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7KLV�YHUVLRQ� -XQH�����

$EVWUDFW

7KH�SXUSRVH�RI� WKLV�SDSHU� LV� WR�EULQJ� WR� WKH� DWWHQWLRQ�RI� HFRQRPLVWV� D� WRRO� RI� DQDO\VLV�

NQRZQ�DV�3HWUL�QHWV��ZKLFK�ZDV�GHYHORSHG�LQ�WKH�FRPSXWHU�VFLHQFH�OLWHUDWXUH��$OWKRXJK��IURP�D

SXUHO\� IRUPDO� SRLQW� RI� YLHZ�� 3HWUL� QHWV� DUH� QRW� D� QHZ� WRRO�� WKH\� GR� VHHP� WR� SURYLGH� D� QHZ

SHUVSHFWLYH�RQ�PRGHOV�RI�SURGXFWLRQ��)LUVW�RI�DOO��WKH�JUDSK�WKHRUHWLF�UHSUHVHQWDWLRQ�RI�3HWUL�QHWV

PDNHV�LW�SRVVLEOH�WR�VHH�WKLQJV�WKDW�ZRXOG�EH�KDUG�WR�GHWHFW�IURP�D�SXUHO\�DOJHEUDLF�IRUPXODWLRQ

RI� WKH� VDPH�SUREOHP��6HFRQGO\�� WKH� IRUPDO�GHILQLWLRQ�RI� D�3HWUL� QHW� DOORZV�RQH� WR� LQWURGXFH� D

ZHGJH� EHWZHHQ� WKH� QRWLRQV� RI� LQSXW� DQG� RXWSXW� �WR� D� SURGXFWLRQ� SURFHVV�� DQG� WKH� QRWLRQ� RI

FRPPRGLW\��$PRQJ�WKH�LQSXWV�WR��DQG�RXWSXWV�RI��D�SURGXFWLRQ�SURFHVV�RQH�FDQ�LQFOXGH�VWDWHV�RI

QDWXUH�� ORJLFDO� FRQGLWLRQV�� HWF�� 7KLV� HQDEOHV� XV� WR� VKRZ� WKDW� RQH� RI� WKH� DVVXPSWLRQV�ZKLFK� LV

XVXDOO\�FRQVLGHUHG�WR�EH�LQKHUHQW�WR�OLQHDU�PRGHOV�RI�SURGXFWLRQ��QDPHO\�WKH�DEVHQFH�RI�H[WHUQDO

HFRQRPLHV�DQG�GLVHFRQRPLHV�DPRQJ�SURFHVVHV��FDQ�EH�GLVSHQVHG�ZLWK��:H�DOVR�VKRZ�WKDW�3HWUL

QHWV�GR�QRW�UHTXLUH�DQRWKHU�DVVXPSWLRQ�QRUPDOO\�DVVRFLDWHG�ZLWK�DFWLYLW\�DQDO\VLV��QDPHO\�WKDW�RI

FRQVWDQW� UHWXUQV� WR� VFDOH�� )LQDOO\�� 3HWUL� QHWV� DOORZ� D� VLPSOH� DQDO\VLV� RI� WKH� SUREOHP� RI� ZKDW

FRPPRGLW\�YHFWRUV�FDQ�EH�REWDLQHG�IURP�D�JLYHQ�YHFWRU�RI�LQLWLDO�UHVRXUFHV�


� ,� DP� JUDWHIXO� WR� .DQDSDWKLSLOODL� 6DQMHHYDQ� IRU� LQWURGXFLQJ� PH� WR� WKH� FRPSXWHU� VFLHQFH

OLWHUDWXUH�UHIHUHQFHG�LQ�WKLV�SDSHU�DQG�WR�.ODXV�1HKULQJ��-RDTXLP�6LOYHVWUH��'RQ�7RSNLV�DQG

WZR�DQRQ\PRXV�UHIHUHHV�IRU�KHOSIXO�FRPPHQWV�DQG�VXJJHVWLRQV�
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7KH�SXUSRVH�RI�WKLV�SDSHU�LV�WR�EULQJ�WR�WKH�DWWHQWLRQ�RI�HFRQRPLVWV�D�WRRO�RI�DQDO\VLV��NQRZQ�DV

3HWUL�QHWV��ZKLFK�ZDV�GHYHORSHG�LQ�WKH�FRPSXWHU�VFLHQFH�OLWHUDWXUH��� :H�VKDOO�DWWHPSW�WR�GHPRQVWUDWH

WKDW�3HWUL�QHWV�FDQ�EH�D�XVHIXO�WRRO�IRU�PRGHOLQJ�SURGXFWLRQ��DW�DQ\�OHYHO��D�VLQJOH�ILUP��D�JURXS�RI�ILUPV�

WKH�HQWLUH�HFRQRP\���)URP�D�SXUHO\�IRUPDO�SRLQW�RI�YLHZ��3HWUL�QHWV�FDQQRW�EH�FRQVLGHUHG�D�QHZ�WRRO�

VLQFH� �DV�ZH�VKDOO� VHH� � WKH�QRWLRQ�RI�3HWUL�QHW� LV�HTXLYDOHQW� WR� WKH�QRWLRQ�RI�DQ� LQSXW�RXWSXW�V\VWHP

ZLWK� LQWHJHU� FRHIILFLHQWV� �IRU� D� GHILQLWLRQ� RI� LQSXW�RXWSXW� V\VWHP� VHH� $SSHQGL[� &�� � 7KXV� 3HWUL� QHWV

ZRXOG� IDOO� ZLWKLQ� WKH� FDWHJRU\� RI� � OLQHDU� SURGXFWLRQ�PRGHOV� RU� DFWLYLW\� DQDO\VLV�� +RZHYHU�� WKHUH� DUH

VHYHUDO� SRLQWV� RI� YLHZ� IURP� ZKLFK� 3HWUL� QHWV� PD\� EH� D� VXSHULRU� PRGHOLQJ� WRRO� WR� WUDGLWLRQDO� OLQHDU

SURGXFWLRQ�PRGHOV��)LUVW�RI�DOO��WKH�JUDSK�WKHRUHWLF�UHSUHVHQWDWLRQ�RI�3HWUL�QHWV�PDNHV�LW�SRVVLEOH�WR�VHH

WKLQJV� WKDW� ZRXOG� EH� KDUG� WR� GHWHFW� IURP� D� SXUHO\� DOJHEUDLF� IRUPXODWLRQ� RI� WKH� VDPH� SUREOHP� �WKH

H[DPSOH�RI�)LJXUH������6HFWLRQ����LV�DQ�LOOXVWUDWLRQ�RI�WKLV���6HFRQGO\��WKH�IRUPDO�GHILQLWLRQ�RI�D�3HWUL�QHW

DOORZV�RQH�WR�LQWURGXFH�D�ZHGJH�EHWZHHQ�WKH�QRWLRQV�RI�LQSXW�DQG�RXWSXW��WR�D�SURGXFWLRQ�SURFHVV��DQG

WKH�QRWLRQ�RI�FRPPRGLW\��$PRQJ�WKH�LQSXWV� WR��DQG�RXWSXWV�RI��D�SURGXFWLRQ�SURFHVV�RQH�FDQ� LQFOXGH

VWDWHV� RI� QDWXUH�� ORJLFDO� FRQGLWLRQV�� HWF�� 7KLV� ZLOO� HQDEOH� XV� WR� VKRZ� �6HFWLRQ� ��� WKDW� RQH� RI� WKH

DVVXPSWLRQV� ZKLFK� LV� XVXDOO\� FRQVLGHUHG� WR� EH� LQKHUHQW� WR� OLQHDU� PRGHOV� RI� SURGXFWLRQ�� QDPHO\� WKH

DEVHQFH�RI�H[WHUQDO�HFRQRPLHV�DQG�GLVHFRQRPLHV�DPRQJ�SURFHVVHV�� FDQ�EH�GLVSHQVHG�ZLWK��3HWUL� QHWV

FDQ�LQFRUSRUDWH�H[WHUQDO�HFRQRPLHV�DQG�GLVHFRQRPLHV��:H�DOVR�VKRZ��6HFWLRQ����WKDW�3HWUL�QHWV�GR�QRW

UHTXLUH�DQRWKHU�DVVXPSWLRQ�QRUPDOO\�DVVRFLDWHG�ZLWK�DFWLYLW\�DQDO\VLV��QDPHO\�WKDW�RI�FRQVWDQW�UHWXUQV�WR

VFDOH��)LQDOO\��3HWUL�QHWV�DOORZ�D�VLPSOH�DQDO\VLV�RI�D�SUREOHP�ZKLFK�VR�IDU�KDV�UHFHLYHG�OLWWOH�DWWHQWLRQ�LQ

JHQHUDO�LQSXW�RXWSXW�DQDO\VLV��QDPHO\�ZKDW�FRPPRGLW\�YHFWRUV�FDQ�EH�REWDLQHG�IURP�D�JLYHQ�YHFWRU�RI

LQLWLDO�UHVRXUFHV��WKH�VR�FDOOHG�UHDFKDELOLW\�DQG�FRYHUDELOLW\�SUREOHPV��

������������������������������������������������

� 7KH FRQFHSW RI 3HWUL QHW KDV LWV RULJLQ LQ 3HWUL©V ������ GLVVHUWDWLRQ� 0RVW RI WKH 3HWUL�QHW UHODWHG SDSHUV ZULWWHQ LQ

(QJOLVK EHIRUH ���� DUH OLVWHG LQ WKH DQQRWDWHG ELEOLRJUDSK\ RI 3HWHUVRQ ������� ZKLFK LV WKH ILUVW ERRN RQ WKH VXEMHFW� 0RUH

UHFHQW SDSHUV XS XQWLO ���� DUH DQQRWDWHG LQ WKH DSSHQGL[ RI 5HLVLJ ������� $ JRRG LQWURGXFWLRQ WR 3HWUL QHWV FDQ DOVR EH

IRXQG LQ 0XUDWD ������� 0RUH UHFHQW ERRNV RQ 3HWUL QHWV DUH 5HXWHQDXHU ������ DQG 5HLVLJ �������
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7KH�SDSHU�LV�RUJDQL]HG�DV�IROORZV��,Q�6HFWLRQV�����3HWUL�QHWV�DUH�LQWURGXFHG�DQG�ERWK�WKHLU�JUDSK�

WKHRUHWLF�DQG�DOJHEUDLF�UHSUHVHQWDWLRQV�DUH�LOOXVWUDWHG��7ZR�LPSRUWDQW�FRQFHSWV�DVVRFLDWHG�ZLWK�3HWUL�QHWV

�H[HFXWLRQ� DQG� UHDFKDELOLW\� � �DUH� H[SODLQHG� DQG� JLYHQ� DQ� HFRQRPLF� LQWHUSUHWDWLRQ�� ,Q� 6HFWLRQ� ��ZH

HODERUDWH� RQ� WKH� HFRQRPLF� LQWHUSUHWDWLRQ� RI� 3HWUL� QHWV� DQG� VKRZ� WKDW� WKH� DVVXPSWLRQ� RI� DEVHQFH� RI

H[WHUQDO�HFRQRPLHV�DQG�GLVHFRQRPLHV�DPRQJ�SURFHVVHV�DQG�WKH�DVVXPSWLRQ�RI�FRQVWDQW�UHWXUQV�WR�VFDOH

DUH��QRW�LQKHUHQW�WR�3HWUL�QHWV��,Q�6HFWLRQ����WKH�SURGXFWLRQ�SRVVLELOLWLHV�DVVRFLDWHG�ZLWK�D�3HWUL�QHW�PRGHO

RI� SURGXFWLRQ� ZLWK� VSHFLILHG� LQLWLDO� UHVRXUFHV� DUH� GLVFXVVHG�� )LQDOO\�� LQ� 6HFWLRQ� �� WKH� QRWLRQ� RI

FRPPRGLW\� ¦DXJPHQWDELOLW\§� RU� ¦SURGXFLELOLW\§� LV� LQWURGXFHG� DQG� D� VLPSOH� WHVW� IRU� DXJPHQWDELOLW\� LV

SURYHG��7KHUH�DUH�DOVR�WKUHH�DSSHQGLFHV�ZKHUH�VRPH�RI�WKH�LVVXHV�DUH�GHDOW�ZLWK�LQ�JUHDWHU�GHWDLO��VXFK�DV

WKH� GHILQLWLRQ� RI� UHWXUQV� WR� VFDOH� DSSURSULDWH� WR� D�PRGHO�ZLWK� LQWHJHU� FRQVWUDLQWV� DQG� WKH� UHODWLRQVKLS

EHWZHHQ�3HWUL�QHWV�DQG�DFWLYLW\�DQDO\VLV�RU�LQSXW�RXWSXW�V\VWHPV�

���3HWUL�QHWV��JUDSK�WKHRUHWLF�UHSUHVHQWDWLRQ�DQG

HFRQRPLF�LQWHUSUHWDWLRQ

'(),1,7,21�������$�3HWUL�QHW�LV�D�TXDGUXSOH�n3��7��$��Qo��ZKHUH
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DQG�RQO\�LI�D�$��LI��D�$��ZH�FDOO�Q�D��WKH�PXOWLSOLFLW\�RI�DUF�D�
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*UDSKLFDOO\��HDFK�SODFH�S
L
�LV�UHSUHVHQWHG�E\�D�FLUFOH�DQG�HDFK�WUDQVLWLRQ�W

M
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D�UHFWDQJOH��:H�GUDZ�DQ�DUURZ�IURP�S
L
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M
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��$��1H[W�WR�HDFK�DUURZ�ZH�ZULWH�WKH�PXOWLSOLFLW\�RI�WKH�FRUUHVSRQGLQJ

DUF�

)RU�LQVWDQFH��WKH�3HWUL�QHW�RI�([DPSOH�����FDQ�EH�UHSUHVHQWHG�DV�VKRZQ�LQ�)LJXUH�����
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(&2120,&� ,17(535(7$7,21�� 7KH� PRVW� REYLRXV� HFRQRPLF� LQWHUSUHWDWLRQ� RI� 3HWUL

QHWV� LV� DV� IROORZV�� HDFK� WUDQVLWLRQ� UHSUHVHQWV� D�SURGXFWLRQ� SURFHVV� DQG� HDFK� SODFH� UHSUHVHQWV� D

FRPPRGLW\��$FFRUGLQJ� WR� WKLV� LQWHUSUHWDWLRQ�� WUDQVLWLRQ� W
�
� LQ�)LJXUH� ���� UHSUHVHQWV� D� SURGXFWLRQ

SURFHVV�WKDW�UHTXLUHV���XQLW�RI�FRPPRGLW\�S
�
�DQG���XQLWV�RI�FRPPRGLW\�S

�
�WR�SURGXFH���XQLWV�RI

FRPPRGLW\�S
�
��ZKLOH�WUDQVLWLRQ�W

�
�UHSUHVHQWV�D�SURGXFWLRQ�SURFHVV�WKDW�XVHV���XQLWV�RI�FRPPRGLW\

S
�
�DV�LQSXW�DQG�GHOLYHUV���XQLWV�RI�FRPPRGLW\�S

�
�DV�RXWSXW�

:H� VKDOO� PDLQWDLQ� WKURXJKRXW� WKH� RULJLQDO� WHUPLQRORJ\� RI� 3HWUL� QHWV� DQG� LQGLFDWH

VHSDUDWHO\�WKH�VXJJHVWHG�LQWHUSUHWDWLRQ��7KHUH�DUH�WZR�UHDVRQV�ZK\�ZH�SUHIHU�QRW�WR�GHSDUW�IURP

WKH� RULJLQDO� WHUPLQRORJ\�� ���� LW� ZLOO� EH� HDVLHU� IRU� WKH� UHDGHU� WR� UHIHU� WR� WKH� FRPSXWHU� VFLHQFH

OLWHUDWXUH�RQ�WKH�VXEMHFW��DQG�����WKHUH�PD\�EH�RWKHU�XVHIXO�HFRQRPLF�LQWHUSUHWDWLRQV�RI�3HWUL�QHWV

EH\RQG�WKH�RQH�VXJJHVWHG�LQ�WKLV�SDSHU�
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'(),1,7,21�������$�PDUNLQJ�IRU�D�3HWUL�QHW�LV�D�IXQFWLRQ��P���3�o�£��WKXV�D�PDUNLQJ�FDQ

EH�WKRXJKW�RI�DV�D�YHFWRU�P�£Q��UHFDOO�WKDW�Q�LV�WKH�FDUGLQDOLW\�RI�WKH�VHW�3�RI�SODFHV����$�PDUNHG

3HWUL�QHW�LV�D�3HWUL�QHW�WRJHWKHU�ZLWK�DQ�LQLWLDO�PDUNLQJ��P�

*UDSKLFDOO\��ZH�FDQ� UHSUHVHQW�D�PDUNLQJ� LQ�RQH�RI� WZR�ZD\V�� LI� WKH�QXPEHUV�P
L
�{�P�S

L
�

�L  ������Q��DUH�VPDOO��ZH�GUDZ��LQVLGH�HDFK�SODFH�S
L
� P

L
�GRWV�����FDOOHG�WRNHQV��LI�WKH�QXPEHUV�DUH

ODUJH��ZH�ZULWH�WKH�QXPEHU�P
L
�LQVLGH�HDFK�SODFH�S

L
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(&2120,&�,17(535(7$7,21��$�PDUNLQJ�FDQ�EH�WKRXJKW�RI�DV�D�YHFWRU�RI�DYDLODEOH

UHVRXUFHV��7KXV�)LJXUH�����UHSUHVHQWV�D�VLWXDWLRQ�ZKHUH�WKH�UHVRXUFHV�WKDW�DUH�LQLWLDOO\�DYDLODEOH

DUH���XQLWV�RI�FRPPRGLW\�S
�
DQG���XQLWV�RI�FRPPRGLW\�S

�
�

���([HFXWLRQ�UXOHV�IRU�3HWUL�QHWV

'(),1,7,21������$�WUDQVLWLRQ�RI�D�PDUNHG�3HWUL�QHW��LV�HQDEOHG�DW�PDUNLQJ�P�LI�HDFK�RI

LWV� LQSXW� SODFHV� KDV� DW� OHDVW� DV�PDQ\� WRNHQV� LQ� LW� DV� WKH�PXOWLSOLFLW\� RI� WKH� DUF� IURP� LW� WR� WKH

WUDQVLWLRQ��7KDW�LV��WUDQVLWLRQ�W
M
�LV�HQDEOHG�DW�P�LI

�S
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�W
M
��$�������P�S

L
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)RU� H[DPSOH�� LQ� WKH�PDUNHG�3HWUL� QHW� RI� )LJXUH� ����� ERWK� WUDQVLWLRQV� DUH� HQDEOHG� �VLQFH
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,Q� WKH� HFRQRPLF� LQWHUSUHWDWLRQ� VXJJHVWHG� DERYH�� WR� VD\� WKDW� WUDQVLWLRQ� W
M
� LV� HQDEOHG� DW

PDUNLQJ�P� LV� WR�VD\�WKDW� WKH�SURGXFWLRQ�SURFHVV�UHSUHVHQWHG�E\�W
M
�FDQ�EH�DFWLYDWHG��RU�RSHUDWHG�

JLYHQ� WKH� DYDLODEOH� UHVRXUFHV��7KXV� LQ� WKH� H[DPSOH� RI� )LJXUH� ���� SURGXFWLRQ� SURFHVV� W
�
� FDQ� EH

DFWLYDWHG�� VLQFH� LW� UHTXLUHV�� IRU� LWV�RSHUDWLRQ����XQLWV�RI�FRPPRGLW\�S
�
�� DQG� �DW� OHDVW����XQLWV�RI

FRPPRGLW\�S
�
�DUH� LQGHHG�DYDLODEOH��6LPLODUO\��SURGXFWLRQ�SURFHVV� W

�
�FDQ�EH�DFWLYDWHG��JLYHQ�WKH

DYDLODEOH�UHVRXUFHV�

'(),1,7,21� ����� � $� WUDQVLWLRQ� FDQ� ILUH� DW� P� RQO\� LI� LW� LV� HQDEOHG�� :KHQ� DQ� HQDEOHG

WUDQVLWLRQ�W
M
�ILUHV��Q�S

L
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��WRNHQV�DUH�UHPRYHG�IURP�HDFK�LQSXW�SODFH�S
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DGGHG�LQ�HDFK�RXWSXW�SODFH�S
L
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M
��7KXV�WKH�ILULQJ�RI�D� WUDQVLWLRQ�DW�PDUNLQJ�P��OHDGV� WR�D�QHZ

PDUNLQJ�Pc�GHILQHG�DV�IROORZV�>UHFDOO�WKDW�LI��S
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1RWH� WKDW�� VLQFH� RQO\� HQDEOHG� WUDQVLWLRQV�PD\� ILUH�� WKH� QXPEHU� RI� WRNHQV� LQ� HDFK� SODFH

DOZD\V�UHPDLQV�QRQ�QHJDWLYH�ZKHQ�D�WUDQVLWLRQ�LV�ILUHG��7UDQVLWLRQ�ILULQJV�FDQ�FRQWLQXH�DV�ORQJ�DV

WKHUH�LV�DW�OHDVW�RQH�HQDEOHG�WUDQVLWLRQ��:KHQ�WKHUH�DUH�QR�HQDEOHG�WUDQVLWLRQV��WKH�H[HFXWLRQ�KDOWV�

(;$03/(� � ����� &RQVLGHU� WKH� PDUNHG� 3HWUL� QHW� RI� )LJXUH� ����� )LULQJ� WUDQVLWLRQ� W
�

�RSHUDWLQJ�SURGXFWLRQ�SURFHVV�W
�
��OHDGV�WR�WKH�PDUNHG�3HWUL�QHW�RI�)LJXUH�����
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,Q� WKH� PDUNHG� 3HWUL� QHW� RI� )LJXUH� ����� DJDLQ� ERWK� WUDQVLWLRQV� DUH� HQDEOHG�� )LULQJ� WUDQVLWLRQ� W
�

�RSHUDWLQJ�SURGXFWLRQ�SURFHVV�W
�
�DJDLQ��OHDGV�WR�WKH�PDUNHG�3HWUL�QHW�RI�)LJXUH�����
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,Q� WKH� PDUNHG� 3HWUL� QHW� RI� )LJXUH� ���� QRQH� RI� WKH� WUDQVLWLRQV� LV� HQDEOHG�� ZH� KDYH� UHDFKHG� D

GHDGORFN�� 7KXV� LI� )LJXUH� ���� UHSUHVHQWV� DQ� HFRQRP\� DW� D� JLYHQ� LQVWDQW� LQ� WLPH�� RSHUDWLQJ� RQO\

SURGXFWLRQ� SURFHVV� W
�
� OHDGV� WR� D� VLWXDWLRQ� ZKHUH� FRPPRGLW\� S

�
� LV� GHSOHWHG� DQG� QR� PRUH

SURGXFWLRQ�FDQ�WDNH�SODFH��LQ�WKLV�H[DPSOH�D�GHDGORFN�FDQ�EH�DYRLGHG�E\�D�VXLWDEOH�DFWLYDWLRQ�RI
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SURGXFWLRQ�SURFHVV�W
�
���,Q�WKH�QH[W�VHFWLRQ�ZH�VKRZ�KRZ�WR�UHSUHVHQW�WKH�SURGXFWLRQ�SRVVLELOLWLHV

WKDW�DUH�DVVRFLDWHG�ZLWK�D�JLYHQ�PDUNHG�3HWUL�QHW�

����7KH�UHDFKDELOLW\�GLJUDSK�RI�D�3HWUL�QHW

*LYHQ�D�3HWUL�QHW�n3��7��$��Qo�� WKH�DVVRFLDWHG�UHDFKDELOLW\�GLJUDSK� LV� WKH�IROORZLQJ�DUF�

ODEHOHG�LQILQLWH�GLJUDSK��7KH�VHW�RI�YHUWLFHV�LV�£
Q
��WKH�VHW�RI�SRVVLEOH�PDUNLQJV�IRU�WKH�3HWUL�QHW��

*LYHQ�WZR�PDUNLQJV�P�DQG�Pc�LQ�£
Q
��WKHUH�LV�D�GLUHFWHG�DUF�IURP�P�WR�Pc�LI�DQG�RQO\�LI�WKHUH�LV�D�VHW

6� � ^ ����� `W WM M
U�

� RI� WUDQVLWLRQV� DOO� RI�ZKLFK� DUH� HQDEOHG� DW�P� DQG�ZKRVH� VLPXOWDQHRXV� ILULQJ� LV

SRVVLEOH�DQG�OHDGV�IURP�P�WR�Pc��)RU�HYHU\�VXFK�VHW�6�RI�WUDQVLWLRQV�ZH�GUDZ�DQ�DUF�IURP�P��WR�Pc

�DQG�ODEHO�LW�ZLWK�6�

(;$03/(� ����� &RQVLGHU� WKH� 3HWUL� QHW� RI� )LJXUH� ����� )LJXUH� ���� VKRZV� SDUW� RI� LWV

UHDFKDELOLW\� GLJUDSK�� 7KH� SDWK� �������� W
�
�� ������� W

�
�� ������� LV� WKH� RQH� LOOXVWUDWHG� DERYH� LQ� WKH

VHTXHQFH�RI�)LJXUHV����������DQG������1RWH�WKDW�ERWK�WUDQVLWLRQV�W
�
�DQG�W

�
�DUH�HQDEOHG�DW�PDUNLQJ

������DQG�DOVR�DW�PDUNLQJ��������+RZHYHU�� WKH�VLPXOWDQHRXV� ILULQJ�RI� WKH�WZR�WUDQVLWLRQV�LV�RQO\

SRVVLEOH�DW�������DQG�QRW�DW��������ILULQJ�ERWK�W
�
�DQG�W

�
�DW�WKH�VDPH�WLPH�UHTXLUHV�DW�OHDVW���XQLWV�RI

WKH�FRPPRGLW\�UHSUHVHQWHG�E\�SODFH�S
�
���7KXV�WKHUH�LV�QR�DUF�ODEHOHG�^W

�
�W
�
`�RXW�RI�QRGH���������

������������������������������������������������

� 7KXV� LQ JHQHUDO� HYHQ LI RQH FDQ JR IURP P WR Pc LQ WZR VWHSV� E\ ILULQJ WUDQVLWLRQV W
M
DQG W

N
�ZLWK

N z M� LQ DQ\ RUGHU� LW PD\ QRW EH SRVVLEOH WR JR GLUHFWO\ IURP P WR Pc E\ ILULQJ W
M
DQG W

N
VLPXOWDQHRXVO\� 7KH

UHDVRQ � DV SRLQWHG RXW DERYH � LV WKDW� DOWKRXJK ERWK W
M
DQG W

N
DUH HQDEOHG DW P �VR WKDW HDFK FDQ EH ILUHG

LQ LVRODWLRQ�� WKHUH PD\ QRW EH HQRXJK UHVRXUFHV WR ILUH ERWK DW WKH VDPH WLPH�
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'(),1,7,21������ �$�PDUNLQJ�Pc�LV�UHDFKDEOH� IURP�P� LI�HLWKHU�Pc� �P�RU� WKHUH� LV�D�SDWK

IURP�P�WR�Pc�LQ�WKH�UHDFKDELOLW\�GLJUDSK��7KH�UHDFKDELOLW\�VHW�RI�D�PDUNLQJ�P��GHQRWHG�E\�5�P���LV

WKH�VHW�RI�PDUNLQJV�WKDW�DUH�UHDFKDEOH�IURP�P��

$FFRUGLQJ� WR� WKH� HFRQRPLF� LQWHUSUHWDWLRQ� VXJJHVWHG� DERYH�� WKH� UHDFKDELOLW\� VHW� 5�P�

UHSUHVHQWV�WKH�SURGXFWLRQ�SRVVLELOLWLHV�DVVRFLDWHG�ZLWK�D�JLYHQ�YHFWRU�P�RI�LQLWLDO�UHVRXUFHV��WKDW

LV��DOO�WKH�FRPPRGLW\�YHFWRUV�LQWR�ZKLFK�WKH�LQLWLDO�UHVRXUFHV�FDQ�EH�WUDQVIRUPHG���,Q�WKH�H[DPSOH

RI�)LJXUH������ZKHUH�WKH�LQLWLDO�UHVRXUFHV�DUH���XQLWV�RI�FRPPRGLW\�S
�
�DQG���XQLWV�RI�FRPPRGLW\
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S
�
�� LW� LV� SRVVLEOH�� IRU� LQVWDQFH�� WR� GRXEOH� WKH� TXDQWLW\� RI� FRPPRGLW\� S

�
� ZLWKRXW� UHGXFLQJ� WKH

TXDQWLW\�RI�FRPPRGLW\�S
�
��WKH�FRPPRGLW\�YHFWRU�������FDQ�EH�REWDLQHG�IURP�WKH�YHFWRU�RI�LQLWLDO

UHVRXUFHV�������>FI��)LJXUH����@�

7KH�UHDFKDELOLW\�VHW�RI�D�PDUNLQJ�P�FDQ�EH�REWDLQHG�IURP�WKH�UHDFKDELOLW\�GLJUDSK�RI�WKH

3HWUL�QHW�E\�FRQVLGHULQJ�LWV�PD[LPDO�VXEJUDSK�ZLWK�P�DV�VRXUFH��5�P��ZLOO�WKHQ�FRLQFLGH�ZLWK�WKH

YHUWH[�VHW�RI�WKLV�VXEJUDSK��)XUWKHUPRUH��WKH�VXEJUDSK�ZRXOG�DOVR�JLYH�FRPSOHWH�LQIRUPDWLRQ

FRQFHUQLQJ�DOO�WKH�SRVVLEOH�VHTXHQFHV�RI�WUDQVLWLRQ�ILULQJV�WKDW�OHDG�IURP�P�WR�DQ\�PDUNLQJ�Pc

UHDFKDEOH�IURP�P��8QIRUWXQDWHO\���WKLV�VXEJUDSK�PD\�EH�YHU\�ODUJH�DQG�LQ�PRVW�FDVHV�LV�LQILQLWH��$

PRUH�SUDFWLFDO�WRRO�IRU�DQDO\]LQJ�TXHVWLRQV�RI�UHDFKDELOLW\�ZLOO�EH�GLVFXVVHG�LQ�6HFWLRQ���

7KH�UHDFKDELOLW\�GLJUDSK�GRHV�QRW�SURYLGH�DQ\�LQIRUPDWLRQ�FRQFHUQLQJ�WLPH��ZKLFK�PD\

EH�DQ�LPSRUWDQW�LVVXH�LQ�PRGHOLQJ�SURGXFWLRQ��+RZHYHU��WKHUH�LV�D�VWUDLJKWIRUZDUG�ZD\�RI

PRGLI\LQJ�WKH�UHDFKDELOLW\�GLJUDSK�VR�DV�WR�UHSUHVHQW�WKH�DPRXQW�RI�WLPH�LQYROYHG�LQ�PRYLQJ

IURP�D�YHFWRU�RI�LQLWLDO�UHVRXUFHV�P�WR�D�QHZ�YHFWRU�Pc�5�P���/HW�W
M
�EH�WKH�QXPEHU�RI�XQLWV�RI�WLPH

UHTXLUHG�WR�RSHUDWH�WKH�SURGXFWLRQ�SURFHVV�UHSUHVHQWHG�E\�WUDQVLWLRQ�W
M
��*LYHQ�D�VHW��6� 

^ ����� `W WM M
U�

�RI�WUDQVLWLRQV��OHW��W
6
��EH�WKH�DPRXQW�RI�WLPH�WKDW�HODSVHV�LI�DOO�WKH�SURGXFWLRQ

SURFHVVHV�LQ�6�DUH�UXQ�VLPXOWDQHRXVO\��&OHDUO\��W
6
� �PD[^ ����� `W WM M

U�

��7KHQ�ZH�FDQ�H[WHQG�WKH

ODEHO�DVVRFLDWHG�ZLWK�DQ�DUF�LQ�WKH�UHDFKDELOLW\�GLJUDSK�E\�DGGLQJ�WKH�FRUUHVSRQGLQJ�DPRXQW�RI

WLPH�W
6
��)RU�H[DPSOH��FRQVLGHU�DJDLQ�WKH�PDUNHG�3HWUL�QHW�RI�)LJXUH�����DQG�VXSSRVH�WKDW�LW�WDNHV

��XQLW�RI�WLPH�WR�RSHUDWH�SURFHVV�W
�
�DQG���XQLWV�RI�WLPH�WR�RSHUDWH�SURFHVV�W

�
��WKDW�LV��W

�
� ���DQG�W

�

 �����+HQFH�LW�WDNHV���XQLWV�RI�WLPH�WR�RSHUDWH�WKH�WZR�SURFHVVHV�VLPXOWDQHRXVO\��,W�LV�WKHQ�HDV\�WR

VHH�IURP�)LJXUH�����WKDW�WKH�PLQLPXP�DPRXQW�RI�WLPH�LW�WDNHV�WR�WUDQVIRUP�������LQWR�������LV��

SHULRGV��DFKLHYHG�E\�IROORZLQJ�WKH�SDWK��������^W
�
�W
�
`�������^W

�
�W
�
`�������W

�
����������WKDW�LV��E\

UXQQLQJ�WKH�WZR�SURFHVVHV�VLPXOWDQHRXVO\�WZLFH�DQG�WKHQ�W
�
�RQO\�� �

������������������������������������������������

� ,Q JHQHUDO� KRZHYHU� WKH PLQLPXP DPRXQW RI WLPH UHTXLUHG WR JR IURP P WR Pc PD\ EH OHVV WKDQ

WKH VXP RI WKH WLPH ODEHOV DVVRFLDWHG ZLWK WKH DUFV WKDW IRUP WKH �UHOHYDQW� SDWK IURP P WR Pc� 7KLV LV
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����7KH�DOJHEUDLF�UHSUHVHQWDWLRQ�RI�3HWUL�QHWV

*LYHQ� D� 3HWUL� QHW� n3�� 7��$��Qo� ZLWK� Q� SODFHV� DQG�P� WUDQVLWLRQV�� WKH� DVVRFLDWHG� LQSXW

PDWUL[�LV�WKH��Q�u�P��PDWUL[�$� ��DLM � Q uP��ZKHUH�DLM� �Q�SL�WM���WKH�DVVRFLDWHG�RXWSXW�PDWUL[�LV�WKH

Q�u�P��PDWUL[�%� ��ELM � Q uP��ZKHUH�ELM� �Q�WM�SL����)RU�H[DPSOH��IRU�WKH�3HWUL�QHW�VKRZQ�LQ�)LJXUH

�����WKH�DVVRFLDWHG�LQSXW�PDWUL[�LV
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8VLQJ� WKH� LQSXW� DQG� RXWSXW�PDWULFHV�$� DQG�%�ZH� FDQ� UHFDVW� WKH� SUHYLRXV� GHILQLWLRQV� LQ

YHFWRU�DQG�PDWUL[� WHUPV��/HW� �H
M
���£

P
��EH�WKH�XQLW�YHFWRU�ZKRVH� MWK�FRPSRQHQW� LV���DQG�HYHU\

RWKHU�FRPSRQHQW� LV�]HUR��7UDQVLWLRQ� W
M
� LV� UHSUHVHQWHG�E\� WKH�XQLW�YHFWRU�H

M
��1RZ�� WUDQVLWLRQ� W

M
� LV

HQDEOHG�DW�PDUNLQJ�P�LI�DQG�RQO\�LI

P��t��$�H
M

DQG�WKH�UHVXOW�RI�ILULQJ�WUDQVLWLRQ�W
M
�DW�PDUNLQJ�P�LV�WKH�QHZ�PDUNLQJ�Pc�JLYHQ�E\

������������������������������������������������������������������������������������������������������������������������������������
EHFDXVH ZKHQ VRPH SURFHVVHV DUH UXQ VLPXOWDQHRXVO\ DQG RQH RI WKHP WDNHV OHVV WLPH WKDQ WKH RWKHUV� WKHQ LW

PD\ EH SRVVLEOH WR UHVWDUW WKLV SURFHVV �LI UHTXLUHG E\ WKH SDWK� ZKLOH WKH RWKHUV DUH VWLOO UXQQLQJ� 7KXV WKH

VXP RI WKH WLPH ODEHOV RQO\ JLYHV DQ XSSHU ERXQG WR WKH PLQLPXP WLPH UHTXLUHG�
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Pc�� ��P���$�H
M
����%�H

M
 ��P����%���$��H

M
�

2Q�WKH�RWKHU�KDQG��VWDUWLQJ�DW�PDUNLQJ�P�DQG�ILULQJ�WKH�VHTXHQFH�RI�WUDQVLWLRQV�V� �WM
�
WM
�
���WM

N
�OHDGV

WR�WKH�QHZ�PDUNLQJ��Pcc��JLYHQ�E\

Pcc�� ���P����%���$��H
M�
����%���$��H

M�
����������%���$��H

MN
��� ���P����%���$��g�V�

ZKHUH

g�V��� ��H
M�
���H

M�
���������H

MN
�

7KH�QRQ�QHJDWLYH�LQWHJHU�YHFWRU�g�V��LV�FDOOHG�WKH�ILULQJ�YHFWRU�RI�WKH�VHTXHQFH��V� �WM
�
WM
�
���WM

N
��7KH

MWK�FRPSRQHQW�RI�g�V��LV�WKH�QXPEHU�RI�WLPHV�WKDW�WUDQVLWLRQ�W
M
�ILUHV�LQ�WKH�VHTXHQFH�WM

�
WM
�
���WM

N
�

1RZ�� LI� PDUNLQJ�Pc� LV� UHDFKDEOH� IURP�PDUNLQJ�P�� WKHUH� H[LVWV� D� VHTXHQFH� V� �SRVVLEO\

HPSW\��RI�WUDQVLWLRQ�ILULQJV�WKDW�OHDGV�IURP�P� WR�Pc��7KLV�LPSOLHV�WKDW�g�V��LV�D�VROXWLRQ��LQ�QRQ�

QHJDWLYH�LQWHJHUV��IRU�[�LQ�WKH�IROORZLQJ�PDWUL[�HTXDWLRQ �

Pc�� ��P����%���$��[ �����

7KXV�� LI�Pc� LV� UHDFKDEOH� IURP�P�� WKHQ�(TXDWLRQ� ������KDV� D� VROXWLRQ� LQ�QRQ�QHJDWLYH� LQWHJHUV�� LI

(TXDWLRQ�������KDV�QR�VXFK�VROXWLRQ��WKHQ�Pc�LV�QRW�UHDFKDEOH�IURP�P���&RQVLGHU��IRU�H[DPSOH��WKH

3HWUL�QHW�VKRZQ�LQ�)LJXUH������ZKHUH�$  
§
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�DQG�� c  

§

©
¨
·

¹
¸P
�

�
�

7KHQ� (TXDWLRQ� ������ KDV� D� XQLTXH� VROXWLRQ� [  
�
§
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�

�
�� ZKLFK� LV� QRW� LQ� QRQ�QHJDWLYH� LQWHJHUV�

+HQFH�
�

�

§

©
¨
·

¹
¸ �LV�QRW�UHDFKDEOH�IURP�

�

�

§

©
¨
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¹
¸ ���LQ�IDFW��ZH�NQRZ�IURP�)LJXUH�����WKDW�WKH�ODWWHU�LV�D�GHDG�

������������������������������������������������

� (TXDWLRQ ��� FDQ DOVR EH ZULWWHQ DV Pc � P  �% �$�[� ZKHUH WKH OHIW�KDQG VLGH UHSUHVHQWV WKH

DGGLWLRQ WR WKH LQLWLDO UHVRXUFHV P �QHW RXWSXW�� 7KXV LW LV D JHQHUDOL]DWLRQ RI WKH ZHOO�NQRZQ /HRQWLHI

HTXDWLRQ� \  �, �$�[� 1RWH WKDW� XQOLNH LQ WKH /HRQWLHI FDVH� WKH PDWULFHV $ DQG % DUH QRW QHFHVVDULO\

VTXDUH DQG HDFK SURFHVV FDQ SURGXFH VHYHUDO RXWSXWV �WKDW LV� MRLQW SURGXFWLRQ LV DOORZHG��
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��7KHQ�(TXDWLRQ�������KDV� WKH�XQLTXH�VROXWLRQ
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��ZKLFK� FRUUHVSRQGV� WR� HLWKHU� WKH� ILULQJ� VHTXHQFH� � W

�
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�
W
�
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�
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�
W
�
RU� ^W

�
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�
`W

�
�� EXW� QR

RWKHU�VHTXHQFH �FI��)LJXUH������

1RWH� WKDW� WKH� H[LVWHQFH� RI� D� VROXWLRQ� LQ� QRQ�QHJDWLYH� LQWHJHUV� RI� (TXDWLRQ� ������ LV� D

QHFHVVDU\�EXW�QRW�VXIILFLHQW�FRQGLWLRQ�IRU�Pc��WR�EH�UHDFKDEOH�IURP�P��)RU�H[DPSOH��FRQVLGHU�DJDLQ

WKH� 3HWUL� QHW� VKRZQ� LQ� )LJXUH� ����� ZKHUH� $  
§
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��7KHQ�(TXDWLRQ�������KDV�WKH�VROXWLRQ� [  
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§
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¸ �LV�QRW�UHDFKDEOH�IURP

�

�

§

©
¨
·

¹
¸ ��VLQFH�WKH�ODWWHU�LV�D�GHDG�HQG��FI��)LJXUH������ �

:H� VDZ� DERYH� WKDW� ZLWK� D� 3HWUL� QHW� RQH� FDQ� DVVRFLDWH� D� SDLU� RI� QuP� �LQSXW�RXWSXW�

PDWULFHV� �$�%�� ZKRVH� HQWULHV� DUH� QRQ�QHJDWLYH� LQWHJHUV�� &RQYHUVHO\�� JLYHQ� D� SDLU� RI� QuP

PDWULFHV� �$�%��ZKRVH� HQWULHV� DUH�QRQ�QHJDWLYH� LQWHJHUV�RQH� FDQ� DVVRFLDWH�ZLWK� LW� D� 3HWUL� QHW� DV

IROORZV��$VVRFLDWH�RQH�SODFH�ZLWK�HDFK�URZ�RI�$�DQG�RQH�WUDQVLWLRQ�ZLWK�HDFK�FROXPQ�RI�$��'UDZ

DQ�DUF�IURP�SODFH�S
L
�WR�WUDQVLWLRQ�W

M
LI�DQG�RQO\�LI�D

LM
��WKH�HQWU\��LQ�WKH�LWK�URZ�DQG�MWK�FROXPQ�RI�$�

LV�SRVLWLYH�DQG�DVVLJQ�PXOWLSOLFLW\�D
LM
�WR�WKDW�DUF��)LQDOO\��GUDZ�DQ�DUF�IURP�WUDQVLWLRQ�W

M
WR�SODFH�S

L

LI�DQG�RQO\�LI�E
LM
��WKH�HQWU\��LQ�WKH�LWK�URZ�DQG�MWK�FROXPQ�RI�%��LV�SRVLWLYH�DQG�DVVLJQ�PXOWLSOLFLW\

E
LM
�WR�WKDW�DUF���7KXV�WKH�QRWLRQ�RI�3HWUL�QHW�LV�HTXLYDOHQW�WR�WKH�QRWLRQ�RI�D�SDLU�RI�QuP�PDWULFHV

������������������������������������������������

� ,W PD\ VHHP WKDW WKLV SUREOHP FDQ EH VROYHG DV IROORZV� )LUVW GHWHUPLQH LI (TXDWLRQ ����� KDV D

VROXWLRQ LQ QRQ�QHJDWLYH LQWHJHUV� ,I LW GRHV QRW� WKHQ Pc LV QRW UHDFKDEOH IURP P� 2WKHUZLVH� OHW [ EH D

VROXWLRQ LQ QRQ�QHJDWLYH LQWHJHUV� /HW N EH WKH VXP RI WKH FRPSRQHQWV RI [ �WKDW LV� N  [
�
� [

�
� ��� � [

P
��

&RQVLGHU WKH� DW PRVW N�� SRVVLEOH VHTXHQFHV RI WUDQVLWLRQ ILULQJV FRPSDWLEOH ZLWK [ �IRU H[DPSOH� LI [  

������ WKHQ DOO WKH SRVVLEOH ILULQJ VHTXHQFHV FRPSDWLEOH ZLWK [ DUH W
�
W
�
W
�
� W

�
W
�
W
�
DQG W

�
W
�
W
�
�� ,I �DW OHDVW� RQH RI

WKHP LV OHJDO� Pc LV UHDFKDEOH IURP P� 7KH SUREOHP ZLWK WKLV SURFHGXUH LV WKDW (TXDWLRQ ����� PLJKW KDYH

PRUH WKDQ RQH VROXWLRQ LQ QRQ�QHJDWLYH LQWHJHUV� HYHQ DQ LQILQLWH QXPEHU RI VROXWLRQV �IRU DQ H[DPSOH VHH

3HWHUVRQ� ����� S����� LQ WKDW H[DPSOH Q � P��
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�$�%��ZKRVH�HQWULHV�DUH�QRQ�QHJDWLYH� LQWHJHUV�� �7KH�JUDSK�WKHRUHWLF�GHILQLWLRQ�KDV� WKH�REYLRXV

DGYDQWDJHV� WKDW� FRPH� IURP� D� YLVXDO� UHSUHVHQWDWLRQ� RI� WKH� XQGHUO\LQJ� VWUXFWXUH�� � )RU� H[DPSOH�

FRQVLGHU� WKH� SUREOHP� RI� GHFLGLQJ� ZKHWKHU�� LQ� WKH� PDUNHG� 3HWUL� QHW� RI� )LJXUH� ���� �ZKHUH� WKH

PXOWLSOLFLW\�RI�HDFK�DUF�LV�����LW�LV�SRVVLEOH�WR�REWDLQ�DQ�DUELWUDULO\�ODUJH�QXPEHU�RI�WRNHQV�LQ�VRPH

RU�DOO�RI�WKH�SODFHV��DQG�LI�VR��KRZ�
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)URP�WKH�PDWUL[�UHSUHVHQWDWLRQ�WKH�DQVZHU�LV�QRW� LPPHGLDWHO\�REYLRXV��7KH�LQSXW�PDWUL[�$�DQG

WKH�RXWSXW�PDWUL[�%�RI�WKH�3HWUL�QHW�RI�)LJXUH�����DUH�DV�IROORZV�
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)URP� WKH� JUDSK�WKHRUHWLF� UHSUHVHQWDWLRQ�� KRZHYHU�� LW� LV� DSSDUHQW� WKDW� WKH� DQVZHU� LV� ¦<HV§� IRU

SODFH�S
�
��DOO�LV�QHHGHG�LV�WKDW�WKH�VHTXHQFH�W

�
W
�
�EH�ILUHG�D�VXIILFLHQWO\�ODUJH�QXPEHU�RI�WLPHV��DQG

¦1R§�IRU�WKH�RWKHU�WZR�SODFHV�

7KH�¦SURGXFLELOLW\§�SUREOHP� � �ZKHWKHU�RU�QRW�LW�LV�SRVVLEOH�WR�REWDLQ�DQ�DUELWUDULO\�ODUJH

QXPEHU�RI�WRNHQV�LQ�D�JLYHQ�SODFH��RU�VHW�RI�SODFHV��WKDW�LV��LI�LW� LV�SRVVLEOH�WR�LQFUHDVH��WKURXJK
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SURGXFWLRQ��WKH�TXDQWLW\�RI�D�FRPPRGLW\�RU�VHW�RI�FRPPRGLWLHV�� � �LV�DQ�LPSRUWDQW�RQH�DQG�ZLOO

EH�GHDOW�ZLWK�LQ�6HFWLRQ���

���3HWUL�QHWV��H[WHUQDOLWLHV�DQG�UHWXUQV�WR�VFDOH

:H�VXJJHVWHG�DQ�LQWHUSUHWDWLRQ�RI��3HWUL�QHWV�LQ�WHUPV�RI�WKH�SURGXFWLRQ�SRVVLELOLWLHV�RI�D

ILUP�� RU� JURXS� RI� ILUPV�� RU� WKH� HQWLUH� HFRQRP\�� HDFK� SODFH� UHSUHVHQWV� D� FRPPRGLW\� DQG� HDFK

WUDQVLWLRQ�UHSUHVHQWV�D�SURGXFWLRQ�SURFHVV��:LWK�WKLV�LQWHUSUHWDWLRQ�LQ�PLQG��RQH�PLJKW�EH�WHPSWHG

WR�FRQFOXGH�WKDW�D�3HWUL�QHW�LV�¦QRWKLQJ�PRUH�WKDQ�D�YRQ�1HXPDQQ�LQSXW�RXWSXW�V\VWHP�ZLWK�WKH

DGGHG�UHVWULFWLRQ�WKDW�WKH�HQWULHV�RI�WKH�LQSXW�DQG�RXWSXW�PDWULFHV�EH�LQWHJHUV§����7KH�UHODWLRQVKLS

EHWZHHQ�3HWUL�QHWV�DQG�LQSXW�RXWSXW�V\VWHPV�LV�H[DPLQHG�PRUH�WKRURXJKO\�LQ�$SSHQGL[�&��+HUH

ZH�VKDOO�KLJKOLJKW�WKH�IDFW�WKDW�WZR�DVVXPSWLRQV�WKDW�KDYH�EHHQ�LQKHUHQWO\�DVVRFLDWHG�ZLWK�OLQHDU

SURGXFWLRQ�PRGHOV���QDPHO\�WKH�DEVHQFH�RI�H[WHUQDOLWLHV�EHWZHHQ�SURFHVVHV�DQG�WKH�SUHVHQFH�RI

FRQVWDQW�UHWXUQV�WR�VFDOH����DUH�QRW�LPSOLHG�E\�WKH�QRWLRQ�RI�3HWUL�QHW��

:H�VKDOO�ILUVW�RI�DOO�VKRZ�WKDW�H[WHUQDOLWLHV�FDQ�EH�UHSUHVHQWHG�LQ�D�3HWUL�QHW��&RQVLGHU�WKH

IROORZLQJ�VLPSOH�H[DPSOH��7KHUH�DUH�WZR�ILUPV�QHDU�D�ODNH��2QH�ILUP�LV�DQ�RLO�UHILQHU\�WKDW�XVHV

RQH�XQLW�RI�RLO�WR�SURGXFH�RQH�XQLW�RI�JDVROLQH��3URGXFWLRQ�RI�JDVROLQH�OHDYHV�FKHPLFDO�ZDVWH�WKDW

WKH�ILUP�GLVFKDUJHV�LQ�WKH�ODNH��7KLV�FKHPLFDO�ZDVWH�LV�D�SROOXWDQW�WKDW�UHGXFHV�WKH�SRSXODWLRQ�RI

ILVK�LQ�WKH�ODNH��7KH�RWKHU�ILUP��D�ILVKHUPDQ��XVHV�D�ERDW�WR�ILVK��,I�WKH�ODNH�LV�QRW�SROOXWHG��WKH

ILVKHUPDQ�FDQ�ILVK�DQ�DYHUDJH�RI�����ILVK�LQ�RQH�WULS��,I�WKH�ODNH�LV�SROOXWHG��WKH�FDWFK�ZLOO�RQO\�EH

������������������������������������������������

� ,W LV DOVR ZRUWK QRWLQJ WKDW� LQ SULQFLSOH� WKHUH LV QR QHHG WR DVVXPH WKDW HYHU\ URZ RI % KDV DW

OHDVW RQH SRVLWLYH HQWU\ �WKLV DVVXPSWLRQ � ZKLFK LV RIWHQ PDGH LQ WKH FRQWH[W RI WKH YRQ 1HXPDQQ JURZWK

PRGHO � PHDQV WKDW HYHU\ FRPPRGLW\ LV SURGXFHG E\ DW OHDVW RQH SURFHVV�� VRPH RI WKH SODFHV RI WKH 3HWUL

QHW FRXOG UHSUHVHQW QRQ�SURGXFLEOH FRPPRGLWLHV �H�J� YDULRXV NLQGV RI ODERU�� $OVR LW LV PHDQLQJIXO WR KDYH

RQH RU PRUH FROXPQV RI % FRQVLVWLQJ HQWLUHO\ RI ]HURV� WKH FRUUHVSRQGLQJ WUDQVLWLRQV ZRXOG WKHQ UHSUHVHQW

GLVSRVDO SURFHVVHV�
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��� ILVK�SHU� WULS��7KLV� LV� D� FOHDU� H[DPSOH�RI� H[WHUQDO� GLVHFRQRPLHV�EHWZHHQ� WKH� WZR�SURGXFWLRQ

SURFHVVHV��6XSSRVH�WKDW��LQLWLDOO\��WKH�ODNH�LV�QRW�SROOXWHG�DQG�RLO�UHILQLQJ�KDV�QRW�VWDUWHG�\HW��)RU

VLPSOLFLW\�� ZH� VKDOO� DOVR� VXSSRVH� WKDW� WKH� VXSSO\� RI� RLO� LV� XQOLPLWHG�� 7KLV� VLWXDWLRQ� FDQ� EH

UHSUHVHQWHG�E\�WKH�PDUNHG�3HWUL�QHW�RI�)LJXUH������ZKHUH�WKH�SODFH�FRUUHVSRQGLQJ�WR�RLO�LV�PDUNHG

ZLWK� WKH� V\PERO� �f�� WR�GHQRWH� WKH�XQOLPLWHG� VXSSO\�RI� RLO�� IXUWKHUPRUH�� IRU� VLPSOLFLW\�� WKH� DUF

PXOWLSOLFLW\� KDV� EHHQ� RPLWWHG�ZKHQHYHU� LW� LV� HTXDO� WR� ���� 7KH� RQO\� UHVWULFWLRQ� WKDW�ZH� QHHG� WR

LPSRVH�LV�WKDW�LI��P
R
�LV�DQ�DUELWUDU\�LQLWLDO�PDUNLQJ��WKHQ

P
R
>S
�
@�����P

R
>S
�
@�� ���

H[SUHVVLQJ� WKH� IDFW� WKDW� WKH�FRQGLWLRQV�¦WKH� ODNH� LV�SROOXWHG§�DQG�¦WKH� ODNH� LV�QRW� SROOXWHG§� DUH

PXWXDOO\�H[FOXVLYH�DQG�HDFK�FRQGLWLRQ�FDQ�RQO\�EH�HLWKHU�WUXH��PDUNLQJ�RI����RU�IDOVH��PDUNLQJ�RI

��� ��$�QXPEHU�RI�WKLQJV�VKRXOG�EH�QRWHG�DERXW�WKH�3HWUL�QHW�RI�)LJXUH�����

����� $�SODFH�GRHV�QRW�QHFHVVDULO\�UHSUHVHQW�D�FRPPRGLW\��LI�E\�FRPPRGLW\�ZH�PHDQ�D�SK\VLFDO

HQWLW\�IRU�ZKLFK�WKHUH�LV�D�PDUNHW�RU�SULFH���7KXV�ZH�KDYH�QRW�RQO\�SODFHV�UHSUHVHQWLQJ�WKH

FRPPRGLWLHV�ERDWV��S
�
���ILVK��S

�
���RLO��S

�
��DQG�JDVROLQH��S

�
��EXW�DOVR�SODFHV�UHSUHVHQWLQJ�WKH

FRQGLWLRQ�� RU� VWDWH� RI� QDWXUH�� ¦WKH� ODNH� LV� SROOXWHG§� �S
�
�� DQG� WKH� FRQGLWLRQ� ¦WKH� ODNH� LV

XQSROOXWHG§��S
�
��

��� )LVKLQJ�GRHV�QRW�FUHDWH�SROOXWLRQ�DQG�� WKHUHIRUH�� LI� WKH�ODNH�LV�XQSROOXWHG�DQG�ILVKLQJ� WDNHV

SODFH�DW�WKH�KLJK�UDWH�RI�����ILVK�SHU�WULS��WKH�ODNH�UHPDLQV�XQSROOXWHG��S
�
�LV�ERWK�DQ�LQSXW�WR

DQG�DQ�RXWSXW�RI��W
�
��

������������������������������������������������

� 1RWH WKDW LI WKH LQLWLDO PDUNLQJ P
R
VDWLVILHV WKH DERYH FRQGLWLRQ� WKHQ HYHU\ PDUNLQJ UHDFKDEOH

IURP P
R
DOVR VDWLVILHV WKDW FRQGLWLRQ�
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ILVKLQJ ILVKLQJ
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��� 7KH�RLO�UHILQLQJ�SURFHVV�KDV�EHHQ�UHSUHVHQWHG�DV� WZR�VHSDUDWH�SURFHVVHV��RQH��WUDQVLWLRQ�W
�
�

XVLQJ�WKH�XQSROOXWHG�ODNH��DQG�WKH�RWKHU��WUDQVLWLRQ�W
�
��XVLQJ�WKH�SROOXWHG�ODNH��DV�LQSXW��7KH

IRUPHU�FDQ�EH�DFWLYDWHG�DW�PRVW�RQFH��DFWLYDWLQJ�W
�
�UHPRYHV�WKH�WRNHQ�LQ�S

�
�IRU�HYHU���$IWHU

WKDW��WKH�ODNH�EHFRPHV�SROOXWHG�DQG�ILVKLQJ�DW�WKH�KLJK�UDWH�RI�����ILVK�SHU�WULS��WUDQVLWLRQ�W
�
�

LV�QR�ORQJHU�SRVVLEOH�



��

���� )LVKLQJ� DW� WKH� ORZ� UDWH� RI� ��� ILVK� SHU� WULS� �WUDQVLWLRQ� W
�
�� DQG� UHILQLQJ� FDQ� FRH[LVW� IRU� HYHU

�UHIOHFWLQJ�WKH�VLPSOLI\LQJ�DVVXPSWLRQ�WKDW�WKH�DPRXQW�RI�SROOXWLRQ�LV�FRQVWDQW��IRU�H[DPSOH

EHFDXVH�RI�D�FRQVWDQW�LQIORZ�RI�FOHDQ�ZDWHU�LQWR�WKH�ODNH�DQG�D�FRQVWDQW�RXWIORZ�RI�SROOXWHG

ZDWHU��H�J��WKURXJK�D�ULYHU��

���� 7KH�ERDWV�KDYH�EHHQ�PRGHOHG�DV�DQ�LQILQLWHO\�OLYHG�FDSLWDO�JRRG��S
�
�LV�DQ�LQSXW�WR��DV�ZHOO�DV

DQ�RXWSXW�RI��ERWK�W
�
�DQG�W

�
��

7KLV� H[DPSOH� DOVR� VKRZV� WKDW� WKH� JUDSK�WKHRUHWLF� UHSUHVHQWDWLRQ� RI� 3HWUL� QHWV� FDQ� EH� D

YHU\�HIIHFWLYH�PRGHOLQJ�WRRO��:KLOH�LW�LV�YHU\�HDV\�WR�JUDVS�WKH�VLWXDWLRQ�GHSLFWHG�LQ�)LJXUH������LW

ZRXOG�EH�H[WUHPHO\�KDUG�WR�JDLQ�WKH�VDPH�XQGHUVWDQGLQJ�E\�PHUH�LQVSHFWLRQ�RI�WKH�FRUUHVSRQGLQJ

LQSXW�DQG�RXWSXW�PDWULFHV��ZKLFK�DUH�DV�IROORZV��$�LV�WKH�LQSXW�PDWUL[�DQG�%�WKH�RXWSXW�PDWUL[��

$ DQG % 
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%HIRUH�ZH�DGGUHVV�WKH�LVVXH�RI�UHWXUQV�WR�VFDOH��ZH�VKDOO�GLVFXVV�WKH�TXHVWLRQ�RI�ZKHWKHU

WKH�PDLQ�UHVWULFWLRQ�HPEHGGHG�LQ�WKH�QRWLRQ�RI�3HWUL�QHW���QDPHO\�WKDW�WKH�HQWULHV�RI�WKH�LQSXW�DQG

RXWSXW�PDWULFHV� DUH� �QRQ�QHJDWLYH�� LQWHJHUV���� LV� LQGHHG� D� UHVWULFWLRQ��:H� DUJXH� WKDW�� IURP� WKH

SRLQW� RI� YLHZ� RI� DSSOLFDWLRQV�� LW� LV� QRW�� )LUVW� RI� DOO�� �PDQ\� FRPPRGLWLHV� �H�J�� SLDQRV��ZDVKLQJ

PDFKLQHV��HWF���DUH�SURGXFHG�LQ�LQGLYLVLEOH�XQLWV�DQG�IRU�WKHP�WKH�LQWHJHU�FRQVWUDLQW�LV�DFWXDOO\�D

UHTXLUHPHQW� UDWKHU� WKDQ� D� UHVWULFWLRQ�� 2WKHU� FRPPRGLWLHV� �H�J�� PLON�� FUHDP� FKHHVH�� HWF��� DUH

SURGXFHG�LQ�GLYLVLEOH�XQLWV��+RZHYHU��IRU�SUDFWLFDO�UHDVRQV��IRU�HDFK�VXFK�FRPPRGLW\�WKHUH� LV�D

PLQLPXP� XQLW� RI� PHDVXUHPHQW� EHORZ� ZKLFK� QR� IXUWKHU� GLYLVLRQ� WDNHV� SODFH� �H�J�� IRU� FUHDP

FKHHVH�JUDPV�RU�RXQFHV���7DNLQJ�WKH�VPDOOHVW�SRVVLEOH��IURP�D�SUDFWLFDO�SRLQW�RI�YLHZ��XQLWV�RI
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PHDVXUHPHQW�IRU�HDFK�VXFK�FRPPRGLW\��WKH�LQWHJHU�FRQVWUDLQW�ZLOO�REYLRXVO\�EH�VDWLVILHG��,I�RQH

DFFHSWV�WKH�DERYH�DUJXPHQW�LQ�IDYRU�RI�LQWHJHU�FRQVWUDLQWV�� WKHQ�RQH�PXVW�DOVR�DFFHSW� WKDW�HDFK

SURGXFWLRQ�SURFHVV�PXVW�KDYH�D�PLQLPXP�VFDOH�RI�RSHUDWLRQ��ERXQGHG�EHORZ�E\�WKH�SURGXFWLRQ

RI�WKH�VPDOOHVW��SUDFWLFDOO\�PHDVXUDEOH��XQLW�RI�HDFK�RXWSXW�

:H�QRZ�VKRZ�WKDW�3HWUL�QHWV�FDQ�DOVR�PRGHO�VLWXDWLRQV�ZKHUH�WKHUH�DUH�LQFUHDVLQJ�UHWXUQV

WR�VFDOH���2I�FRXUVH�� WKLV� LV� WULYLDOO\� WUXH� LI�RQH� WDNHV� WKH�SRLQW�RI�YLHZ� WKDW� LQWHJHU�FRQVWUDLQWV

�WKDW�LV��LQGLYLVLELOLWLHV��DUH�WKH�HVVHQFH�RI�WKH�QRWLRQ�RI�LQFUHDVLQJ�UHWXUQV�WR�VFDOH��$FFRUGLQJ�WR

WKLV� SRLQW� RI� YLHZ� ��ZKLFK� LV� QRW� WKH� RQH� WDNHQ� KHUH� ��3HWUL� QHWV� FDQ� PRGHO� RQO\� LQFUHDVLQJ

UHWXUQV� WR� VFDOH�� :H� VKDOO� DGRSW� D� GHILQLWLRQ� RI� UHWXUQV� WR� VFDOH� ZKLFK� VHSDUDWHV� WKH� LQWHJHU

FRQVWUDLQW�SUREOHP�IURP�WKH�LVVXH�RI�ZKHWKHU�D�SURGXFWLRQ�SURFHVV�FDQ�EH�VFDOHG�XS�RU�GRZQ��)RU

D�GHWDLOHG�GLVFXVVLRQ�WKH�UHDGHU� LV�UHIHUUHG�WR�$SSHQGL[�$��,QWXLWLYHO\��FRQVWDQW�UHWXUQV� WR�VFDOH

PHDQV� WKDW� E\� GRXEOLQJ� DOO� WKH� LQSXWV� RQH� REWDLQV� H[DFWO\� GRXEOH� WKH� DPRXQW� RI� RXWSXW��ZKLOH

LQFUHDVLQJ�UHWXUQV� WR�VFDOH�PHDQV� WKDW�E\�GRXEOLQJ�DOO� WKH� LQSXWV�RQH�FDQ�PRUH� WKDQ�GRXEOH� WKH

RXWSXW��,I�D�SURGXFWLRQ�SURFHVV�LV�FKDUDFWHUL]HG�E\�FRQVWDQW�UHWXUQV�WR�VFDOH� �WKHQ���IRU�WKH�W\SH�RI

TXHVWLRQV�H[DPLQHG�LQ�WKLV�SDSHU��UHDFKDELOLW\��FRYHUDELOLW\��SURGXFLELOLW\��HWF�����LW� LV�VXIILFLHQW

WR�OLVW�WKH�PLQLPXP�VFDOH�LQWHQVLW\�RI�WKH�SURFHVV��VFDOLQJ�WKH�SURFHVV�XS�E\�D�IDFWRU�RI��Q�LV�WKH

VDPH�DV�ILULQJ�WKH�FRUUHVSRQGLQJ�WUDQVLWLRQ�Q�WLPHV��2Q�WKH�RWKHU�KDQG��LI�D�SURGXFWLRQ��SURFHVV�LV

FKDUDFWHUL]HG�E\�LQFUHDVLQJ�UHWXUQV�WR�VFDOH��WKHQ�LW�FDQ�EH�UHSUHVHQWHG�E\�D�QXPEHU�RI�GLIIHUHQW

WUDQVLWLRQV�� HDFK� UHSUHVHQWLQJ� D� PLQLPXP� VFDOH� RI� RSHUDWLRQ�� &RQVLGHU� WKH� IROORZLQJ� VLPSOH

������������������������������������������������

� :KDW DERXW GHFUHDVLQJ UHWXUQV WR VFDOH" )URP D ORJLFDO SRLQW RI YLHZ� WKH QRWLRQ RI GHFUHDVLQJ

UHWXUQV WR VFDOH GRHV QRW PDNH VHQVH� 7KH QRWLRQ RI GHFUHDVLQJ UHWXUQV WR D IDFWRU LV FHUWDLQO\ PHDQLQJIXO �LW

LV LOOXVWUDWHG LQ WKH FODVVLFDO SUREOHP RI WKH FRQWLQXDO DGGLWLRQ RI ODERU WR D IL[HG DPRXQW RI ODQG� VD\� RQH

DFUH�� 'HFUHDVLQJ UHWXUQV WR VFDOH� RQ WKH RWKHU KDQG� PHDQV WKDW GRXEOLQJ DOO WKH LQSXWV �LQ WKH SUHYLRXV

H[DPSOH� ODQG DV ZHOO DV ODERU� OHDGV WR OHVV WKDQ GRXEOH WKH DPRXQW RI RXWSXW� +RZHYHU� LI DOO WKH LQSXWV WR

D SURGXFWLRQ SURFHVV DUH OLVWHG� WKHQ UHSHWLWLRQ RU GXSOLFDWLRQ RI WKH SURFHVV PXVW \LHOG GRXEOH DPRXQW RI

HDFK RXWSXW� ,W LV JHQHUDOO\ DJUHHG WKDW ¦GHFUHDVLQJ UHWXUQV WR VFDOH UHTXLUH WKH SUHVHQFH RI DQ H[WUD LQSXW�

QRW OLVWHG LQ WKH DUJXPHQWV LQ WKH SURGXFWLRQ IXQFWLRQ� WKDW FDQQRW EH GXSOLFDWHG§ �6LOYHVWUH� ����� S� ���� ,Q

D 3HWUL QHW WKH DYDLODELOLW\ RI LQSXWV LV UHSUHVHQWHG E\ WKH QRWLRQ RI PDUNLQJ� ZKLFK LV LQGHSHQGHQW RI WKH

QRWLRQ RI WUDQVLWLRQ�
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H[DPSOH��LI�D�JURXS�RI�ILVKHUPHQ�XVH�RQH�ERDW��WKH\�FDQ�JHW��RQ�DYHUDJH������ILVK�SHU�WULS��ZKLOH�LI

WKH\�XVH�WZR�ERDWV��WKHLU�FDWFK�LV��RQ�DYHUDJH������ILVK�

ERDWV ILVKILVKLQJ

ILVKLQJ
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7KLV� VLWXDWLRQ� FDQ� EH� UHSUHVHQWHG� E\� WKH� 3HWUL� QHW� RI� )LJXUH� ����� ,I� WKH� LQLWLDO� PDUNLQJ� LV�� IRU

H[DPSOH��P>S
�
@� ���DQG�P>S

�
@� ����WKHQ�RQH�FDQ�HLWKHU�ILUH�WUDQVLWLRQ�W

�
WZLFH�RU�WUDQVLWLRQ�W

�
�RQFH�

,Q�WKH�ILUVW�FDVH�WKH�QHZ�PDUNLQJ�ZLOO�EH�����������LQ�WKH�VHFRQG�FDVH�LW�ZLOO�EH����������>QRWH�WKDW

WKH�3HWUL�QHW�RI�)LJXUH�����UHIOHFWV�WKH�DVVXPSWLRQ�WKDW�ERDWV�DUH�LQILQLWHO\�OLYHG�FDSLWDO�JRRGV@�

����3URGXFWLRQ�SRVVLELOLWLHV�DQG�WKH�.DUS�0LOOHU�WUHH

,Q�6HFWLRQ���ZH�GHILQHG��IRU�D�JLYHQ�3HWUL�QHW�ZLWK�LQLWLDO�PDUNLQJ��YHFWRU�RI�UHVRXUFHV��P�

WKH�UHDFKDELOLW\�VHW�5�P��DV�WKH�VHW�RI� WKRVH�PDUNLQJV��FRPPRGLW\�YHFWRUV�� WKDW�FDQ�EH�REWDLQHG

IURP�P�E\�VRPH�VHTXHQFH�RI�WUDQVLWLRQ�ILULQJV��RSHUDWLRQV�RI�SURGXFWLRQ�SURFHVVHV���:H�VDZ�WKDW

RQH�ZD\�RI�REWDLQLQJ�WKH�VHW�5�P��LV�E\�FRQVWUXFWLQJ�WKH�UHDFKDELOLW\�GLJUDSK��7KHUH�PD\�EH�FDVHV�

KRZHYHU�� ZKHUH� RQH� LV� LQWHUHVWHG� QRW� LQ� FRQVWUXFWLQJ� WKH� ZKROH� VHW� 5�P��� EXW� LQ� HVWDEOLVKLQJ

ZKHWKHU�RU�QRW�D�SDUWLFXODU�FRPPRGLW\�YHFWRU�Pc�EHORQJV�WR�WKLV�VHW��WKDW�LV��LV�UHDFKDEOH�IURP�WKH

LQLWLDO�YHFWRU�RI�UHVRXUFHV�P��7KLV�LV�WKH�VR�FDOOHG�UHDFKDELOLW\�SUREOHP��IRU�3HWUL�QHWV�

5($&+$%,/,7< 352%/(0��JLYHQ�DQ�LQLWLDO�PDUNLQJ�P�DQG�D�PDUNLQJ�Pc��LV�Pc�UHDFKDEOH�IURP�P"



��

0D\U� ������� VKRZHG� WKDW� LW� LV� GHFLGDEOH�ZKHWKHU� RU� QRW� D�PDUNLQJ�Pc� FDQ� EH� UHDFKHG� IURP�P�

+RZHYHU��WKH�FRUUHVSRQGLQJ�DOJRULWKP�LV�RI�H[SRQHQWLDO�FRPSOH[LW\��LQ�VWRUDJH�VSDFH�DQG�WLPH��

2Q� WKH� RWKHU� KDQG�� WKH� FRYHUDELOLW\� SUREOHP� FDQ� EH� GHFLGHG� ZLWK� D� PXFK� VLPSOHU� DOJRULWKP

�\LHOGLQJ�WKH�VR�FDOOHG�.DUS�0LOOHU�FRYHUDELOLW\�WUHH��

&29(5$%,/,7<�352%/(0��*LYHQ�DQ�LQLWLDO�PDUNLQJ�P�DQG�D�PDUNLQJ��Pc��GRHV�WKHUH�H[LVW�D

PDUNLQJ�Pcc��VXFK�WKDW�

��� Pcc�LV�UHDFKDEOH�IURP�P��DQG

��� Pcc�t�Pc "

.DUS� DQG�0LOOHU� ������� FRQVWUXFWHG� DQ� DOJRULWKP� WKDW� \LHOGV� WKH� VR�FDOOHG� FRYHUDELOLW\

WUHH��7KH�DLP�LV�WR�UHSODFH�WKH��XVXDOO\�LQILQLWH��UHDFKDELOLW\�GLJUDSK�ZLWK�D�ILQLWH�WUHH��$VVRFLDWHG

ZLWK�HDFK�QRGH�RI�WKH�WUHH�LV�DQ�H[WHQGHG�PDUNLQJ��5HFDOO�WKDW�D�PDUNLQJ�LV�D�SRLQW�LQ�£
Q
��ZKHUH�Q

LV�WKH�QXPEHU�RI�SODFHV���$Q�H[WHQGHG�PDUNLQJ�LV�D�SRLQW�LQ�WKH�VHW��£W ^f`�
Q

��7KH�V\PERO�f

VWDQGV�IRU�¦LQILQLW\§� �DQG�UHSUHVHQWV�D�QXPEHU�RI� WRNHQV� WKDW�FDQ�EH�PDGH�DUELWUDULO\� ODUJH��)RU

DQ\�LQWHJHU�N��ZH�GHILQH�

f���N�� ��f

f���N�� ��f

N�����f

f��d��f�

*LYHQ�DQ�LQLWLDO�PDUNLQJ�P
R
��ZH�DVVRFLDWH�P

R
�ZLWK�WKH�URRW�RI�WKH�WUHH��:H�WKHQ�SURFHHG�DV�LQ�WKH

UHDFKDELOLW\�GLJUDSK��H[FHSW�WKDW������ZH�FUHDWH�D�QHZ�QRGH�IRU�HYHU\�PDUNLQJ��WKLV�LV�D�QHFHVVDU\

FRQGLWLRQ�IRU�WKH�UHVXOW�WR�EH�D�WUHH�������ZH�LQWURGXFH�UXOHV�DLPHG�DW�PDNLQJ�HYHU\�SDWK�IURP�WKH

URRW�ILQLWH��7KXV�VWDUWLQJ�IURP�WKH�URRW�DQ\�SDWK�OHDGV�WR�D�WHUPLQDO�QRGH��2EYLRXV�WHUPLQDO�QRGHV

DUH�GHDG�HQGV� �WKDW� LV��PDUNLQJV�DW�ZKLFK�QR� WUDQVLWLRQ� LV� HQDEOHG��� RU� QRGHV�ZKRVH� DVVRFLDWHG
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PDUNLQJV� DUH� GXSOLFDWHV� RI�PDUNLQJV� SUHYLRXVO\� REWDLQHG�� 7KH� V\PERO�f� LV� XVHG� WR� REWDLQ� WKH

UHPDLQLQJ�WHUPLQDO�QRGHV��&RQVLGHU�D�VHTXHQFH�RI�WUDQVLWLRQ�ILULQJV�V�ZKLFK�VWDUWV�DW�D�PDUNLQJ�P

DQG�HQGV�DW�D�PDUNLQJ�Pc��ZLWK��Pc�t�P���Pc�z�P��WKXV��DW�OHDVW�RQH�FRPSRQHQW�RI�Pc�LV�JUHDWHU�WKDQ

WKH�FRUUHVSRQGLQJ�FRPSRQHQW�RI�P���&OHDUO\�� DOO� WKH� WUDQVLWLRQV� WKDW�ZHUH� HQDEOHG� DW�P� DUH� DOVR

HQDEOHG�DW�Pc��7KXV� WKH� VHTXHQFH�V� FDQ�EH� ILUHG� DJDLQ� VWDUWLQJ� IURP�Pc� DQG�ZLOO� OHDG� WR� D�QHZ

PDUNLQJ�Pcc� �Pc����Pc���P���>VLQFH�WKH�VHTXHQFH�V�DGGV�WKH�YHFWRU�RI�WRNHQV��Pc���P�@��,I�ZH�ILUH�V

Q�WLPHV��ZH�DGG�WKH�YHFWRU�RI�WRNHQV��Pc���P��Q�WLPHV��7KXV��IRU�WKRVH�SODFHV�ZKLFK�JDLQHG�WRNHQV

IURP�WKH�VHTXHQFH�V��ZH�FDQ�FUHDWH�DQ�DUELWUDULO\�ODUJH�QXPEHU�RI�WRNHQV�VLPSO\�E\�UHSHDWLQJ�WKH

VHTXHQFH� V� DV� RIWHQ� DV� GHVLUHG�� )RU� H[DPSOH�� LW� FDQ� EH� VHHQ� IURP� )LJXUH� ���� WKDW� ILULQJ� WKH

VHTXHQFH�V W
�
W
�
� IURP� D�PDUNLQJ� �[�\�� OHDGV� WR�PDUNLQJ� �[���\��� ILULQJ�V� IURP� ������ OHDGV� WR

�������ILULQJ�V�IURP�������OHDGV�WR��������HWF���:KHQ�ZH�REWDLQ�D�PDUNLQJ�Pc�t�P���Pc�z�P��ZH�FDQ

UHSODFH�Pc�ZLWK�DQ�H[WHQGHG�PDUNLQJ�ZKHUH�WKHUH�LV�WKH�V\PERO�f�LQ�SODFH�RI�WKRVH�FRPSRQHQWV�RI

Pc�WKDW�DUH�JUHDWHU�WKDQ�WKH�FRUUHVSRQGLQJ�FRPSRQHQWV�RI�P�

7KH�.DUS�0LOOHU�FRYHUDELOLW\� WUHH� LV�FRQVWUXFWHG�E\� WKH� IROORZLQJ�DOJRULWKP��ZKLFK�ZLOO

EH�LOOXVWUDWHG�LQ�)LJXUHV����������� �(YHU\�QRGH�Y�RI� WKH�WUHH�LV�DVVLJQHG�WZR�ODEHOV��DQ�H[WHQGHG

PDUNLQJ� P>Y@� DQG� WKH� ODEHO� O>Y@�^WHPSRUDU\�� LQWHULRU�� GXSOLFDWH�� GHDG�HQG�� LQILQLWH`�� 7KH

DOJRULWKP�WHUPLQDWHV�ZKHQ�WKHUH�DUH�QR�QRGHV�Y�VXFK�WKDW�O>Y@� �¦WHPSRUDU\§�

67(3� ��� � /HW� P
R
� EH� WKH� LQLWLDO� PDUNLQJ�� /DEHO� WKH� URRW� Y

R
� DV� IROORZV�� P>Y

R
@�  � P

R
�

O>Y
R
@� �¦WHPSRUDU\§�

67(3�����:KLOH�QRGHV�Y�VXFK�WKDW�O>Y@� �¦WHPSRUDU\§�H[LVW��GR�WKH�IROORZLQJ�

67(3�������6HOHFW�D�QRGH�Y�VXFK�WKDW�O>Y@� �¦WHPSRUDU\§�

67(3�������,I��P>Y@�LV�LGHQWLFDO�WR�P>Yc@�IRU�VRPH�QRGH�Yc�z�Y�ZLWK�O>Yc@�z�¦GXSOLFDWH§���VHW

O>Y@� �¦GXSOLFDWH§�

67(3�������,I�QR�WUDQVLWLRQ�LV�HQDEOHG�DW�P>Y@��VHW�O>Y@� �¦GHDG�HQG§�
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67(3�������,I��HDFK�FRRUGLQDWH�RI�P>Y@�LV�WKH�V\PERO�f��VHW��O>Y@� �¦LQILQLWH§�

67(3������:KLOH�WKHUH�H[LVW�HQDEOHG�WUDQVLWLRQV�DW�P>Y@��GR�WKH�IROORZLQJ�IRU�HDFK�HQDEOHG

WUDQVLWLRQ�DW�P>Y@�

67(3��������6HW�O>Y@� �¦LQWHULRU§��'UDZ�D�QHZ�YHUWH[�Z�DQG�DQ�DUF�IURP�Y�WR

Z�� /DEHO� WKH� DUF� ZLWK� WUDQVLWLRQ� W�� 2EWDLQ� WKH� PDUNLQJ� Pc�WKDW

UHVXOWV�IURP�ILULQJ�W�DW�P>Y@�

67(3� ������� ,I� RQ� WKH� SDWK� IURP� WKH� URRW� WR� Y� WKHUH� H[LVWV� D� QRGH

]� z�Y� VXFK� WKDW� Pc� t� P>]@� DQG� Pc� z� P>]@�� WKHQ� UHSODFH� HDFK

FRPSRQHQW� RI� Pc� ZKLFK� LV� JUHDWHU� WKDQ� WKH� FRUUHVSRQGLQJ

FRPSRQHQW�RI�P>]@�ZLWK�WKH�V\PERO�f�

67(3���������6HW�P>Z@� �Pc��DQG��O>Z@� �¦WHPSRUDU\§�

,W�FDQ�EH�VKRZQ�WKDW�WKH�.DUS�0LOOHU�DOJRULWKP�WHUPLQDWHV��DOO�QRGHV�DUH�ODEHOHG�DV�HLWKHU

LQWHULRU� RU� GXSOLFDWH� RU� GHDG�HQG� RU� LQILQLWH�� DQG� WKHUHIRUH� \LHOGV� D� ILQLWH� WUHH�� 7KXV� WKH

FRYHUDELOLW\�SUREOHP�LV�GHFLGDEOH�

(;$03/(�������&RQVLGHU�WKH�PDUNHG�3HWUL�QHW�RI�)LJXUH�������:LWK�WKH�DLG�RI�)LJXUH����

LW�LV�HDV\�WR�VHH�WKDW�WKH�.DUS�0LOOHU�DOJRULWKP�\LHOGV�WKH�FRYHUDELOLW\�WUHH�RI�)LJXUH������,Q�IDFW��DW

������ERWK�W
�
�DQG�W

�
�DUH�HQDEOHG��)LULQJ�W

�
�OHDGV�WR�������ZKLOH�ILULQJ�W

�
�OHDGV�WR��������$W�������WKH

RQO\�WUDQVLWLRQ�WKDW�LV�HQDEOHG�LV�W
�
��)LULQJ�W

�
�DW�������\LHOGV�������ZKLFK�LV�JUHDWHU�WKDQ��������WKH

LQLWLDO�PDUNLQJ���WKH�ILUVW�FRPSRQHQW�LV�JUHDWHU�ZKLOH�WKH�VHFRQG�LV�HTXDO��7KXV�ZH�UHSODFH���ZLWK

f�DQG�DWWDFK�ODEHO��f����WR�QRGH�Y
�
��*RLQJ�QRZ�WR�QRGH�Y

�
��DW�������ERWK�WUDQVLWLRQV�DUH�HQDEOHG�

)LULQJ�W
�
� OHDGV�WR�������ZKLFK�LV�D�GHDG�HQG��QR�WUDQVLWLRQ�LV�HQDEOHG���)LULQJ�W

�
� OHDGV�WR�������t

�������������z��������7KXV�ZH�UHSODFH���ZLWK�f�DQG�DWWDFK��f����WR�QRGH�Y
�
��:H�KDYH�REWDLQHG�D
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GXSOLFDWH�RI�QRGH�Y
�
��1RZ�JR�EDFN� WR�QRGH�Y

�
�� ERWK� WUDQVLWLRQV� DUH� HQDEOHG��)LULQJ� W

�
� OHDGV� WR

�f�� f������)LULQJ� W
�
� OHDGV� WR� �f�� f�� ���ZKLFK� LV� JUHDWHU� WKDQ� �f����� WKH� VHFRQG�FRPSRQHQW

EHLQJ�JUHDWHU��7KXV�ZH�UHSODFH���ZLWK�f�DQG�REWDLQ�WKH�ODEHO��f�f��IRU�QRGH�Y
�
��1RZ�ZH�JR�EDFN

WR�QRGH�Y
�
��ILULQJ�WUDQVLWLRQ�W

�
�OHDGV�WR��f�� f����ZKLFK�LV�D�GXSOLFDWH�RI�QRGH�Y

�
�

�����

����� �����

�f� ���f� ��

�f� ���f� ��

�f� ���f� ��

�f� f��f� f�
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GXSOLFDWH

�VDPH DV Y��

GHDG HQG

�QR WUDQVLWLRQ

HQDEOHG�

W
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W
W

WW

� �

�

�
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�

�f� ���f� ��

GXSOLFDWH

�VDPH DV Y��

W
�

Y
�

Y
R

Y
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Y
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Y
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Y
�

LQILQLWH

LQWHULRU

LQWHULRU

LQWHULRU

LQWHULRU

LQWHULRU

),*85(�����

(;$03/(� ����� � &RQVLGHU� WKH�PDUNHG� 3HWUL� QHW� RI� )LJXUH� ����� � 8VLQJ� WKH�.DUS�0LOOHU

DOJRULWKP�ZH�REWDLQ�WKH�WUHH�VKRZQ�LQ�)LJXUH�����
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)LULQJ W� DW ��������� OHDGV WR ���������� 7KLV
PDUNLQJ GLG QRW DSSHDU EHIRUH DQG LV QRW
JUHDWHU WKDQ RQH WKDW DSSHDUHG EHIRUH�

W

�

�

7KXV ODEHO Y� ZLWK ���������

���f�����

���f�����
���f�����

���f�����

GHDG HQG

GXSOLFDWH

)LULQJ W� DW ��������� JLYHV ��������� ZKLFK LV JUHDWHU

WKDQ WKH PDUNLQJ RI YR� WKH VHFRQG FRPSRQHQW LV

JUHDWHU� WKH RWKHU FRPSRQHQWV DUH HTXDO�

5HSODFH WKH VHFRQG FRPSRQHQW ZLWK LQILQLW\ DQG

DWWDFK WR Y� WKH ODEHO ���f�����

Y

Y

Y
Y

Y

Y

R

�

�

�
�

�

)LULQJ W� OHDGV WR

���f�� f�����

�QR WUDQVLWLRQ HQDEOHG KHUH�

�VDPH DV ODEHO RI QRGH Y��

W
�

W
�

W
�

LQWHULRU

LQWHULRU

LQWHULRU

LQWHULRU

),*85(�����
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$OWKRXJK�WKH�.DUS�0LOOHU�WUHH�DQVZHUV�WKH�FRYHUDELOLW\�TXHVWLRQ��WKH�XVH�RI�WKH�V\PERO�f

LQYROYHV�DQ�LPSRUWDQW�ORVV�RI�LQIRUPDWLRQ��)RU�H[DPSOH�

��� 7ZR�HVVHQWLDOO\�GLIIHUHQW�3HWUL�QHWV�PLJKW�KDYH�WKH�VDPH�FRYHUDELOLW\�WUHH��IRU�DQ

H[DPSOH�VHH�3HWHUVRQ��������S�������

��� (YHQ�LI�WKH�FRYHUDELOLW\�WUHH�KDV�QR�QRGHV�ODEHOHG�¦GHDG�HQG§��DQG�HYHQ�LI�WKHUH�LV

D�QRGH�ODEHOHG�¦LQILQLWH§��� WKH�QHW�PD\�GHDGORFN��&RQVLGHU�IRU�H[DPSOH�WKH�PDUNHG�3HWUL�QHW�RI

)LJXUH������ZKRVH�UHDFKDELOLW\�WUHH�LV�VKRZQ�LQ�)LJXUH�����
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7KH�IROORZLQJ�ILULQJ�VHTXHQFH�OHDGV�WR�D�GHDGORFN�

( , , ) ( , , ) ( , , ) ( , , ) ( , , )1 0 0 2 1 0 3 2 0 4 3 0 0 0 11 1 1 2t t t t
� o� � o� � o� � o��   deadloc

����$XJPHQWDEOH�FRPPRGLWLHV

*LYHQ�DQ�LQLWLDO�PDUNLQJ��LQWHUSUHWHG��HFRQRPLFDOO\��DV�D�YHFWRU�RI�LQLWLDO�UHVRXUFHV��LW�LV

HDV\�WR�FKHFN�LI�LW�LV�SRVVLEOH�WR�SURGXFH�DQ�DUELWUDULO\�ODUJH�QXPEHU�RI�XQLWV�RI�FRPPRGLW\�L�E\

VLPSOH�LQVSHFWLRQ�RI�WKH�FRUUHVSRQGLQJ�.DUS�0LOOHU�FRYHUDELOLW\�WUHH��LI�WKHUH�LV�D�QRGH�LQ�WKH�WUHH

ZKRVH�FRUUHVSRQGLQJ�H[WHQGHG�PDUNLQJ�KDV�WKH�V\PERO��f��DV�LWV�LWK�FRPSRQHQW��WKHQ�WKH�DQVZHU

LV� DIILUPDWLYH�� RWKHUZLVH� LW� LV� QHJDWLYH�� +RZHYHU�� RQH� FRXOG� DVN� WKH� VDPH� TXHVWLRQ� ZLWKRXW

UHIHUHQFH�WR�D�VSHFLILF�YHFWRU�RI�LQLWLDO�UHVRXUFHV��7KLV�PRWLYDWHV�WKH�IROORZLQJ�GHILQLWLRQ�

'(),1,7,21�� �&RPPRGLW\�L��UHSUHVHQWHG�E\�SODFH�S
L
�� LV�DXJPHQWDEOH� LI� WKHUH�H[LVWV�DQ

LQLWLDO�PDUNLQJ�P
R
VXFK�WKDW��IRU�HYHU\�SRVLWLYH�LQWHJHU�1��WKHUH�H[LVWV�D�PDUNLQJ�P�UHDFKDEOH�IURP

P
R
�ZKRVH�LWK��FRPSRQHQW�LV�JUHDWHU�WKDQ�RU�HTXDO�WR�1�

,Q�RWKHU�ZRUGV��FRPPRGLW\�L�LV�DXJPHQWDEOH�LI�WKHUH�LV�DW�OHDVW�RQH�LQLWLDO�PDUNLQJ�P
R
�ZLWK

WKH� SURSHUW\� WKDW�� LQ� WKH� DVVRFLDWHG� .DUS�0LOOHU� FRYHUDELOLW\� WUHH�� WKHUH� LV� D� QRGH� ZKRVH

FRUUHVSRQGLQJ�H[WHQGHG�PDUNLQJ�KDV�WKH�V\PERO��f��DV�LWV�LWK�FRPSRQHQW��:LWK�WKLV�LQWHUSUHWDWLRQ

LQ�PLQG�LW�LV�HDV\�WR�VHH�WKDW�WKH�IROORZLQJ�OHPPD�LV�WUXH�

/(00$��������&RQVLGHU�D�3HWUL�QHW�ZLWK�FRUUHVSRQGLQJ�LQSXW�PDWUL[�$�DQG�RXWSXW�PDWUL[

%��&RPPRGLW\�L�LV�DXJPHQWDEOH�LI�DQG�RQO\�LI�WKHUH�H[LVWV�DQ��[�£P�VXFK�WKDW

� �% $ [� ��t��H
L

&ZKHUH�H
L
�£Q LV�WKH�YHFWRU�ZKRVH�LWK FRPSRQHQW�LV���DQG�HYHU\�RWKHU�FRPSRQHQW�LV��'�
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7KH� IROORZLQJ� SURSRVLWLRQ� VKRZV� WKDW� RQH� FDQ� FKHFN� ZKHWKHU� RU� QRW� D� FRPPRGLW\� LV

DXJPHQWDEOH�E\�VROYLQJ�D�VLPSOH�OLQHDU�SURJUDP�ZLWKRXW�KDYLQJ�WR�LPSRVH�WKH�FRQVWUDLQW�WKDW�WKH

VROXWLRQ�EH�LQ�LQWHJHUV��WKDW�LV��QRW�DQ�LQWHJHU�SURJUDP���

352326,7,21��������&RQVLGHU�D�3HWUL�QHW�ZLWK�FRUUHVSRQGLQJ�QuP �LQSXW�PDWUL[�$�DQG

RXWSXW� PDWUL[� %�� )L[� DQ� DUELWUDU\� M�^��������P`� DQG� OHW� H
M
�£P� EH� WKH� XQLW� YHFWRU� ZKRVH� MWK

FRRUGLQDWH� LV� �� DQG� HYHU\� RWKHU� FRRUGLQDWH� LV� ��� 7KHQ�� IRU� HYHU\� L�  � ������Q�� FRPPRGLW\� L� LV

DXJPHQWDEOH� LI� DQG� RQO\� LI� WKH� IROORZLQJ� OLQHDU� SURJUDP� �QRWH�� QRW� LQWHJHU� SURJUDP�� KDV� D

VROXWLRQ�

PLQLPL]H��[�±�H
M

VXEMHFW�WR� �[�§
P

������%���$� [��º��H
L
����DQG����[t � �

ZKHUH�H
L
�£Q LV�WKH�LWK XQLW�YHFWRU�>QRWH�WKDW��[ ± H

M
�LV�WKH�MWK�FRRUGLQDWH�RI�[@�

3URRI��6HH�$SSHQGL[�%�

7KH�IROORZLQJ�OHPPD�DQG�SURSRVLWLRQ�DUH�WKH�GXDO�RI�/HPPD�����DQG�3URSRVLWLRQ������$

SURRI�FDQ�EH�IRXQG�LQ�$SSHQGL[�%�

/(00$������&RPPRGLW\�L�LV�QRW�DXJPHQWDEOH�LI�DQG�RQO\�LI�WKHUH�H[LVWV�D�\�£Q�VXFK WKDW

� �% $ \
7

� ��d��������DQG�����\�
L
�t��

ZKHUH�¨7©�GHQRWHV�WUDQVSRVH�DQG��\�
L
GHQRWHV�WKH�LWK�FRRUGLQDWH�RI�\�

352326,7,21������ �&RQVLGHU�D�3HWUL�QHW�ZLWK�FRUUHVSRQGLQJ�QuP � LQSXW�PDWUL[�$�DQG

RXWSXW� PDWUL[� %�� )L[� DQ� DUELWUDU\� N�^��������Q`� DQG� OHW� H
N
�£Q� EH� WKH� XQLW� YHFWRU� ZKRVH� NWK

������������������������������������������������

� 7KHUH GRHV QRW VHHP WR EH D FOHDU HFRQRPLF LQWHUSUHWDWLRQ RI 3URSRVLWLRQV ��� DQG ����
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FRRUGLQDWH� LV� ���7KHQ�� IRU� HYHU\� L�  � ������Q�� FRPPRGLW\� L� LV�QRW� DXJPHQWDEOH� LI� DQG� RQO\� LI� WKH

IROORZLQJ�OLQHDU�SURJUDP��QRWH��QRW�LQWHJHU�SURJUDP��KDV�D�VROXWLRQ�

PLQLPL]H��\�±�H
N

VXEMHFW�WR� \�§
Q

�����
� �$ %

H
\

7

L

�§

©
¨

·

¹
¸ ��º��

�

�

§

©
¨
·

¹
¸ ����DQG����\t � �

ZKHUH��H
L
�£Q LV�WKH�LWK XQLW�YHFWRU�DQG���£P�LV�WKH�YHFWRU�DOO�RI�ZKRVH�FRRUGLQDWHV�DUH���>QRWH

WKDW��\ ± H
N
�LV�WKH�NWK�FRRUGLQDWH�RI�\@�

���&RQFOXVLRQ

7KH�SXUSRVH�RI� WKLV�SDSHU�ZDV� WR�EULQJ� WR� WKH�DWWHQWLRQ�RI�HFRQRPLVWV�3HWUL� QHWV�� D� WRRO
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