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1 Introduction

The theory of belief revision deals with (rational) changes in beliefs in response
to new information. In the literature a distinction has been drawn between belief
revision and belief update (see [6]). The former deals with situations where the
objective facts describing the world do not change (so that only the beliefs of the
agent change over time), while the letter allows for situations where both the
facts and the doxastic state of the agent change over time. We focus on belief
revision and propose a temporal framework that allows for iterated revision. We
model the notion of �minimal�or �conservative�belief revision by considering
logics of increasing strength. We move from one logic to the next by adding one
or more axioms and show that the corresponding logic captures more stringent
notions of minimal belief revision. The strongest logic that we propose provides
a full axiomatization of the well-known AGM theory of belief revision.

2 The basic logic

We consider a propositional language with �ve modal operators: the next-time
operator and it inverse�1, the belief operator B; the information operator
I and the �all state�operator A. The intended interpretation is as follows:

� : �at every next instant it will be the case that ��
�1� : �at every previous instant it was the case that ��
B� : �the agent believes that ��
I� : �the agent is informed that ��
A� : �it is true at every state that ��.
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The formal language is built in the usual way from a countable set S of
sentence letters (or atomic propositions), the connectives : and _ (from which
the connectives ^,! and$ are de�ned as usual) and the modal operators. Let

�� def
= : :�, and ��1� def

= :�1 :�. Thus the interpretation of �� is �at
some next instant it will be the case that � �while the interpretation of ��1�
is �at some previous instant it was the case that ��.

We denote by L0 the basic logic of belief revision de�ned by the following
axioms and rules of inference.

AXIOMS:

1. All propositional tautologies.

2. Axiom K for � 2 f;�1; B;Ag:
�(�!  )! (��! � ) .

3. Temporal axioms relating  and �1:
�!��1� and �!�1��:

4. Backward Uniqueness axiom:
��1�!�1�:

5. S5 axioms for A:
A�! � and :A�! A:A�:

6. Inclusion axiom for B (note the absence of an analogous axiom for I):
A�! B�:

7. Axioms to capture the non-standard semantics for I:
(I� ^ I )! A(�$  ) and A(�$  )! (I�$ I ):

RULES OF INFERENCE:

1. Modus Ponens: �; �! 
 :

2. Necessitation for � 2 f;�1; Ag: �
�� :

3 The semantics

A next-time branching frame is a pair hT;�i where T is a (possibly in�nite)
set of instants or dates and� is a binary �precedence�relation on T satisfying
the following properties: 8t1; t2; t3 2 T;

(1) uniqueness if t1 � t3 and t2 � t3 then t1 = t2
(2) acyclicity if ht1; :::; tni is a sequence with ti � ti+1

for every i = 1; :::; n� 1, then tn 6= t1:
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The interpretation of t1 � t2 is that t2 is an immediate successor of t1
or t1 is the immediate predecessor of t2 : every instant has at most a unique
immediate predecessor but can have several immediate successors.

A temporal belief revision frame is a quintuple hT;�;
; fBtgt2T ; fItgt2T i
where hT;�i is a next-time branching frame, 
 is a set of states (or possible
worlds) and, for every t 2 T , Bt and It are binary relations on 
.
The interpretation of !Bt!0 is that at state ! and time t the individual con-

siders state !0 possible (an alternative expression is �!0 is a doxastic alternative
to ! at time t�). On the other hand, the interpretation of !It!0 is that at state
! and time t, according to the information received, it is possible that the true
state is !0: We shall use the following notation: Bt(!) = f!0 2 
 : !Bt!0g and,
similarly, It(!) = f!0 2 
 : !It!0g:
Given a temporal belief revision frame one obtains a model based on it by

adding a function V : S ! 2
 (where 2
 denotes the set of subsets of 
) that
associates with every atomic proposition q the set of states at which q is true.
Note that de�ning a valuation this way is what frames the problem as one of
belief revision, since the truth value of an atomic proposition q depends only
on the state and not on the time (belief update would require a valuation to
be de�ned as a function V : S ! 2
�T ). Given a model, a state !, an instant
t and a formula �, we write (!; t) � � to denote that � is true at state ! and
time t. Let d�et � 
 denote the set of states at which � is true at time t, that
is, d�et = f! 2 
 : (!; t) � �g. Truth at a pair (!; t) is de�ned recursively as
follows.

if q 2 S, (!; t) � q if and only if ! 2 V (q):
(!; t) � :� if and only if (!; t) 2 �:
(!; t) � � _  if and only if either (!; t) � � or (!; t) �  (or both).
(!; t) �� if and only if (!; t0) � � for every t0 such that t� t0:

(!; t) ��1� if and only if (!; t
00
) � � for every t00 such that t00 � t:

(!; t) � B� if and only if Bt(!) � d�et, that is,
if (!0; t) � � for all !0 2 Bt(!):

(!; t) � I� if and only if It(!) = d�et, that is, if (1) (!0; t) � �
for all !0 2 It(!), and (2) if (!0; t) � � then !0 2 It(!):

(!; t) � A� if and only if d�et = 
, that is, if (!0; t) � � for all !0 2 
:

Note that, while the truth condition for the operator B is the standard one,
the truth condition for the operator I is non-standard: instead of simply requir-
ing that It(!) � d�et we require equality, It(!) = d�et. Thus our information
operator is similar to the �only knowing� operator discussed in the computer
science literature (see [7]). The non-normality of the I operator is what makes
it necessary to add the �all state�operator A (see [5]).

We say that a logic is characterized by a class of frames if every theorem
of the logic is valid in every frame in that class and, conversely, if for every
frame that does not belong to that class there is a theorem of the logic which
is falsi�ed in a model based on that frame.
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Our purpose is to model how the factual beliefs of an individual change
over time in response to factual information. Thus the axioms we introduce
are restricted to Boolean formulas, which are formulas that do not contain any
modal operators. That is, Boolean formulas are de�ned recursively as follows:
(1) every atomic proposition is a Boolean formula, and (2) if � and  are Boolean
formulas then so are :� and (� _  ). As the following proposition shows, the
truth value of a Boolean formula does not change over time: it is only a function
of the state.

Proposition 1 Let � be a Boolean formula. Fix an arbitrary model and suppose
that (!; t) � �. Then, for every t0 2 T , (!; t0) � �.

We now turn to axioms of increasing strength that express the notion of
minimal change of beliefs.

The �rst axiom says that if � and  are facts (Boolean formulas) and -
currently - the agent believes that � and also believes that  and his belief that
� is non-trivial (in the sense that he considers � possible) then - at every next
instant - if he is informed that � it will still be the case that he believes that
 . That is, if at a next instant he is informed of some fact that he currently
believes, then he cannot drop any of his current factual beliefs (�W�stands for
�Weak�and �ND�for �No Drop�): if � and  are Boolean,

(B� ^ :B:� ^B )!(I�! B ): (WND)

The second axiom says that if � and  are facts (Boolean formulas) and
- currently - the agent believes that � and does not believe that  , then - at
every next instant - if he is informed that � it will still be the case that he does
not believe that  . That is, at any next instant at which he is informed of some
fact that he believes now he cannot add a factual belief that he does not have
now (�NA�stands for �No Add�): if � and  are Boolean,

(B� ^ :B )!(I�! :B ): (WNA)

Thus, by (WND), no belief can be dropped and, by (WNA), no belief can
be added, at any next instant at which the individual is informed of a fact that
he currently believes.

Let L1 = L0 +WND +WNA, that is, L1 is the logic obtained by adding
axioms (WND) and (WNA) to L0:

Proposition 2 Logic L1 is characterized by the class of belief revision frames
that satisfy the following property:
8t1; t2 2 T , 8! 2 
, if t1 � t2 and Bt1(!) � It2(!) then Bt2(!) = Bt1(!).

Logic L1 captures a weak notion of minimal change of beliefs in that it
requires the agent not to change his beliefs if he is informed of some fact that he
already believes. This requirement is expressed directly in the following axiom
(WNC stand for �Weak No Change�): if � and  are Boolean formulas,
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(I� ^ ��1(B� ^ :B:�))! (B $ ��1B ) (WNC)

WNC says that if the agent is informed of a fact that he non-trivially believed
in the immediately preceding past, then he now believes any fact if and only if
he believed it then.

Proposition 3 WNC is a theorem of L1.

We now consider a stronger logic than L1. The following axiom strengthens
(WND) by requiring the individual not to drop any of his current factual beliefs
at any next instant at which he is informed of some fact that he considers
possible (without necessarily believing it: the condition B� in the antecedent
of (WND) is eliminated): if � and  are Boolean,

(:B:� ^B )!(I�! B ): (ND)

The corresponding strengthening of (WNA) requires that if the individual
considers it possible that (�^: ) then at any next instant where he is informed
that � he does not believe that  : if � and  are Boolean,

:B:(� ^ : )!(I�! :B ): (NA)

The following axiom says that if the agent considers a fact � possible, then
he will believe � at any next instant at which he is informed that � (�QA�stands
for �Quali�ed Acceptance�): if � is Boolean,

:B:�!(I�! B�) (QA)

Let L2 = L0 +ND +NA+QA:

Remark 4 Logic L2 contains (is a strenghtening of) L1. In fact, WND is a
theorem of logic L0 +ND and WNA is a theorem of L0 +NA

Proposition 5 Logic L2 is characterized by the class of belief revision frames
that satisfy the following property:
8t1; t2 2 T , 8! 2 
, if t1 � t2 and Bt1(!) \ It2(!) 6= ; then
Bt2(!) = Bt1(!) \ It2(!):

We argued in an earlier paper [3] that the above property captures the
qualitative content of Bayes�rule. We call the property stated in Proposition 5
Qualitative Bayes Rule.

A stronger logic than L2 is obtained by replacing axiom QA with the follow-
ing axiom, which requires factual information to be believed (�Acc�stands for
�Acceptance�): if � is Boolean,

I�! B�: (Acc)
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We also add the following axiom which says that if the individual receives
consistent information then his beliefs are consistent, in the sense that he does
not simultaneously believe a formula and its negation (�WC�stands for �Weak
Consistency�): if � is a Boolean formula,

(I� ^ :A:�)! (B ! :B: ): (WC)

The next two propositions deal with the relationship between our approach and
the AGM theory of belief revision (see [1]).

Let L3 = L0 +ND +NA+Acc+WC: Clearly logic L3 contains logic L2:

De�nition 6 An L3-frame is a temporal belief revision frame that satis�es the
following properties:
(1) the Qualitative Bayes Rule,
(2) 8! 2 
, 8t 2 T , Bt(!) � It(!),
(3) 8! 2 
, 8t 2 T , if It(!) 6= ? then Bt(!) 6= ?.

An L3-model is a model based on an L3-frame.

Proposition 7 Logic L3 provides an axiomatization of the �rst six axioms (the
so-called basic axioms) of the AGM theory of belief revision in the sense that
both (A) and (B) below hold:

(A) Fix an arbitrary L3-model and let t1; t2 2 T and � 2 
 be such that
t1 � t2 and (�; t2) j= I�, with � 2 �B (where �B � � denotes the subset of
Boolean formulas). De�ne

K =
�
 2 �B : (�; t1) j= B 

	
and

K�
� =

�
 2 �B : (�; t2) j= B 

	
.

Then K�
� satis�es AGM postulates (K*1)-(K*6).

(B) Let K � �B be a consistent and deductively closed set and � 2 �B.
If K�

� � �B satis�es AGM postulates (K*1)-(K*6) then there is an L3-model,
t1; t2 2 T and � 2 
 such that
(B.1) t1 � t2
(B.2) K =

�
 2 �B : (�; t1) j= B 

	
(B.3) (�; t2) j= I�
(B.4) K�

� =
�
 2 �B : (�; t2) j= B 

	
(B.5) if � is consistent then (�; t) j= � for some � 2 
 and t 2 T .

Finally, we strengthen L3 by adding the following two axioms, where, as
usual, �,  and � are Boolean formulas:

�(I(� ^  ) ^B�)! (I�! B((� ^  )! �)) (K7)

�(I� ^ :B:(� ^  ) ^B( ! �))!(I(� ^  )! B�): (K8)

Axiom (K7) says that if there is a next instant where the individual is
informed that � ^  and believes that �, then at every next instant it must
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be the case that if the individual is informed that � then he must believe that
(� ^  )! �.
Axiom (K8) says that if there is a next instant where the individual is

informed that �, considers (� ^  ) possible and believes that  ! �, then at
every next instant it must be the case that if the individual is informed that
� ^  then he believes that �.

Let L4 = L0 +ND+NA+Acc+K7 +K8: Clearly, logic L4 contains logic
L3.

Proposition 8 Logic L4 provides an axiomatization of the full set of AGM
postulates (K*1)-(K*8), in the sense that both (A) and (B) below hold:

(A) Fix an arbitrary L4-model and let t1; t2; t3 2 T and � 2 
 be such that
t1 � t2, t1 � t3, (�; t2) j= I� and (�; t3) j= I(� ^  ) with �;  2 �B. De�ne

K =
�
 2 �B : (�; t1) j= B 

	
,

K�
� =

�
 2 �B : (�; t2) j= B 

	
and

K�
�^ =

�
� 2 �B : (�; t3) j= B�

	
.

Then K�
� and K

�
�^ satisfy AGM postulates (K*1)-(K*8).

(B). Let K � �B be a consistent and deductively closed set and �;  2 �B.
If K�

�;K
�
�^ � �B satisfy AGM postulates (K*1)-(K*8) then there is an L4-

model, t1; t2; t3 2 T and � 2 
 such that
(B.1) t1 � t2
(B.2) K =

�
� 2 �B : (�; t1) j= B�

	
(B.3) (�; t2) j= I�
(B.4) K�

� =
�
� 2 �B : (�; t2) j= B�

	
(B.5) if � is consistent then (�; t) j= � for some � 2 
 and t 2 T
(B.6) t1 � t3
(B.7) (�; t3) j= I(� ^  )
(B.8) K�

�^ =
�
� 2 �B : (�; t3) j= B�

	
:

Further extensions of this logic will be explored in future work, in particular
extensions obtained by adding axioms that capture the notion of memory.

4 Conclusion

We proposed a temporal logic where information and beliefs are modeled ex-
plicitly by means of two modal operators I and B, respectively. This logic can
accommodate not only the AGM theory of belief revision but also iterated re-
vision, a topic that has received considerable attention in recent years (see, for
example, [8]). There are two advantages to modeling belief revision in a modal
framework: (1) one achieves a uniform treatment of static and dynamic beliefs,
thus providing a uni�ed theory of both, and (2) the approach allows one to
state properties of beliefs in a clear and transparent way by means of syntactic
axioms.
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Some of the ideas contained in this paper (in particular the modeling of
information by means of a non-normal modal operator) were �rst put forward
in [3]. The framework in that paper was di¤erent, however, since it was not
based on branching-time structures and only two dates were considered with two
associated belief operators, B0 (representing initial beliefs) and B1 (representing
revised beliefs). The main contribution of that paper was a soundness and
completeness result for the proposed logic with respect to the class of frames
that satisfy the Qualitative Bayes Rule.
For a detailed discussion of literature that is somewhat related to the general

approach discussed here, the reader is referred to [3].

A partial list of relevant references is given below. A more complete list is
given in the full paper.
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