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Zkhq zh pdnh d suhglfwlrq derxw wkh ixwxuh zh vhohfw/ dprqj wkh frqfhlydeoh ixwxuh
ghvfulswlrqv ri wkh zruog/ wkrvh wkdw dsshdu wr xv wr eh prvw sodxvleoh1 Wkxv wkh
frqfhsw ri suhglfwlrq lqyroyhv wkuhh qrwlrqv= +4, wlph +suhglfwlrqv duh derxw wkh
ixwxuh,/ +5, frqfhlydeoh ixwxuh vwdwhv ri wkh zruog dqg +6, d vhohfwlrq iurp wkh vhw ri
frqfhlydeoh vwdwhv ri wkrvh wkdw duh frqvlghuhg prvw sodxvleoh1 Zh sursrvh d v|vwhp
ri prgdo orjlf wkdw lqfrusrudwhv wkhvh wkuhh hohphqwv1 Wkh qrwlrq ri d pxowlsolflw| ri
srvvleoh ixwxuh vwdwhv lv fdswxuhg e| zkdw lv nqrzq lq whpsrudo orjlf dv eudqfklqj wlph

+zkhuh pxowlsoh sdwkv ehwzhhq wzr lqvwdqwv duh uxohg rxw,1 Wr glvwlqjxlvk ehwzhhq
frqfhlydeoh dqg sodxvleoh ixwxuh srvvlelolwlhv zh lqwurgxfh wzr elqdu| uhodwlrqv/ !f

dqg !s1 Li w4 dqg w5 duh gl�huhqw srlqwv lq wlph/ zh lqwhusuhw w4 !f w5 dv vd|lqj wkdw
w5 lv lq wkh frqfhlydeoh ixwxuh ri w4/ zkloh w4 !s w5 lv lqwhusuhwhg wr phdq wkdw w5 lv lq
wkh suhglfwhg ixwxuh ri w4=Zh sursrvh wkh iroorzlqj uhtxluhphqw ri wlph frqvlvwhqf| ri
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suhglfwlrq1 Vxssrvh wkdw dw wlph w4 d frqfhlydeoh ixwxuh ghyhorsphqw lv uhsuhvhqwhg
e| wkh sdwk w4w5w6 +wkdw lv/ w4 !f w5 dqg w5 !f w6,1 Wklv lv vkrzq lq Iljxuh 4/ zkhuh
d frqwlqxrxv duurz odehoohg cf* iurp w wr w3 ghqrwhv wkdw w !f w

31 Vxssrvh dovr wkdw
w6 olhv lq wkh suhglfwhg ixwxuh ri w4 +wkdw lv/ w4 !s w6= wklv lv vkrzq lq Iljxuh 4 e| d
grwwhg duurz odehoohg cs* iurp w4 wr w6,1 Wkhq zh lpsrvh wkh iroorzlqj uhtxluhphqwv=

+d, vlqfh uhdfklqj w6 uhtxluhv jrlqj wkurxjk w5/ w5 vkrxog olh lq wkh suhglfwhg ixwxuh
ri w4 +wkdw lv/ w4 !s w5,/ dqg

+e, vlqfh uhdfklqj w5 lv d sduwldo uhdol}dwlrq ri +lv frqvlvwhqw zlwk, wkh suhglfwlrq wkdw
w6 zloo eh uhdfkhg/ wkh suhglfwlrq vkrxog frqwlqxh wr krog dw w5/ wkdw lv/ w6 vkrxog
eh lq wkh suhglfwhg ixwxuh ri w5 +w5 !s w6,1

t 1

t 2

t3

cccc

c cp

Iljxuh 4

Lw lv zruwk vwuhvvlqj wkdw wkhvh wzr uhtxluhphqwv duh lpsrvhg zlwklq d iudphzrun
zkhuh wkhuh lv d xqltxh sdwk iurp w4 wr w6/ dqg w5 ehorqjv wr wkdw sdwk1 Lqghhg/ wkh
fkdudfwhulvwlf ihdwxuh ri eudqfklqj wlph orjlf lv wkdw hdfk lqvwdqw kdv d xqltxh sdvw
klvwru| +zkloh wkh ixwxuh lv rshq,1 Zh surylgh d vrxqg dqg frpsohwh d{lrpdwl}dwlrq
ri wklv qrwlrq ri frqvlvwhqf| ri suhglfwlrq1
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Gh�qlwlrq 5141 D eudqfklqj0wlph iudph lv d wulsoh I @ kW>!f>!sl zkhuh W lv d
+srvvleo| lq�qlwh, vhw ri lqvwdqwv dqg !f dqg !s duh elqdu| uhodwlrqv rq W vdwlvi|lqj
wkh iroorzlqj surshuwlhv/ ;w4> w5> w6 5 W>

+U13, dqwlv|pphwu| ri !f= li w4 !f w5 wkhq w5 	f w4
+U14, wudqvlwlylw| ri !f= li w4 !f w5 dqg w5 !f w6 wkhq w4 !f w6
+U15, edfnzdug olqhdulw| ri !f= li w4 !f w6 dqg w5 !f w6 wkhq hlwkhu w4 @ w5 ru w4 !f w5 ru w5 !f w4
+U16, !s vxeuhodwlrq ri !f= li w4 !s w5 wkhq w4 !f w51

Wkh lqwhusuhwdwlrq ri w4 !f w5 lv wkdw w5 lv lq wkh frqfhlydeoh ixwxuh ri w4/ zkloh
li w4 !s w5 zh vd| wkdw w5 lv lq wkh suhglfwhg ixwxuh ri w41 +U13,0+U15, frqvwlwxwh wkh
gh�qlwlrq ri eudqfklqj wlph lq whpsrudo orjlf14 Lq sduwlfxodu/ +U15, h{suhvvhv wkh
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qrwlrq wkdw/ zkloh d jlyhq prphqw pd| kdyh gl�huhqw srvvleoh ixwxuhv/ lwv sdvw lv
xqltxh1 Lq rwkhu zrugv/ wkhuh lv dw prvw rqh sdwk ehwzhhq dq| wzr lqvwdqwv1 +U16,
fdswxuhv wkh qrwlrq wkdw suhglfwlqj wkh ixwxuh frqvlvwv lq vhohfwlqj d vxevhw ri wkh
frqfhlydeoh ixwxuh vwdwhv= wkrvh wkdw duh eholhyhg wr eh prvw sodxvleoh1 Qrwh wkdw
lw lv qrw dvvxphg wkdw wkh suhglfwhg ixwxuh ri d jlyhq prphqw eh d xqltxh klvwru|
iroorzlqj wkdw prphqw15 Ixuwkhupruh/ wkhuh lv qr uhtxluhphqw wkdw wkh suhglfwhg
ixwxuh ri d jlyhq prphqw eh d surshu vxevhw ri lwv frqfhlydeoh ixwxuh/ wkdw lv/ ydjxh
ru wulyldo suhglfwlrqv duh doorzhg16 Dv dujxhg lq wkh Lqwurgxfwlrq/ wkh iroorzlqj vhhpv
d qdwxudo _frqvlvwhqf|% uhtxluhphqw= li w6 lv lq wkh suhglfwhg ixwxuh ri w4/ dqg w5 lv rq
wkh xqltxh !f0sdwk iurp w4 wr w6 wkhq +l, w5 vkrxog eh lq wkh suhglfwhg ixwxuh ri w4 dqg
+ll, w6 vkrxog eh lq wkh suhglfwhg ixwxuh ri w51 Irupdoo| +cFS* vwdqgv iru cFrqvlvwhqf|
ri Suhglfwlrq*,/ ;w4> w5> w6 5 W /

+FS , li w4 !s w6 dqg w4 !f w5 dqg w5 !f w6 wkhq w4 !s w5 dqg w5 !s w6=

Wkh surri ri wkh iroorzlqj ohppd lv vwudljkwiruzdug dqg lv rplwwhg17

Ohppd 5151 Lq d eudqfklqj0wlph iudph/ +FS, lv htxlydohqw wr wkh frqmxqfwlrq ri wkh
iroorzlqj wzr surshuwlhv=
+U17, edfnzdug olqhdulw| ri !s= li w4 !s w6 dqg w5 !s w6 wkhq hlwkhu w4 @ w5 ru w4 !s w5 ru w5 !s w4
+U18, li w4 !s w6 dqg w5 !f w6 wkhq hlwkhu +d, w4 @ w5 ru +e, w5 !f w4 ru +f, w4 !f w5 dqg w5 !s w61

Gh�qlwlrq 5161 D S0iudph +S vwdqgv iru cSuhglfwlrq*, lv d eudqfklqj0wlph iudph wkdw
vdwlv�hv +U17, dqg +U18,1

Zh qrz wxuq wr wkh v|qwd{1 Zh frqvlghu d sursrvlwlrqdo odqjxdjh zlwk irxu prgdo
rshudwruv= Jf/ Kf/ Js dqg Ks1 Wkh lqwhqghg lqwhusuhwdwlrq lv dv iroorzv=
Jf! = _lw lv jrlqj wr eh wkh fdvh lq hyhu| frqfhlydeoh ixwxuh wkdw !%
Js! = _lw lv jrlqj wr eh wkh fdvh lq hyhu| suhglfwhg ixwxuh wkdw !%
Kf! = _lw kdv dozd|v ehhq wkh fdvh wkdw !%
Ks! = _dw hyhu| sdvw gdwh dw zklfk wrgd| zdv suhglfwhg lw zdv wkh fdvh wkdw !%1
Wkh irupdo odqjxdjh lv exlow lq wkh xvxdo zd| iurp d frxqwdeoh vhw V ri vhqwhqfh

ohwwhuv/ wkh frqqhfwlyhv = dqg b +iurp zklfk wkh rwkhu frqqhfwlyhv a/ $ dqg ' duh

gh�qhg dv xvxdo, dqg wkh prgdo rshudwruv1 Ohw If!
ghi
@ =Jf=!/ Sf!

ghi
@ =Kf=!>

Is!
ghi
@ =Js=! dqg Ss!

ghi
@ =Ks=!1 Wkxv/ iru h{dpsoh/ wkh lqwhqghg lqwhusuhwdwlrq

ri If! +uhvs1 Is!, lv _dw vrph frqfhlydeoh +uhvs1 suhglfwhg, ixwxuh gdwh lw zloo eh wkh
fdvh wkdw ! %1

Jlyhq d iudph kW>!f>!sl rqh rewdlqv d prgho edvhg rq lw e| dgglqj d ixqfwlrq
Y = V $ 5W +zkhuh 5W ghqrwhv wkh vhw ri vxevhwv ri W , wkdw dvvrfldwhv zlwk hyhu|
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vhqwhqfh ohwwhu t wkh vhw ri gdwhv dw zklfk t lv wuxh1 Jlyhq d prgho dqg d irupxod
!/ wkh wuxwk vhw ri !/ ghqrwhg e| n!n/ lv gh�qhg dv xvxdo1 Lq sduwlfxodu/ nJf!n @
iw 5 W = ;w3 5 W li w !f w

3 wkhq w3 5 n!nj/ nJs!n @ iw 5 W = ;w3 5 W li w !s w
3 wkhq w3 5 n!nj/

hwf1 Wkxv Jf! +uhvs1 Js!, lv wuxh dw wlph w li ! lv wuxh dw hyhu| frqfhlydeoh +uhvs1
suhglfwhg, ixwxuh ri w/ zkloh If! +uhvs1 Is!, lv wuxh dw wlph w li ! lv wuxh dw vrph

frqfhlydeoh +uhvs1 suhglfwhg, ixwxuh ri w1 Vlploduo| iru Kf!/ Ks!/ Sf! dqg Ss!1 D
irupxod ! lv ydolg lq d prgho li n!n @ W / wkdw lv/ li ! lv wuxh dw hyhu| gdwh w 5 W 1 D
irupxod ! lv ydolg lq d iudph li lw lv ydolg lq hyhu| prgho edvhg rq lw1 Frqvlghu wkh
iroorzlqj d{lrp vfkhpdwd=

+D14, Jf!$ JfJf!
+D15, Sf! a Sf# $ Sf+! a #, b Sf+! a Sf#, b Sf+Sf! a #,
+D16, Jf!$ Js!
+D17, Ss! a Ss#$ Ss+! a #, b Ss+! a Ss#, b Ss+Ss! a #,
+D18, Ss! a Sf#$ Ss+! a #, b Ss+! a Sf#, b Ss+Sf! a #,

Wkh iroorzlqj fkdudfwhul}dwlrq lv vwudljkwiruzdug dqg lwv surri lv rplwwhg1

Ohppd 5171 Ohw I @ kW>!f>!sl eh dq duelwudu| +qrw qhfhvvdulo| eudqfklqj0wlph,
iudph1 Wkhq/ iru l @ 4> ===> 8/ I vdwlv�hv +U1l, li dqg rqo| li +D1l, lv ydolg lq I 1

Zh ghqrwh e| O3 wkh edvlf v|vwhp ri whpsrudo orjlf +vhh Exujhvv/ 4<;7, dqg e| O
eh wkh h{whqvlrq ri O3 rewdlqhg e| dgglqj +D14,0+D18,1

Wkhruhp 5181 O lv vrxqg dqg frpsohwh zlwk uhvshfw wr wkh fodvv ri S0iudphv/ wkdw
lv/ d irupxod lv d wkhruhp ri O li dqg rqo| li lw ydolg lq hyhu| S0iudph1

Vrxqgqhvv iroorzv iurp Ohppd 5171 Iru wkh frpsohwhqhvv surri zh iroorz wkh
frqvwuxfwlyh dssurdfk sxw iruzdug e| Exujhvv +4<;7,1 Zh vkdoo rqo| jlyh wkh pdlq
vwhsv1 Ohw Pd{O eh wkh vhw ri pd{lpdo O0frqvlvwhqw vhwv ri irupxodh1 Gh�qh wkh
iroorzlqj uhodwlrqv rq Pd{O= D�f E li dqg rqo| li/ iru hyhu| irupxod !/ li Jf! 5 D
wkhq ! 5 E/ dqg D�s E li dqg rqo| li/ iru hyhu| irupxod!/ li Js! 5 D wkhq ! 5 E=

Wkh qh{w wzr ohppdv duh zhoo0nqrzq +fi1 Exujhvv 4<;7/ Ohppdv 419 dqg 41:,1

Ohppd 5191 Ohw D>E 5 Pd{O= Wkhq wkh iroorzlqj duh htxlydohqw +dv zhoo dv wkh
fruuhvsrqglqj yhuvlrqv zlwk wkh cs* vxevfulsw uhsodfhg e| wkh cf* vxevfulsw,= +l, D�s

E/ +ll, iru hyhu| irupxod !/ li ! 5 D wkhq Ss! 5 E/ +lll, iru hyhu| irupxod !/ li ! 5 E
wkhq Is! 5 D/ +ly, iru hyhu| irupxod !/ li Ks! 5 E wkhq ! 5 D1

Ohppd 51:1 Ohw E 5Pd{O dqg ! eh dq| irupxod1 Wkhq +d, li If! 5 E/ wkhq wkhuh
h{lvwv d G 5 Pd{O zlwk E �f G dqg ! 5 G> +e, li Sf! 5 E/ wkhq wkhuh h{lvwv dq
D 5 Pd{O zlwk D�f E dqg ! 5 D> +f, li Is! 5 E/ wkhq wkhuh h{lvwv d G 5 Pd{O
zlwk E �s G dqg ! 5 G> +g, li Ss! 5 E/ wkhq wkhuh h{lvwv dq D 5 Pd{O zlwk
D�s E dqg ! 5 D=

Ohppd 51;1 Wkh uhodwlrq �f rq Pd{O lv wudqvlwlyh dqg edfnzdug olqhdu/ �s lv d
vxeuhodwlrq ri �f dqg lv edfnzdug olqhdu/ �f dqg �s vdwlvi| wkh iroorzlqj surshuw|=

li D�s GdqgE �f G wkhq hlwkhu D @ E ruE �f D ru +D�f E dqgE �s G,=
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Surri1 Zh vkdoo rqo| suryh wkh odvw surshuw|1 Vxssrvh wkdw D �s G/ E �f G/
D 9@ E dqg E 9�f D + 9�f ghqrwhv wkh qhjdwlrq ri�f,1 Zh qhhg wr vkrz wkdw D�f E
dqg E �s G1 Vlqfh D 9@ E/ wkhuh h{lvwv d ! 5 D vxfk wkdw =! 5 E1 Vlqfh E 9�f D/
e| Ohppd 519 wkhuh h{lvwv d # 5 E vxfk wkdw =Sf# 5 D= Wkxv

! a =Sf# 5 D dqg # a =! 5 E= +514,

Vxssrvh wkdw D 9�f E1 Wkhq e| Ohppd 519 wkhuh h{lvwv � 5 D vxfk wkdw =Sf� 5 E1
Wkhq/ xvlqj +514,/

� a ! a =Sf# 5 D dqg # a =! a =Sf� 5 E= +515,

Vlqfh D�s G/ lw iroorzv iurp wkh �uvw sduw ri +515, dqg Ohppd 519 wkdw/

Ss +� a ! a =Sf#, 5 G= +516,

Vlqfh E �f G/ e| wkh vhfrqg sduw ri +515, dqg Ohppd 519/

Sf +# a =! a =Sf�, 5 G= +517,

Wkxv/ e| +516, dqg +517, dqg d{lrp +D18,/ hlwkhu +l, Ss+�a!a=Sf#a#a=!a=Sf�, 5
G/ ru +ll, Ss +� a ! a =Sf# a Sf +# a =! a =Sf�,, 5 G/ ru +lll, Ss +Sf +� a ! a =Sf#, a # a =! a =Sf�, 5
G1 Fdvh +l, lv lpsrvvleoh ehfdxvh ! a =! lv d frqwudglfwlrq1 Fdvh +ll, lv lpsrvvleoh
ehfdxvh Sf +# a =! a =Sf�, lpsolhv Sf#/ frqwudglfwlqj =Sf#1 Fdvh +lll, lv lpsrvvl0
eoh/ vlqfh Sf +� a ! a =Sf#, lpsolhv Sf�/ frqwudglfwlqj =Sf�1 Khqfh lw pxvw eh wkdw
D�f E1 Vxssrvh qrz wkdw E 9�s G1 Wkhq/ e| Ohppd 519/ <� 5 E vxfk wkdw

=Ss� 5 G +518,

Xvlqj wkh vhfrqg sduw ri +514,/

� a # a =! 5 E= +519,

Vlqfh D�s G/ e| wkh �uvw sduw ri +514, dqg Ohppd 519/

Ss +! a =Sf#, 5 G= +51:,

Vlqfh E �f G> e| +519, dqg Ohppd 519/

Sf+� a # a =!, 5 G= +51;,

Wkxv e| +51:, dqg +51;, dqg d{lrp +D18, hlwkhu +l, Ss+!a=Sf#a�a#a=!, 5 G/ ru +ll,
Ss +! a =Sf# a Sf +� a # a =!,, 5 G/ ru +lll, Ss +Sf +! a =Sf#, a � a # a =!, 5 G1
Fdvh +l, lv lpsrvvleoh ehfdxvh !a=! lv d frqwudglfwlrq1 Fdvh +ll, lv lpsrvvleoh ehfdxvh
Sf +� a # a =!, lpsolhv Sf#/ frqwudglfwlqj =Sf#1 Fdvh +lll, lv lpsrvvleoh ehfdxvh lw
lpsolhv Ss� 5 G/ frqwudglfwlqj +518,1 Wkxv lw pxvw eh E �s G1
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Gh�qlwlrq 51<1 D sduwldo fdqrqlfdo S0iudph lv d txdguxsoh k[>!f>!s> il vxfk wkdw=
+4, [ lv d �qlwh vhw/ +5, k[>!f>!sl lv d S0iudph dqg +6, i = [ $Pd{O1 D sduwldo
fdqrqlfdo S0iudph lv frkhuhqw li/ ;{> | 5 [> +4, li { !f | wkhq i+{,�f i+|,/ dqg +5,
li { !s | wkhq i+{,�s i+|,=

Ohw ! eh d irupxod dqg k[>!f>!s> il d sduwldo fdqrqlfdo S0iudph1 Zh vd| wkdw
If! +uhvs1 Is!, lv qrw vdwlv�hg dw { 5 [/ li If! 5 i+{, +uhvs1 Is! 5 i+{,, dqg wkhuh
lv qr | 5 [ vxfk wkdw { !f | +uhvs1 { !s |, dqg ! 5 i+|,1 Vlploduo| iru Sf! dqg Ss!1

Jlyhq sduwldo fdqrqlfdo S0iudphv k[>!f>!s> il dqg


[3>!3

f>!
3

s> i
3
�
zh vd| wkdw

wkh odwwhu lv dq h{whqvlrq ri wkh iruphu li = +4, [ � [3/ +5, !f�!
3

f/ +6, !s�!
3

s/
dqg +7, i � i 31

Wkh iroorzlqj ohppd jlyhv wkh pdlq vwhs lq wkh frpsohwhqhvv surri1

Ohppd 51431 , |i?t�L? wi44@1 Ohw k[>!f>!s> il eh d frkhuhqw sduwldo fdqrq0
lfdo S0iudph dqg ohw ! eh d irupxod1
E@� Vxssrvh wkdw If! lv qrw vdwlv�hg dw { 5 [= Wkhq wkhuh h{lvwv d frkhuhqw h{whqvlrq

[ 3>!3

f>!
3

s> i
3
�
ri k[>!f>!s> il dqg d | 5 [ 3 vxfk wkdw { !3

f | dqg ! 5 i+|,1
EM� Vxssrvh wkdw Is! lv qrw vdwlv�hg dw { 5 [1 Wkhq wkhuh h{lvwv d frkhuhqw h{whqvlrq

[ 3>!3

f>!
3

s> i
3
�
dqg d | 5 [ 3 vxfk wkdw { !3

s | dqg ! 5 i+|,1
EU� Vxssrvh wkdw Sf! lv qrw vdwlv�hg dw { 5 [= Wkhq wkhuh h{lvwv d frkhuhqw h{whqvlrq

[ 3>!3

f>!
3

s> i
3
�
dqg d | 5 [ 3 vxfk wkdw | !3

f { dqg ! 5 i+|,1
E_� Vxssrvh wkdw Ss! lv qrw vdwlv�hg dw { 5 [1 Wkhq wkhuh h{lvwv d frkhuhqw h{whqvlrq

[ 3>!3

f>!
3

s> i
3
�
dqg d | 5 [ 3 vxfk wkdw | !3

s { dqg ! 5 i+|,1

Surri1 +d, Ohw { 5 [ dqg If! 5 i+{,1 E| Ohppd 51:/ <E 5 Pd{O vxfk wkdw
i+{,�f E dqg ! 5 E1 Frqvwuxfw wkh iroorzlqj h{whqvlrq ri k[>!f>!s> il rewdlqhg
e| +l, dgglqj d qhz srlqw |/ +ll, dvvljqlqj wkh vhw E wr |/ dqg +lll, dgglqj wkh sdlu +{> |,
wr !f +dqg dq| qhz sdlu qhhghg wr suhvhuyh wudqvlwlylw|,/ zkloh qr sdluv duh dgghg wr
!s1 Ohw | @5 [ dqg [3 @ [ ^ i|j/ !3

f@!f ^i+{> |,j ^ i+y> |, = y !f {j/ !
3

s@!s

dqg i 3 @ i ^i+|>E,j1 Wkdw wkh qhz iudph lv frkhuhqw iroorzv iurp wudqvlwlylw| ri�f

+fi1 Ohppd 51;,1 Lw lv dovr fohdu wkdw wkh qhz iudph lv d S0iudph/ vlqfh wkh ruljlqdo
iudph zdv d S0iudph/ wudqvlwlylw| ri !f kdv ehhq suhvhuyhg dqg qr !s0sdluv kdyh ehhq
dgghg1

+e, Ohw { 5 [ dqg Is! 5 i+{,1 E| Ohppd 51: <E 5Pd{O vxfk wkdw i+{,�s E
dqg ! 5 E1 Frqvwuxfw wkh iroorzlqj h{whqvlrq= ohw | @5 [ dqg [3 @ [ ^ i|j/
!3

f@!f ^i+{> |,j ^ i+y> |, = y !f {j/ !3

s@!s ^i+{> |,j dqg i 3 @ i ^ i+|>E,j1
Wkdw wkh qhz iudph lv frkhuhqw iroorzv iurp Ohppd 51; +�s vxeuhodwlrq ri �f dqg
wudqvlwlylw| ri �f,1 Ixuwkhupruh/ jlyhq wkdw wkh ruljlqdo iudph zdv d S0iudph/ wkh
qhz iudph lv dovr d S0iudph= wudqvlwlylw| ri !f kdv ehhq suhvhuyhg/ dqg ylrodwlrq ri
+FS, lq wkh qhz iudph frxog rqo| rffxu li y !3

s | iru vrph y 5 [ vxfk wkdw y !f {/
exw qr vxfk sdlu +y> |, kdv ehhq dgghg wr !s1

+f, Ohw Sf! 5 i+{, dqg vxssrvh wkhuh lv qr | 5 [ vxfk wkdw | !f { dqg ! 5 i+|,1
Zh surfhhg e| lqgxfwlrq rq wkh qxpehu q ri !f0suhghfhvvruv ri { lq [1 Vxssrvh
q @ 31 Vlqfh Sf! 5 i+{,/ e| Ohppd 51: wkhuh h{lvwv d E 5 Pd{O vxfk wkdw
E �f i+{, dqg ! 5 E1 Frqvwuxfw wkh iroorzlqj h{whqvlrq rewdlqhg e| +l, dgglqj
d qhz srlqw |/ +ll, dvvljqlqj wkh vhw E wr |/ dqg +lll, dgglqj wkh sdlu +|> {, wr !f

9



+dqg dq| qhz sdlu qhhghg wr suhvhuyh wudqvlwlylw|,/ zkloh qr sdluv duh dgghg wr !s1
Ohw | @5 [ dqg [3 @ [ ^ i|j/ !3

f@!f ^i+|> {,j ^ i+|> y, = { !f yj/ !
3

s@!s dqg
i 3 @ i ^ i+|>E,j1 Frkhuhqfh iroorzv iurp wudqvlwlylw| ri �f1 Ixuwkhupruh wkh qhz
iudph lv d S0iudph/ vlqfh wkh ruljlqdo iudph zdv d S0iudph/ wudqvlwlylw| ri !f kdv
ehhq suhvhuyhg dqg qr !s0sdluv kdyh ehhq dgghg1 Vxssrvh qrz wkdw q � 41 Ohw {3 eh
wkh lpphgldwh !f0suhghfhvvru ri { lq [ +uhfdoo wkdw [ lv �qlwh,1 E| rxu vxssrvlwlrq/
! @5 i+{3,1 Li Sf! 5 i+{3, wkhq zh fdq uhgxfh +e| dsshdolqj wr wudqvlwlylw| ri !f dqg
�f, wr wkh fdvh q � 4 e| uhsodflqj { zlwk {31 Dvvxph wkhuhiruh wkdw Sf! @5 i+{3,1
Wkhq/ e| gh�qlwlrq ri pd{lpdo frqvlvwhqw vhw/ +=! a =Sf!, 5 i+{3,1 Zh qhhg wr
glvwlqjxlvk wzr fdvhv1 FDVH 4= {3 	s {1 E| Ohppd 51:/ vlqfh Sf! 5 i+{, wkhuh
h{lvwv d E 5 Pd{O vxfk wkdw E �f i+{, dqg ! 5 E1 Frqvwuxfw wkh iroorzlqj
h{whqvlrq/ rewdlqhg e| +l, lqvhuwlqj d qhz srlqw | ehwzhhq {3 dqg { dqg dvvljqlqj wkh
vhw E wr lw/ +ll, dgglqj wkh sdluv +{3> |, dqg +|> {, wr !f +dqg dq| qhz sdlu qhhghg wr
suhvhuyh wudqvlwlylw|,/ zkloh qr sdluv duh dgghg wr !s = Ohw | @5 [ dqg [3 @ [ ^i|j/
!3

f@!f ^i+{3> |,> +|> {,j ^ i+y> |, = y !f {3j ^ i+|> z, = { !f zj/ !3

s@!s dqg
i 3 @ i ^ i+|>E,j1 Wr yhuli| frkhuhqfh/ ehvlghv dsshdolqj wr wudqvlwlylw| ri �f/ zh
qhhg wr vkrz wkdw i+{3,�f E1 E| frkhuhqfh ri k[>!f>!s> il/ i+{

3,�f i+{,= Wkxv/
vlqfh E �f i+{,/ e| edfnzdug olqhdulw| ri �f +fi1 Ohppd 51;, hlwkhu +l, i+{3, @ E
ru +ll, E �f i+{

3, ru +lll, i+{3,�f E1 Fdvh +l, lv uxohg rxw e| ! 5 E dqg ! @5 i+{3,1
Fdvh +ll, lv uxohg rxw e| ! 5 E dqg Sf! @5 i+{3, +fi1 Ohppd 519,1 Wkxv i+{3,�f E1
Ixuwkhupruh/ wkh qhz iudph lv d S0iudph/ vlqfh wkh ruljlqdo iudph zdv d S0iudph/
wudqvlwlylw| ri !f kdv ehhq suhvhuyhg dqg lqvhuwlqj d srlqw ehwzhhq {3 dqg { zlwkrxw
dgglqj dq| !s0sdluv zrxog kdyh ylrodwhg surshuw| +FS, rqo| li lw kdg ehhq wkh fdvh
wkdw {3 !s {/ frqwudu| wr rxu vxssrvlwlrq1 FDVH 5= {3 !s {1 E| frkhuhqfh ri
k[>!f>!s> il/ vlqfh +=! a =Sf!, 5 i+{3,/ Ss+=! a =Sf!, 5 i+{, +fi1 Ohppd 519,1
Wkxv Ss+=! a =Sf!, a Sf! 5 i+{,1 E| gh�qlwlrq ri pd{lpdo frqvlvwhqw vhw/ d{lrp
+D18, ehorqjv wr i+{,1 Wkxv

Ss+=! a =Sf! a !, b Ss+=! a =Sf! a Sf!, b Ss+Sf+=! a =Sf!, a !, 5 i+{,

Exw Ss+=!a=Sf!a!, @5 i+{, ehfdxvh +=!a!, lv d frqwudglfwlrq1 Iru wkh vdph uhdvrq/
Ss+=! a =Sf! a Sf!, @5 i+{,1 Wkxv Ss+Sf+=! a =Sf!, a !, 5 i+{,= Wkhq e| Ohppd
51:/ <G 5 Pd{O vxfk wkdw G �s i+{, dqg Sf+=! a =Sf!, a ! 5 G1 Frqvwuxfw wkh
iroorzlqj h{whqvlrq= ohw | @5 [ dqg [ 3 @ [^i|j/ !3

f@!f ^i+{
3> |,> +|> {,j^i+y> |, =

y !f {3j ^ i+|> z, = { !f zj/ !3

s@!s ^i+{3> |,> +|> {,j dqg i 3 @ i ^ i+|>G,j1
Wr yhuli| frkhuhqfh/ ehvlghv dsshdolqj wr wudqvlwlylw| ri �f dqg wkh idfw wkdw �s

lv d vxeuhodwlrq ri �f/ zh qhhg wr vkrz wkdw i+{3, �s G1 Vlqfh i+{3, �s i+{, +e|
frkhuhqfh ri k[>!f>!s> il, dqg G�s i+{,> e| edfnzdug olqhdulw| ri�s +fi1 Ohppd
51;, hlwkhu +l, i+{3, @ G ru +ll, G�s i+{

3, ru +lll, i+{3,�s G1 Fdvh +l, lv uxohg rxw
e| ! 5 G dqg ! @5 i+{3,= Vxssrvh +ll, zhuh wkh fdvh1 Wkhq/ vlqfh ! 5 G> Ss! 5 i+{3,=
Exw e| +D16, Ss!$ Sf! 5 i+{3,= Wkxv zh zrxog jhw Sf! 5 i+{3,/ frqwudglfwlqj wkh
idfw wkdw =Sf! 5 i+{3,= Khqfh lw pxvw eh i+{3, �s G1 Ixuwkhupruh/ jlyhq wkdw wkh
ruljlqdo iudph zdv d S0iudph/ wkh qhz iudph lv dovr S0iudph= wudqvlwlylw| ri !f kdv
ehhq suhvhuyhg dqg surshuw| +FS, lv suhvhuyhg vlqfh wkh qhz sdwk iurp {3 wr { lv
erwk d !s0sdwk dqg d !f0sdwk dqg qr sdluv ri wkh irup +y> |, zlwk y !f {

3 ru +|> z,
zlwk { !f z kdyh ehhq dgghg wr !s1

:



+g, Ohw Ss! 5 i+{, dqg vxssrvh wkhuh lv qr | 5 [ vxfk wkdw | !s { dqg ! 5 i+|,1
Vlqfh Ss! 5 i+{,/ e| Ohppd 51: wkhuh h{lvwv d E 5Pd{O vxfk wkdw

E �s i+{, dqg ! 5 E= +51<,

Zh qhhg wr glvwlqjxlvk vhyhudo fdvhv1 FDVH 4= { kdv qr !f0suhghfhvvruv +khqfh
qr !s0suhghfhvvruv, lq [1 Frqvwuxfw wkh iroorzlqj h{whqvlrq= ohw | @5 [ dqg [3 @
[ ^ i|j/ !3

f@!f ^i+|> {,j ^ i+|> y, = { !f yj/ !
3

s@!s ^i+|> {,j/ i
3 @ i ^ i+|>E,j1

Lq wklv fdvh frkhuhqfh iroorzv iurp +51<,/ wudqvlwlylw| ri �f dqg wkh idfw wkdw �s lv d
vxeuhodwlrq ri �f +fi1 Ohppd 51;,1 Ixuwkhupruh/ jlyhq wkdw wkh ruljlqdo iudph zdv
d S0iudph/ wkh qhz iudph lv dovr d S0iudph= wudqvlwlylw| ri !f kdv ehhq suhvhuyhg
dqg surshuw| +FS, lv suhvhuyhg vlqfh qr sdlu ri wkh irup +|> z, zlwk { !f z kdv ehhq
dgghg wr !s1 FDVH 5= { kdv dw ohdvw rqh !f0suhghfhvvru exw qr !s0suhghfhvvruv
lq [1 Ohw {3 eh wkh lpphgldwh !f0suhghfhvvru ri { lq [ +uhfdoo wkdw [ lv �qlwh,1 Li
hlwkhu E @ i+{3, ru i+{3,�s i+{, dqg ! 5 i+{3, wkhq lw lv vx�flhqw wr dgg +{3> {, wr
!s1 Vxssrvh wkhuhiruh wkdw E 9@ i+{3, dqg hlwkhu i+{3, 9�s i+{, ru i+{

3,�s i+{, dqg
! @5 i+{3,1 Wkh fdvh E 9@ i+{3, dqg i+{3, 9�s i+{,/ lq frqmxqfwlrq zlwk E �s i+{,
dqg i+{3,�f i+{, +wkh odwwhu iroorzlqj iurp frkhuhqfh ri wkh jlyhq iudph,/ |lhogv/ e|
Ohppd 51;/ i+{3,�f E1 Frqvwuxfw wkh iroorzlqj h{whqvlrq= ohw | @5 [/ [ 3 @ [^i|j/
!3

f@!f ^i+{
3> |,> +|> {,j ^ i+z> |, = z !f {

3j ^ i+|> }, = { !f }j/ !
3

s@!s ^i+|> {,j/
i 3 @ i ^i+|>E,j1 Frkhuhqfh iroorzv iurp +51<,/ wkh idfw wkdw i+{3,�f E/ wudqvlwlylw|
ri �f dqg wkh idfw wkdw �s lv d vxeuhodwlrq ri �f +fi1 Ohppd 51;,1 Ixuwkhupruh/
wkh qhz iudph lv d S0iudph/ vlqfh wudqvlwlylw| ri !f kdv ehhq suhvhuyhg dqg ylrodwlrq
ri surshuw| +FS, lq wkh qhz iudph frxog rqo| dulvh li lq wkh ruljlqdo iudph z !s { iru
vrph z 5 [ zlwk hlwkhu z @ {3 ru z !f {

31 Krzhyhu/ vlqfh wkh ruljlqdo iudph zdv d
S0iudph/ lq hlwkhu fdvh wklv zrxog uhtxluh {3 !s {/ zklfk/ e| frkhuhqfh ri wkh ruljlqdo
iudph/ zrxog lpso| wkdw i+{3,�s i+{,/ frqwudglfwlqj rxu vxssrvlwlrq1 Wkh rqo| fdvh
wkdw uhpdlqv wr eh frqvlghuhg lv wkh fdvh zkhuh i+{3,�s i+{, dqg ! @5 i+{3,1 Lq wklv
fdvh/ e| dgglqj +{3> {, wr !s +frkhuhqfh dv zhoo dv wkh surshuw| ri ehlqj d S0iudph
duh fohduo| suhvhuyhg, zh fdq uhgxfh wr Fdvh 6 ehorz zkhuh { kdv dw ohdvw rqh !s0
suhghfhvvru1 FDVH 6= { kdv dw ohdvw rqh !s0suhghfhvvru +khqfh dovr dw ohdvw rqh
!f0suhghfhvvru,1 Ghqrwh { e| {3 dqg ohw {4> ===> {q +q � 4, eh wkh !f0suhghfhvvruv ri
{3 qxpehuhg vr wkdw/ ;n @ 4> ===> q/ {n lv wkh lpphgldwh !f0suhghfhvvru ri {n�4 +uhfdoo
wkdw [ lv �qlwh,1 E| surshuw| +FS,/ wkhuh lv dq p � q vxfk wkdw wkh !s0suhghfhvvruv
ri {3 duh suhflvho| {4> ===> {p +dqg ;n @ 4> ===>p/ {n lv wkh lpphgldwh !s0suhghfhvvru
ri {n�4,1

8 Vlqfh Ss! lv qrw vdwlv�hg dw {3/ e| frkhuhqfh lw pxvw eh wkdw ! @5 i+{n,
iru doo n @ 4> ===>p1 Wkxv/ vlqfh ! 5 E/ E 9@ i+{n, iru doo n @ 4> ===>p1 Ixuwkhupruh/
zh fdq dovr dvvxph wkdw E 9@ i+{3, +rwkhuzlvh lw zrxog eh vx�flhqw wr +l, dgg d frs|
ri {3/ fdoo lw |/ ehwzhhq {3 dqg {4/ +ll, dgg +{4> |, dqg +|> {3, +dqg dq| sdluv qhhghg
wr suhvhuyh wudqvlwlylw|, wr erwk !f dqg !s,1 Wkxv

E 9@ i+{n,> ;n @ 3> ===>p +5143,

E| frkhuhqfh ri wkh jlyhq iudph/ i+{n,�s i+{3, ;n @ 4> ===>p1 Wklv/ wrjhwkhu zlwk
+51<, dqg +5143, |lhogv/ e| edfnzdug olqhdulw| ri �s +fi1 Ohppd 51;,/
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;n @ 4> ===>p> hlwkhu i+{n,�s E ru E �s i+{n,= +5144,

Vxssrvh �uvw wkdw i+{n, �s E iru vrph n 5 i4> ===>pj1 Ohw n3 eh wkh vpdoohvw vxfk
lqwhjhu1 Wkhq/ iru doo m 5 i4> ===> n3 � 4j/ i+{m, 9�s E1 Lw iroorzv iurp wklv dqg +5144,
wkdw/ iru doo m 5 i4> ===> n3 � 4j/ E �s i+{m,1 Wkxv/ xvlqj dovr +51<,

i+{n3,�s E dqg ;m 5 i3> ===> n3 � 4j> E �s i+{m,= +5145,

Frqvwuxfw wkh iroorzlqj h{whqvlrq= ohw | @5 [/[ 3 @ [^i|j/ !3

f@!f ^i+{n3 > |,> +|> {n3�4,j^
i+z> |, = z !f {n3j ^ i+|> }, = {n3�4 !f }j/ !3

s@!s ^i+{n3 > |,j ^ i+|> {m, = m @
3> ===> n3 � 4j/ i 3 @ i ^ i+|>E,j1 Frkhuhqfh iroorzv iurp wudqvlwlylw| ri �f/ wkh idfw
wkdw �s lv d vxeuhodwlrq ri �f +fi1 Ohppd 51;, dqg +5145,1 Ixuwkhupruh/ wkdw wkh
qhz iudph lv d S0iudph lv fohdu iurp wkh frqvwuxfwlrq +lq sduwlfxodu/ erwk +{n3 > |, dqg
+|> {n3�4, kdyh ehhq dgghg wr !s, dqg wkh idfw wkdw wkh ruljlqdo iudph zdv d S0iudph1
Wkh rqo| fdvh wkdw uhpdlqv wr eh frqvlghuhg lv wkh fdvh zkhuh i+{n, 9�s E iru doo
n @ 4> ===>p= Wkhq/ e| +5144,/ E �s i+{n,/ iru doo n @ 3> ===>p1 Lw iroorzv iurp wklv
dqg Ohppd 519 wkdw Ss! 5 i+{n, iru doo n @ 4> ===>p1 Lq sduwlfxodu/ Ss! 5 i+{p,1
Vlqfh {p kdv qr !s0suhghfhvvru lq [/ zh fdq qrz frqvwuxfw d frkhuhqw h{whqvlrq ri
wkh lqlwldo iudph zkhuh Ss! lv vdwlv�hg dw {p dv h{sodlqhg lq FDVH 4 +li q @ p,
ru lq FDVH 5 +li q A p,9 xvlqj wkh vhw E ri +51<,1 Wkh rqo| prgl�fdwlrq ri wkdw
frqvwuxfwlrq frqvlvwv lq dgglqj dovr wkh sdlu +|> {3, wr !s +dqg wr !f/ dv zhoo dv
dq| sdluv qhhghg wr suhvhuyh wudqvlwlylw|,/ wkhuhe| jxdudqwhhlqj vdwlvidfwlrq ri Ss! dw
{31 Frkhuhqfh lv jxdudqwhhg e| wkh idfw wkdw E �s i+{3, +fi1 +51<,,1 Ixuwkhupruh/
surshuw| +FS, lv suhvhuyhg vlqfh wkh hqwluh !f0sdwk iurp | wr {3 ehorqjv wr !s1

Wkh �qdo vwhs lq wkh frpsohwhqhvv surri +frqvwuxfwlrq ri d shuihfw fkurqlfoh, lv
hqwluho| vwdqgdug +fi1 Exujhvv/ 4<;7, dqg zloo eh rplwwhg1
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