equil ibrium in mixed strategies exists,
even if the profit functions are not quasi-concave and, in some cases, even if they
are not continuous. Two objections can be raised concerning this'solution'to
the problem of non-existence of equil ibria. First of all, rhe notion of mixed
strategy, although widely used in game theory, is far from being satisfactory. s2

Secondly, Dierker and Grodal (1986) have shown that there are standard general
equil ibrium models where not eyen mixed-strategy equil ibria exist. ln their
example, which is in the Cournot-Nash framework with objective demand func-
tions, there are two Iirms with convex production sets, and each firm's best reply
in pure strategies to the strategy of the other firm consists of at most one produc-
tion plan. Thus the non-existence of equil ibria - which they prove - cannot be
attributed to the fact that the profit functions are not quasi-concave. 13 The
reason lies in the fact that for a given production allocation the corresponding
pure-exchange economy has many Walrasian equil ibria (cf. section 4) and any
selection rule is necessarily discontinuous (cf. Figure 1). Dierker and Grodal
(1986) also show that the non-existence of equil ibria (even in mixed strategies)
is independent of the fact that f irms are assumed to maximize profits and that
the demand functions depend on the normalization rule chosen (cf. section 4).

3 1 3
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Figure 4, The profit function of firm I, Pt (pt, p2), for different values of the parameter
p2 :  ( a )  f o r  p2<3 ,  ( b \  f o r  p2=3 '  ( c )  f o r  p ,  >  3 .
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J P 2

Figures. The thick l ines represent the reaction curve of f irm 2, while the thin l ines
represent the reaction curve of firm l

In fact, they also give an example where each irm has exactly one owner and,
therefore, the flrm has a natural objective, namely choosing a production plan
so as to maximize the indirect uti l i ty function of its owner (this behaviour is, of
course, independent of the normalization rule). Also in this example there are no
(pure-  o r )  m ixed-s t ra tegy  equ i l ib r ia .

7. Compromises between the conjectural and the objective approach

We saw above (section 4) that the conjectural (or subjective) approach of Negishi
can be crit icized on the grounds that conjectures are somewhat arbitrary and can
be 'v€ry wrong', that is, very different from the underlying objective functional
relations (the only objective constraint imposed by Negishi is that the conjectural
demand curve be consistent with the observed state of the market). The objective
approach, on the other hand, can be crit icized for being extremely unrealistic:
in order to calculate the objective demand functions, firms need to have a general
equil ibrium model of the economy, a huge amount of information available and
almost unlimited processing capabil it ies. It is for this reason that a number of
authors (Bonanno and Zeeman, 1985, Bonanno, 1988, Gary-Bobo, 1987, Hart,
1985, Silvestre, 1977b) have suggested some sort of compromise between the two
approaches. The first contribution along these lines is the one by Silvestre
(1977b). Silvestre suggests that f irms may try to gain some knowledge of their
'true' or objective demand curves by performing small price experiments (by
'small '  we mean 'within a small interval of prices'). They thus collect data and
use it to estimate their demand function. Suppose that the estimated demand
function is linear (or, to be more precise, alTrne). Then we can say that it is a
'correct' extrapolation, at a given state of the market, if the estimated demand
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curve coincides with the l inear approximation to the'true'demand curve (see
Figure 6). Thus it is not only the value of the estimated demand function which
is required to be consistent with the objective demand function (as in Negishi,
l96l), but also its s/ope. An equil ibrium is then defined as in Negishi (1961) but
with the added constraint concerning the slope of the estimated demand curve.
Silvestre's (1977b) model is in the Bertrand-Nash framework (all f irms are price
setters, consumers are price takers) and the assumptions needed to prove the
existence of an equil ibrium are very weak.ra Silvestre's idea has been gener-
alized, at the partial equil ibrium level, by Bonanno and Zeeman (1985), who
show that an equilibrium exists always, that is, with arbitrar! objective demand
functions. 15 In other words, no assumptions need to be made concerning the
shape of the demand and profit functions.

The drawback with this notion of equil ibrium is that at equil ibrium a firm may
be 'considerably wrong', that is, it may believe that it is maximizing profits and
yet be only at a local - but not global - maximum of its'true' profit function.
Indeed, it can even be at a local minimum of its 'true' profit function, as Figure
6  shows,16

One could take the above idea one step further and assume that, through their
small price experiments, irms manage to acquire complete and correct knowl-
edge of their ' true' demand curves within a small neighbourhood of prices
(rather than a l inear estimate of it). One would then define an equil ibrium as a
locul Nssh equilibrium, that is, a point where each firm is at a local maximum
of its 'true' profit function, although it may not be at a global maximum of it.

] n--, I
P '

(b)

Figure 6. The demand function Di and the conjectural demand function D,l. (b) The
profit function Pi and the conjectural profit p,l.

(a)
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Figure 7. (a) The reaction curve of firm 1. (b) The reaction curve of firm 2. (c) The rwo
curr es tosether.
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This notion of equil ibrium is weaker than that of Nash equil ibrium: there are
games where a Nash equilibrium does not exist and yet a /ocal Nash equilibrium
exists. The example of section 6 can be used to i l lustrate this. The S-shaped curve
of Figure 7a is the graph of the correspondence which associates with every pz

the set of prices of f,rm l, p1, which satisfy the first-order condition for proflt

maximization.3T The heavy l ines denote global maxima of Pr (as a function of
pr, parameterized by pz), the thin continuous l ines local maxima and the dashed
lines local minima (thus the reaction curve of f irm I is given by the two heavy

lines and, in fact, it is only this portion of the S-shaped curve which was shown
in Figure 5). Similarly, the (inverted) Z-shaped curve of Figure 7b is the set of
points where the first-order condition for proflt maximization is satisfied for

firm 2.38 Again, the heavy l ines denote global maxima of Pz (as a function of
p2, parameterized by p1), the thin continuous l ines local maxima and the dashed
lines local minima (thus the reaction curve of f irm 2 is given by the two heavy
lines and, in fact, it is only this portion of the (inverted) Z-shaped curve which

was shown in Figure 5).
Figure 7c shows the two curves together. It was shown in Figure 5 that no

Nash equil ibrium exists in this game. It can be seen from Figure ?c that there
are lour localBertrand-Nash equil ibria, A, B, C, and D. At points ,4 and B flrm
2 is at a global maximum of its 'true' profrt funciion, while firm I is at a local
- but not global - maximum of its 'true' profit function. The situation is
reversed at points C and D.3e

The existence of local Bertrand-Nash equil ibria has been investigated at the
partial equil ibrium level by Bonanno (1988). The conditions for the existence of
a local equil ibrium are rather weak and do not require the quasi-concavity of the
profit functions. However, they do require some restrictions on the shape of

the 'true' or objective demand functions and, as we know (cf. Roberts and

Sonnenschein, 1977), there is no guarantee that standard conditions on

consumers' preferences give rise to demand fu,nctions with the desired shape.a0

We saw in section 2 that at the general equil ibrium level a problem arises,
which is usually ignored in partial equil ibrium analyses by appealing to the
ceteris paribus clause, nam€ly the feedback effect or Ford effect, that is, the fact

that the demand function, u,hich enters the definit ion of profit function, may

have profit as one of its arguments, giving rise to some sort of circularity. We

also saw, however, that the feedback effect can be incorporated in an objective
demand function in a coherent way. However, it has been observed that it

doesn't seem to be realistic to assume that f irms take into account the feedback
effect:

'...while it may be inappropriate to rule out the feedback effect in the case

of very large imperfect competitors (e.g. General Motors), it may be quite

realistic to do so in the case of small imperfect competitors (e.g. the local

supermarke t ) '  (Har t ,  1985,  p .  l2 l ) .

lndeed. a number of authors (Marshak and Selten, 1974, Silvestre, l9?7b, Hart
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1985) have studied models where there is no feedback effect.at Hart (1985,
p. l2l) notes that, apart from realism,

'There seem to be two advantages of considering a model ... in which there
is no feedback effect. First the feedback effect is l ikely to cause the firm's
demand function to be less well-behaved than the usual Marshall ian demand
function (as Nikaido, 1975, points out, it may be upward-sloping, it is
unlikely to satisfy gross substitutabil ity, etc.) ... Second if there is a feed-
back effect arising, say, from the fact that the owners of the firm also
consume the firm's products, then, as we have noted, profit maximization
is no longer a natural objective function for the firm, since the owners wil l
be interested in low consumption-goods prices as well as high monetary
pro i t . '

Although it certainly seems realistic to assume that f irms ignore the feedback
effect, one may wonder when firms are indeed justif ied in doing so. Hart (1985)
develops a model (based on Hart, 1982a) where each firm's action has a negli-
gible effect on the wealth of its customers and therefore the firm is approximately
correct in taking the latter as given,

8. Insights into the notion of perfect competit ion

A perfectly competit ive firm takes prices as given. How should we interprer this
assumption? One possible answer is that perfectly competit ive firms simply con-
jecture that the prices of all products, including their own, would not be affected
by a change in their own output, a2 This is not a satisfactory interpretation, how,
ever, bccause it does not t ie conjectures to real effects (for example, it would not
be rational for a large firm like, say, General Motors, to have such conjectures).
A large number of contributions have emerged in the past twenty years aimed
at providing an 'objective' explanation for price taking, that is, at building
models where firms are indeed justif ied in trearing prices parametrically because
their actions have a negligible effect on all prices, including the prices of their
own products.'r A survey of this part of the l iterature would require a consider-
able amount of spaceaa and we shall only briefly mention the issues which are
more closely related to the topics discussed in this paper.

The pioneering contribution is the paper by Gabszewicz and Vial (1972) which
was partly discussed in section 4. Gabszewicz and Vial posed the following
problem: given an economy as described in section 3, define a sequence of larger
and larger economies based on it, where each agent - in particular each firm -
becomes smaller and smaller relative to its market. Consider the objective
Cournot-Nash-Walras equil ibria of these economies. It is the case that if the
economy becomes sufnciently large, that is, if each firm becomes sumciently
small relative to its market, the Cournot-Nash-Walras equil ibria become arbi-
trari ly close to a Walrasian equil ibrium? If the answer is amrmative, then we can
interpret price taking behaviour (that is, the assumption of perfect competit ion)
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as a sufl iciently good approximation of imperfectly competit ive behaviour in
economies where agents are small relative to their markets.

ln order to'enlarge'the economy, Gabszewicz and Vial (1972) follow a pro-
cedure l irst introduced by Edgeworth. Call the original economy Er. Recall
(cf. section 3) that in El there are m goods, ,? consumers (each consumer i is
characterized by a consumption set Xi, a uti l i ty function Uj, an init ial endow-
ment of goods er and a share ownership 0*) and r f irms (each frrm k is
characterized by a production set yk). Now define an s-replica E, of El (s > l)
as an economy where there sti l l  are n goods, but the number of consumers rs sn
and the number of frrms is sr. For each consumer I in _6r there are now s such
consumers (each characterizedby Xi, Ut ei and a share ownership (l/s)d4). For
each llrm k in Er there are now sk l irms (each characterized by fr).

Gabszewicz and Vial assume that the init ial economy E1 has a unique Walra_
sian equil ibrium and prove that any objective Cournot-Nash-Wahas equil ibrium
of E, can be made arbitrari ly close to the Walrasian equil ibrium of _tr by
choosing .r sufficiently large.

The assumptions made by Gabszewicz and Vial were rather strong (srrlct con-
vexity of preferences and production sets, unique Walrasian equil ibrium) and a
number of authors have later investigated the problem of convergence of
Cournot-Nash-Walras equil ibria to Walrasian equil ibria under weaker assump-
tions. The questions that have been studied in great detail are:

(1) does a sequence of Cournot-Nash-Walras equil ibria necessarily converge?
(2) when a sequence of Cournot-Nash-Walras equil ibria converges, does it

necessarily converge to a Walrasian equil ibrium?
(3) given a Walrasian equil ibrium, does there exisr a sequence of Cournot-

Nash-Walras equil ibria that converges to it?

The interested reader can find a detailed discussion of these issues in MasColell
( l 9 8 2 ) .

9, Conclusion

ln this paper we have discussed the various attempts that were made to introduce
the hypothesis of imperfect competit ion in general equil ibrium. We have seen
that the contributions can be divided into four categories, according to whether
conjectural or objective demand functions were postulated and whether the
Cournot-Nash or the Bertrand-Nash approach was followed. One of the main
achievements of general equil ibrium theory with perfect competit ion was to
establish the existence of an equil ibrium starting from simple assumptions on the
data of the theory, namely preferences, endowments and technology. No com-
parable existence theorem can be found in the various general equil ibrium
models with imperfect competit ion put forward so far. ln fact, the existence
theorems proved so far make use of an assumption - the quasi-concavity of the
profit functions - which is not derived from basic assumptions on the data of
the theory. Furthermore, once the doors of general equil ibrium theory were
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opened to the hypothesis of imperfect competit ion, some hith€rto unchallenged
behayioural assumptions - such as the hypothesis that f irms' objective is profit
maximization - appeared to be questionable.

Moreover, the dificulties one faces in trying to introduce imperfect competi-
t ion in a general equil ibrium model are not confined to the ones l isted above. The
recent growth of the Industrial Organization l iterature has pointed to a number
of important aspects of imperfect competit ion which go beyond the simple mod-
ell ing of price and quantity decisions. The strategic behaviour of f irms includes
such phenomena as entry-deterring efforts, reputation-building policies,
self-enforcing collusive agreements, product differentiation, etc.a5 A general
equil ibrium theory of imperfect competit ion which is truly general ought to
incorporate these phenomena. It does not seem likely, at this stage, that such a
theory can be constructed.

Notes

l. The literature on general equil ibrium with imperfect competit ion has already been
reviewed by Hart (1985) and Gary-Bobo (1988). I have tried ro make rhis survey
complementary to theirs, by sometimes focusing on different contributions and issues
and by refraining from a very technical presentation. I also discuss sorne recenr con-
tributions which were not covered by those two surveys.

2. The French mathematician Joseph Bertrand (1883) crit icized Cournot for assuming
that irms choose output levels. He claimed that the natural decision variable for a
firm is the price of its own product and reformulated the notion of eouil ibrium Dro
posed by Cournot in terms of prices (obtaining results which were ai variance with
those of Cournot). Thus a Bertrand-Nash equil ibrium is a l ist of prices - one for
each lirm - with the property thal. if the other firm\ do not changi their prices, no
lirm can increase its profits by changing its own price.

3. This is what characterizes a game-theoretic situation. Oligopoly is the most con_
spicuous example. However, there may be interdependencies which may not be recog_
nized at the partial equil ibrium level and become apparent only \\hen we take a
general equil ibrium point of view. For example, two monopolists wno operare ln
completely different markets are not, in general, independent: the actlons taken
by one have an (indirect) eflect on lhe profi ls of the orher, through the changes
produced in the budget sets and incomes of consumers.

4. For a crit ical examination of the notion ol Nash equil ibrium in game theory see
Bacharach (1987), Binmore (198?), Bonanno (1987b), Reny (1985).

5. The expression 'Ford effect' is due - as far as I know to Gabszewicz (19g5.
p. 155): 'Henry Ford once explained that paying higher wages to his workers would
lead them to buy a larger number ol cars, increasing the receipts of Forcl Corpor_
ation, perhaps beyond the increase in costs entailed by the wage increments!'.

6. There is one more observation which is worrh making. As Nikaido (1975, pp. l0 l l)
points out, ' the very familiar concept of demand lunction as such more or less pre_
sLrpposes the presence ol competit ive atomistic agents, who behave as price_takers. If
no competit ive atomistic price taker is involved in the national economy as a closed
system, so that it is composed solely of nonatomistic price setters, no demand func_
tion can be conceivable.' The contributions reviewed in this paper are those where
there are agents who are price takers lrypically consumers;. Ceneral equil ibrium
models where no agent is a price taker have also been studied, see, for example,
Shubik (19?3), Shapley and Shubik (1977), Dubey and Shubik (1977), Roberrs (1986).
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7. Cornwall  (1977) also noticed this problem and i l lustrated i t  in an example (pp. 56 58)
which is worth reading. He also remarked: 'of course i t  is not real ist ic to assume that
f irms actual ly recognize that their production choices inf luence the consumption
possibi l i t ies which are feasible for the f irms'owners and that the f irms consequently
choose non-profi t-maximizing plans. However, i t  is equally clear that i t  is not enough
to say that there are a lot of irms in a real world economy and that therefore the
assumption of prof i t-maximizing behavior gives a good approximation. This is not
enough of a just i f icat ion because i t  is noi clear what or how profi t  maximization
approximates. '

8. Negishi (1961, p. 197) gives credit to Bushaw and Clower (1957) for this way of
modell ing conjectural demand functions.

9. In a later contr ibution Negishi (1972, chapter 7) al lowed for a change in, say, )rr5 to
affefl pr, p5 and pg - rather than p5 only - but the prices of all the other goods
(rhar is, the goods not in ", f*1 are assumed to remain constant (of course, this is a
statement about conjectures, not about real effects).

10. Given two vectors u, v € Rq, we denote by u v their inner product:

u ' v  =  l l j r r  +  u202  +  . . ,  +  UqUq .
Fix an imperfectly competit ive f irm k and let i  be the good i t  produces. For an) gi\en
price vector p, let CI 04; p) denote the minimum cost of producing /r]  units of
output (recal l  that f i rm k is a price taker with respect to i ts inputs). Si lvestre assumes
rhat the function CI Okj; p) is dif ferentiable and that Cl (0; p) = 0, so that f ixed
costs are ruled out. Let Cfl  ( /r / ;  p) denote marginal cost. Si lvestre further assumes
that Clt (0; p) is finite and that Cf (-l,rj; p) is convex in 1r7 for every p. Finally,
Si lvestre assumes that (as in Negishi,  conjectural demand curves are decreasing
slraight l ines and) the marginal revenue curve is steeper than the marginal cost curve
ar the origin and that the input isoquants are coDvex to the origin for each value of

lkl .  These assumptions are made in order to guarantee that the solut ions to the
equation 'marginal cost = marginal tevenue' form a convex set, so that f i rm k's
reaction correspondence is convex-valued. The importance of the convexity of the
reaction correspondences wil l  be discussed in section 6.
The conjectural approach was further developed by Hahn (1977, 1978) and a cri ! icism
concerning the arbitrariness of conjectures was raised by John (1985).
Throughout the paper we shal l  maintain the notat ion of section 3.
One of the assumptions needed in order to prove the existence of a Walrasian equi-
l ibr ium is that the init ial  endowment of consumer l .  ei .  be in the relat ive interior of
her consumption set Xi (cf.  Debreu, 1959, p. 84). Such an assumption is no longer
suff icient in this context, since the modif ied endowment corresponding to (r-r, . . . ,  y,)

may l ie on the boundary of (or even outside) the consumption set. Cabszewicz and
Vial (1972, p. 386, footnote 5) suggest that one could 'solve' lhis problem by not
al lorving f irms to choose production vectors for which the corresponding exchange
economy does not have a Walrasian equil ibr ium.
Gabszewicz and vial (1972, p. 384) assume this problem away by introducing the
assumption that Walrasian equil ibr ia are always unique.

12.

1 3 .
1 4 .

t t .

16. For a discussion ol other, similar, problems, see Hart (1985, pp. 113 111).
17. Of course, this example is artif icial and incomplete. A complete example can be found

in Gabszewicz and Vial (1972, pp. 398-399).
18. A possible answer to this objection was provided by Kreps and Sheinkman (1983) in

a partial equil ibrium framework. In their model the Cournot-Nash equil ibria emerge
as the perfect equil ibria (cf. Selten, 1975) of a two-stage game where irms first choose
capacity levels and then compete in prices with the constraint that output levels in the
second stage cannot exceed the capacity levels chosen in the first stage.

19. For a simplif ied account of Marshak and Selten's (1974) model, see Hart (1985, pp.
I l5-l l7) and Benassy (1988).

20. Given p, each worker I chooses her consumption i, of good / (i = l, ..., n) and i-
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of leisure so as to maximize her ut i l i ty function t4 in the budget set
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where ei is her ini t ial  endowment ol leisure (recal l  the normaljzation w: 1). I f  U, is
str ict ly quasi-concave, the solut ion to this maximization problem is unique. Then

r(p)= I  (er-  i ; , (p))  and 4,(p)= X r ,r(p)
-  i < 4 /  \ ( t f

where ,t/ is the set ol workers.
21. Let 0,k be capitalist l 's share of the profits of f irm ij. Given (p, r), consumer-capitalist

i  chooses  her  consumpt ion  i t  o f  good j (L= t , . . . ,m\  so  as  to  max imize  her  u t i l i t y
function U, in the budget set

Again, i f  Ui is str ict ly quasi concave the solut ion to this maximization problem is
unique and

G11p, *1 = \ i i i  (p, r ' ) ,  where C is the set of capital ists.

The condit ions are: the matrix (1 /) is non-singular and i ts inverse is non-negative
(so that for every non-negative vector c there exists a unique non-negative y such that
(1- I  )y :  c),  the lunctions Z (p), F(p) and 6(p, r) are non-negative and continuous
and the l imit of Z(p) as al l  pr ices simultaneously tend to inf ini ty is equal to zero.
To this we should add the observation that, in general,  the demand funcrion is not
i nJependcn t  o f  l he  Jho i ce  o f  numera i re .
Nikaido (1975, pp.68-73) also defines a subjective equi l ibr ium:i la Negishi and l inds
condit ions under which i t  exists.
Boehm e, a1. (1983) have indeed shown, in a part ial  equi l ibr ium model, rhar, i f  con-
sumers are heterogeneous, a monopolist may f ind i t  prof i table to rat ion them. For a
general equi l ibr ium model where rat ioning may occur in the labour marxer see
Roberrs f l987b).
For a brief outl ine of Benassy's (1988) model see Cary-Bobo (1988, pp. 65 67).
There are a few exceptions where existence results are proved without the assumptioD
of quasi-concavity (e.g. McManus, 1962, 1964, Roberts and Sonnenschein. 1976).
These models, horvever, are rather special and the only truly general theorems on the
existence of Nash eclui l ibr ia make use of the assumption of quasi-concariry.
Recall  that a function;f:  R" - R is quasi-concave i f  for every x, y ( Rn and lor e\ery
. ! (  10 ,  l l , / ( ax+ ( l  d ) y )  >  m in  { , f ( x ) , , ( y ) J .  Quas i - concav i r y  i s  a  weake r  p rope r r y
than concavity, the latrer requir ing rhar /(c!x + ( l  cv)y) > a/(x) + ( l  -  d)/(y).
The example is taken from Bonanno (1988). For more insights into the issue of quasi-
concavity see Bonanno ( i987a).
That is, the reaction correspondence, of which the reaction curve is the graph, is not
convex-valued.
This is easi ly understood as fol lows: demand functions are related to the l i rst deriva-
t ives of the ut i l i ty functions. Thus the second derivatives of the demand functions -
which delermine their shape - are related to the third derivatives of the ut i l i ty func,
t ions, on which the assumption of convexity of preferences (quasi-concavity of the
uti l i ty functions) puts no restr ict ions at al l .  Roberts and Sonnenschein (1977) show
that this problem arises both in the Bertrand-Nash and in the Cournot-Nash
approach.
A mixed strategy is a probabil i ty distr ibution over the set of pure strategies. A pure
strategy for a f irm in the Cournot-Nash approach is an output level,  whi le a pure

'= 
[ (o. , ' , ' ,  , " . ) l  

, !  
p ix i j= e,  x-)

r :  [ r" , , , . . . , ' - l l  \  0," , ,=f ,  u*,r)

22.

23.

30.

26 .
2 1 .

28 .

29.

3 1 .
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stratcgy in the Bertrand Nash approach is a price. Thus the equil ibr ia defined so far
were pure-strategy equil ibr ia. When a f irm chooses a mixed strategy, i t  decides to del-
egate the choice of pure strategy to a random mechanism, e.g. the toss of a coin.

32. For a recenl cr i t ic ism see Rubinstein (1988).
33. The reaction correspondences are functions and therefore convex-valued.
34. The main assumption is that the objective demand function be decreasing and i ts

derivative be bounded away from zero. As we saw in section 5, however, in general
the objective demand [unctions need not satisfy these propert ies. On the production
side Si lvestre assumes a Leontief technology, as in Nikaido (1975).

35. Bonanno and Zeeman (1985), unl ike Si lvestre (1977b), do not require the demand
curves to be downward-sloping. The only requirements are that demand becomes zero
at some (possibly very large) price and that the market is viable, in the sense that when
p r i ce .  equa l  un i l  cos l \  demand  i s  pos i r i ve .

36. Figure 6 is taken from Bonanno and Zeeman (1985). For a numerical example of an
equil ibr ium where al l  f i .ms are at a local minimum of their ' t rue' proit  functions and
yet bel ieve that they are maximizing profts, see Bonanno (1988). I t  may be worth
stressing that if the estimated demar'd function is linear and coincides with the linear
approximation to the ' true' demand function at, say, price i ,  then the slope of the
'true' prof i t  functioD at p is equal to the slope of the estimated profi t  function at / i
(and this is true whatever assumptions are made about the cost function).

37. Thus the S-shaped curve of Figure 7a is the set of (pr,pr) such that
(0  P t l 0P1 \@1,  P2 )  =9 .

38. Thus the ( inverted) Z-shaped curve of Figure 7b is the set of (pr,pr) such that
(6 Pzl6 pr)(p1, p2) = Q.

39. At point E both f irms are at a local minimum of their ' t rue' prof i t  functions. I f  they
only know a l inear approximation to their demand curves at that point, they wil l
bel ieve that they are maximizing profi ts (see Bonanno and Zeeman, 1985, and
Bonanno, 1988; Figure 7 is taken from the latter).

40. At the general equi l ibr ium level and in the Cournot-Nash framework Gary-Bobo
(1987) has introduced the notion of k-th order local ly consistent equi l ibr ium, which
' is a general imperfectly competit ive equi l ibr ium of the subjective type, at rvhich f irms
correctly perceive the k-th order Taylor expansion of their true demand curves' (Cary-
Bobo, 1987, p. 217). Thus the case k: 0 corresponds to Negishi 's (1961) conjectural
equi l ibr ium, the case k = I to Si lvestre's (191' l)  and Bonanno-Zeeman's (1985) t irst-
ordcr cqui l ibr ium, the case k=2 is closely related to Bonanno's (1988) local Nash
equilibrium. Gary-Bobo shows that, if the true profit functions are strictly quasi-
corc?ve and have no points of inf lect ion, 'when k > 2 the f irms' equi l ibr ium decisions
are 'perfect ly rat ional ' ,  leading the economy to states that would also have been
attaincd under perfect knorvledge of the demand condit ions (Gabszewicz and Vial 's
(1972) Cournot-Walras equil ibr ia) '  (Gary-Bobo, 1981, p. 2\7). I t  is worth noting that
the str ict quasi-concavity of the profi t  functions and the absence of points of inf lec-
t ion guarantee that i f  there is a point where the f irst-order condit ion for prol l t  max
imization is satisf ied, then that point is necessari ly a global maximum. Hence when
rhe profi t  function is str ict ly quasi-concave there cannot be a point which js a local
but not global maximum.

.11. Marshak ard Selten (1974) assume that the profi ts of monopolist ical ly competit ive
f irms, but not the profi ts of al l  f i rms, are taken as given by each monopolist ical ly
competit ive f irm.

42. From this point of view Negishi 's (1961) conjectural approach can be seen as a
general izat ion of the notion of perfect competit ion: perlect ly competit ive f irms are
those whose conjectural demand curves (cf.  section 3) are perfect ly elast ic.

43. See for example: Benassy (1989), Dasgupta and Ushio (1981), Cabszewicz and Vial
(1972), Gabszewicz and Mertens (1971)! Cabszewicz and Shirowitz (1988), Green
(1980), Hart (1979, 1982b, 1985), Makowski (1980a,b), Mascolel l  (1980, 1982, 1983),



CENERAL EQUILIBRIUM WITH IMPERFECT CONlPETITION 325

McManus (1962, 1964), Novshek, (1980), Novshek and Sonnenschein (1978, 1980,
1983, 1986, 198?), Ostroy (1980), Roberts and Postlewaite (1976), Roberts (1980),
Shitowitz (1973), Simon (1984), Ushio (1983).

44. A detai led account of one strand of this l i terature can be found in MasColel l  (1980.
1982). Novshek and Sonnenschein (1987) review another strand.

45. For an up-to-date account see Tirole, (1988), and Bonanno and Brandolini (1990).
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