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Theorem 2. Let > be a von Neumann-Morgenstern ranking of the set of basic lotteries L. Then the following are true.

(A) If U:Z - R 1s a von Neumann-Morgenstern utility function that represents =, then, for any two real numbers a and b

~

with @ > 0, the function ¥ :Z —» R defined by V' (z,)=aU(z,)+b (i =1,2,...,m) is also a von Neumann-Morgenstern
utility function that represents - .

B)Ifu:Z—»R and V:Z - R are two von Neumann-Morgenstern utility functions that represent -, then there exist two
real numbers a and b with @ > 0 such that V(z,)=aU(z,)+b (i=1,2,...,m).
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The Allais paradox

(Maurice Allais, 1952)

A $1M 5 $25M $IM 0
100% ) VeBWws | 10%  89% 1%

$1M 0 D- $2.5M 0
C —[11% 89%) Versus | 10% 90% )

A ~ B if and only if IE’[U (A)] > IE’[U (B)]



First question to ask yourself:
what is my ranking of the basic outcomes?

state > s, S, S,

act 4
a Z 1, I
a, Z, I, I,
aS Z7 Z8 Z9
state > s, s, S, best  z,
act 4 Z,
a Z 1, I %
22,26
a, Z, I, I,
7. 7. 1 Lo %s
% o worst  z,
Note:
o a

Thus ...



Utility

state > s, S, S, best 7, 1
act 1 Z
a1 7 7 f
a3 Z7 Z8 Z9 22

worst  z, 0

Note that p is the probability of
the worst outcome, not the best

(1) What p is such that Zsj ~ [27 S Suppose the answer is

(2) What p is such that le ~ [27 i Suppose the answer is

lej ~ [27 % J? Suppose the answer is

(3) What p is such that (
p 1-p

Utility
best  z, 1
z, 3
2,2, %
, %
worst  z, 0

In order not to deal with fractions, rescale the utility function by multiplying each number by 60:



Utility
best  z, 60

Z, 45

2,Z, 40

Z, 24

worst  z, 0

state > s, s, S,

act 4
a 40 24 45
a, 0 60 40

Next step: try to assign probabilities to the states (from objective data or
some subjective assessment). Suppose you assess the following:

state: s, S, S,
probability: + & £
Then: E[U (a)]=

E[U (a;)] =

Hence you should take action



Decision tree

ol
N |-
N |-

First question to ask yourself: how do I rank z, and z,? Suppose that
the answer is z, > Z,.



o1l w

ol
N |~
N |~

Second question to ask yourself: how do | rank z, and z;? Suppose that
the answer is z, > Z .

ol
ol w
N |-



2 3 1 1
5 5 2
2 Ly Z, Zg
Next question: how do | rank the remaining four outcomes? Suppose:
Utility
best z, 1
Z6
Z4
worst  z, 0

This is sufficient to eliminate the random event on the left;



o1l

N | =
N |-

Two more questions and then you are done!

(4) What p is such that [ij - [Z; fpj? Suppose the answer is p=1.

(5) What p is such that [214} - [Z; fpj? Suppose the answer is p=4%.

Then the lottery corresponding to the random event on the right has an
expected utility of



2_4 3
5 10 10

Hence the optimal decision is to first take action a and then, if a second
choice is required between ¢ and d, choose d:




THE HURWICZ INDEX

H, (a)=0a+8(1-a)=8-8a
H, (a,)=2a+6(l1-a)=6-4a

H, (a,)=0a+4(1-a)=4-4c

H

| =
H

Note: the Hurwicz index is invariant to allowed transformations of the utility function.



| MinMax REGRET]|

lsl SZ SS
B T W S 3
a!8 1 0
a,16 2 3
a, | 0 3 4

Define the regret of taking action a under state s as the difference between the maximum
utility you could have got under state s (by taking the best action for that state) and the utility
that you get with action a. We can then construct a regret table:



If | had chosen an alternative utility function, would I have reached the same conclusion in terms
of MinMaxRegret? Consider a new decision problem:

's, s, s 's, s, s,
SR S R . i SRS S S, a4
a |0 4 a1, I
| |
az : 2 1 az : Z4 Z5 Z6 we infer that the ranking is
| |
d; | 8 A | 4, Ly 4
U Vv
best 8
4
2
1
worst 0
's, s, s 's, s, s
SR S R . i SR S R . i
& i 0 2 4 a, i
Using U: & | 2 1 1 regret: Ao |
| |
d, | 8 0 0 d, |
|
l Sy S, S3 __! _§1___§2___§3L
P E—— - i
: "
|
using V : az : regret: az :
|
a; | s i



Example: knee injury

surgery experimental drug
p 1-p
full no more no more full
recovery pain but pain but recovery
loss of serious
Z1 mobility  side effects 21
Z2 ZS
Suppose that:
U
best z, 100
Z; 15

worst z, O

The expected utility of surgery is
the expected utility of taking the drug is

So if you know the values of p and q then your optimal decision is:
e surgery if
e drugif

e either surgery or drug is



1
3 %/ p=3+70
A
D
q
0 1

Suppose that the values of p and g are not available

(S,D) (S,-D) (=8,D) (=8,-D)

- P e AP oA Y
surgery i+ z, Z, Z, Z,

Drug | 2 Z, Z, Z,



Surgery |

Drug |

The corresponding regret table is:

| (5,D) (5,-D) (=S,D) (=S,-D)

Surgery |

Drug |

What about the Hurwicz index?

H_(Drug) = H_(Surgery) =



