L ecture Notes on Dynamic Programming
Economics 200E, Professor Bergin, Spring 1998

Adapted from lecture notes of Kevin Salyer and from Stokey, Lucas and Prescott (1989)
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1. A Typical Problem

Consider the problem of optimal growth (Cass-Koopmans Model). Recall that in the Solow
model the saving rate is imposed, and there is no representation of preferences. The optimal
growth model adds preferences for households, and derives an optimal saving rate. Utility
is maximized for the representative agent, given the technology that they’re faced with. The
social planner’s problem may be described as follows.

Preferences are summarized in the utility function:
Ule),t=0,...,00

Utility is assumed to be time-separable, that is, marginal utility of consumption today depends
on today’s consumption only. When households evaluate utility in the future, they discount
it by a constant factof < 1, assuming consumption in the future is not valued as much as

consumption today. The objective is to maximize the present discounted value of future utility:

Z B'U (ct)

Consider the technology. Output is produced using capital as the input:

ye = f (k)

We could also include labor as a factor. Note that we will kst represent capital available
at the beginning of periog this is capital that was accumulated in the previous pefried.
Capital accumulation takes place through investment and saving. The law of motion for the
capital stock is:
ki1 = ke (1—0) 444
Wherei, is the amount of investment expenditure in a period toward building up the capital

stock for the following period. Depreciation is represented gnd is the faction of existing



capital stock that decaysaway each period. Wewill initially assumethereis 100% depreciation.
6=1

Investment expenditure and consumption expenditure must both come from current produc-

tion, so the resource constraint for the social planner is

e+ i = f (k)

Combining thiswith the law of motion, we will be using as our budget constraint the following:

¢t + ke = f (k)

With complete depreciation, the capital stock available in a period is derived completely from
saving in the previous period. So it is convenient to regard to the variable k;,; simply asthe
level of saving in period ¢.

The socia planner problem may be written:

max Z BU [ef] (1)

{evkein}i2ols
sit.c+ ki = f (k)

The social planner chooses consumption and saving in each period to maximize utility of
the representative household. The solution is a sequence of variables ¢, and k;,, for al time
periodst = 0, ..., o0. Finding an infinite sequence of variablesis a big task. But fortunately,
this problem has a recursive structure: the problem facing the social planner in each period is
the same as that he faced last period or next period.

We will characterize the solution by a function called a policy rule, which tells what the
optimal choiceisas afunction of the current state of the economy. In this case we will find a

rule for choosing ¢; and k; . ; asafunction of k;, which appliesin each and every period.



2. A Deterministic Finite Horizon Problem
2.1  Finding necessary conditions

To develop some intuition for the recursive nature of the problem, it is useful first to consider
aversion of the problem for afinite horizon. Assume you diein aterminal period 7". We will
then consider using as a solution for the infinite horizon problem the solution we found for the
finite horizon problem, when we take alimiting caseas T’ — oc.

The problem now may be written, where we substitute the constraint into the objective

function, and thereby eliminate the consumption as a variable to choose:

max Y BU[f (ki) — ks
0

(k2o

Look at a section of the sum, which pertainsto a generic period:

BT (f (k) = o) + B0 (f (Risn) — Riga) +

Thisincludes all the appearances for k; ;. Take aderivative with respect to ;1.
BU'(f (ki) = kera) (=1) + B0 (f (kegr) = ko) f/ (kepa) =0fore < T

or cancelling extra (3 :

U (f (k) = keg1) = BU (f (k1) = kg2) ' (Fegn) fort <T

Thisis anecessary first order condition that appliesto al periods prior to the terminal pe-
riod. It describes the nature of the intertemporal decision | am making about whether | should
consume or save. It says that | will raise consumption until the point where if | raise con-
sumption one more unit today, the gainin utility no longer exceedsthelossin utility tomorrow,
because there is less capital and hence less output and consumption tomorrow.

But this condition does not apply to the terminal period. In the last period of your life, you



will not save for the future, but instead consume all that you produce:
kri1=0

Thisis regarded as a boundary condition for the problem.

2.2 A special case

This problem can be solved analytically for a specific case with particular functional forms.
Consider alog utility:
U (Ct) =1In Ct

And a Cobb-Douglas production function:

/ (k't) = k’?

The first order condition above then becomes:
1 1
- = - @ aka_l
kK — kit y (kta—s-l - k’t+2> o
Thisis a second-order difference equation which is difficult to solve. We need to make it into

afist-order difference equation by using a change in variable.

ke

kit

Define z; = savingsrate at timet =

This turns out to be useful here, because the utility function here implies a constant saving
rate, regardless of the level of income.

The first order condition then can be written:

() ()
- — o
kta 1-— Zt kta+1 1— Zt4+1 1

which may be simplified:
Zt . 1
1—zt_aﬁ<1—zt+1>




or
21 =14+af — a_ﬁ
2t

This is a relation between tomorrow’s savings rate and today’s savings rate. It is not a
solution in itself, because it is a relation between optimal choices in different periods, not a
rule telling use the optimal choice as a function of the current state of the economy.

Graph this relationship as a convex curve on a set of axes mayked z; . Graph also a
45-degree line showing whetge= z, ;. There are two points where the lines intersect. If the
economy finds its way to one of these points, it will stay there. One such point is where the
saving rate is 1.0. This is implausible, since it says all output is saved and none is consumed.
The other point where the saving rateni8, a fraction of income less than one. \erify that
z = a3 satisfies the condition above.

Recall that the problem is constrained by the boundary condition, that saving is zero in the
terminal period. In the graph, this means we start at the pgint= 0 and work our way
backward in time, to find out what the solution is for the current period. The graph suggests
we will converge to the point wherg- = o3. Provided that the terminal period when you die

is far enough in the future, this saving rate will be solution to the optimal saving problem for

the current period.

2.3 Solving recursively

We can perform this recursive operation explicitly. Start at the boundary pgint 0. Now

solve for saving in the previous periog; ;using the first order condition above.

2p=0=1+af — ap
2T—1
SO
ap
27 =
=t 1+ ap



Now plug this back into the first order condition for the previous period:

af of
1+Oéﬂ_1+aﬁ_ZT_2

Rr—1 =

which produces:

_ af(1+ap)
T2 T aB(1+ af)

If we keep moving backwards:

T—t
(aB)
Jim z=fim o = W)
I+ 3 (o)’

s=1

Since this is the solution for the current period for when the terminal period is infinitely
far away, it would be a natural conjecture that this is also the solution to an infinite horizon

problem, in which there is no terminal period. e will investigate this conjecture below.



3. A Deterministic Infinite Horizon Problem

3.1 Recursive Formulation

Lets consider again the infinite horizon problem:
max B'U [c roblem 1
{}wg [e4] (P )
s.t. c + kt+1 == f (k’t)
In general, we can't just find the solution to the infinite horizon problem by taking the limit of
the finite-horizon solution a8 — oo. This is because we cannot assume we can interchange

the limit and the max operators:

T

T
max lim U () %Th_r& max Z U (¢)
=0

Harr
So we will take a different approach, taking advantage of the problem’s recursive nature,
called dynamic programming. Although we stated the problem as choosing an infinite se-
guences for consumption and saving, the problem that faces the household int pefiaghn
be viewed simply as a matter of choosing today’s consumption and tomorrows beginning of
period capital. The rest can wait until tomorrow.
Recall that the solution we found for the finite-horizon problem suggested that the desired

level of saving is a function of the current capital stock. That is, the rule specifies the choice

as a function of the current state of the economy:

kiy1 = g (ke)

Our goal in general will be to solve for such a functigrcalled a policy function.
Define a functiorv(ky), called the value function. Itis the maximized value of the objective

function, the discounted sum of all future utilities, given an initial level of capital in period



for kq.

v (ko) = max 'U e
(ko) =, max 3 6V e
Then v(k;) isthe value of utility that can be obtained with a beginning level of capital in
periodt = 1 of &y, and Sv (k) would be this discounted back to period ¢t = 0.

So rewrite problem 1 above as:

v (ko) =max | U (co) + {ct,gi§f1; AU [ed]
=max [U (co) + fv (k1)) (problem 2)
st co+ k1 = f (ko)
If we knew what the true value function was, we could plug it into problem 2 above, and do
the optimization over it, and solve for the policy function for the original problem 1. But we
do not know the true value function.

For convenience, rewrite with constraint substituted into objective function:

v (ko) = max {U (f (ko) — k1) + Bv (k1) }

Thisiscalled Bellman's equation. We can regard this as an equation where the argument is the
functionv, a *functional equation’. It involves two types of variables. First, state variables are

a complete description of the current position of the system. In this case the capital stock going
into the current period, is the state variable. Second, control variables are the variables that
must be chosen in the current period; here this is the amount of savinfjconsumptionc,

had not been substituted out in the equation above, it too would be a control variable.

The first order condition for the equation above is:

U'[f (ko) — k1] = Bv' [k1]

This equates the marginal utility of consuming current output to the marginal utility of allocat-

ing it to capital and enjoying augmented consumption next period.



3.2 Envelopetheorem

We would like to get rid of the term «' in the necessary condition. Assume a solution for the

problem exists, and it is just afunction of the state variable:

ki=g (ko)

v (ko) = max{U (f (ko) — k1) + Bv (K1)}

becomes (where we can drop the max operator):

v (ko) = U (f (ko) — g (ko)) + Bv (g (ko))
Now totally differentiate (where everything is afunction of &):
v' (ko) = U" (f (ko) — g (ko)) ' (ko) = U (f (ko) — g (ko)) g’ (ko) + Bv' (g (ko)) g’ (ko)

v’ (ko) = U (f (ko) — g (ko)) f* (ko) — [U" (f (ko) — g (ko)) — Bv" (g (ko))] g (ko)
The FOC says the second term equals zero, so

v' (ko) = U (f (ko) — k1) f' (ko)

Update one period
v' (k1) = U’ (f (k1) — k2) f' (K1)

Or in amore compact form easier to remember, the envelope condition hereis:
Vi = Ut f' (Ke)
We can use thisto get rid of term in first order condition. The FOC then becomes:
U'[f (ko) — k1] = BU' (f (k1) — k2) f' (k1)
This tells us that the marginal value of current capital, in terms of total discounted utility, is

10



given by the marginal utility of using the capital in current production and allocating its return

to current consumption.

3.3 Apply toour special case:

Letsuse again f (k;) = k7, and u (¢;) = In¢;. Thistime, let's solve by a Lagrangian instead
of substituting the constraint into the objective function.

The problem is stated:

v (k) =max {In (¢;) + Bv (k1) }

ct,kiq1
s.t. Cct + kt+1 == ]{Ita

Rewrite this in Bellman form:

v (k:) =max {In(ct) + v (kee1)} + M (K5 — ¢ — kiya)

ct ki1
Differentiate to derive the first order conditions:

1
——)\t:()

Ct

/B’UI (kt+1) — /\t =0

or combining them:

1

— =0 (Key1)

Ct
Let’s derive the envelope condition in this case. In general you can use a short cut, but let's
do it the longer way here. Write the solution to all variables as functions of the state variable:
¢t = c(ki), ki1 = k (k) . Then we may write the Bellman equation with all arguments as a

function of k;:

v (k) =In(c (ko)) + Bv (k (k) + A (ko) (K = ¢ (ki) — K (k)



Now differentiate with respect to k;:

C/
V' (ko) = =+ B0 (kea) by + A TR — ¢ (ko) + ko] + A [akf ™t — ¢ — k]

Ct

Eliminate the term that equal's zero because of the constraint, and regroup:
1
U/ (kt) = C,t <— - )\t> + k;_,'_l (ﬁfvl (kt+l) — )\t) + )\tozk’?_l

Thefirst two terms here are zero also, because of the first order conditions. Substitute for )\,
and update one period:
1
V' (kpy1) = — ok
Ci41
Thisis the envelope condition here.
A simpler way to get the envelope condition would be just to take the derivative of the

original problem

v (ki) =max {U (c¢r) + Bv (k1) } + M (f (ke) — e — ki)

ct ki1
with respect to k;. Thisgivesyou the same result, since all the other terms drop out in the end.

Shifted up one period, this a'so would give us:

Veer = Ao f' (Kep)
And when combined with the FOC: \, = U]/, we get the same envel ope condition.
Vi = Ui f' (k)
Now substitute the envelope condition into FOC:
1 1
i aﬁ_kafl
Ct Ct+1 o

So the two necessary conditions for this problem are the equation above and the budget con-

12



straint:
Cct + kt—i—l == k’ta

3.4 Solution by iterative substitution in our special case

In this special case we can solve explicitly for a solution. Rewrite the FOC and budget con-

straint:
e kg
Ct Cit1
ki 141
o o

Substitute the FOC into the constraint to get a consolidated condition:

ka
L =1+ap
Ct Ct+1

a
kt+1

Update one period the consolidated condition above and substitute it into itself:

(0% ka
L 1+apB <1+aﬁt—+2>
Ct Ct42
Do thisrecursively. Note that it is a geometric progression:
Wt apt (@8 + @)+ =
Cy 1-— O[ﬁ

So the policy function is:
¢t = (1 — af) K}
Note that thisis the answer we guessed earlier, based on the finite horizon problem.

3.5 Other solution methods: Solution by conjecture:

In general, the functional forms will not allow usto get an analytical solution thisway. There
are several other standard solution methods:

1) solution by conjecture

2) solution by iteration

3) otherswe will talk about later

13



Suppose we suspect because of the form of the utility function that the amount that the

household saves should be a constant fraction of their income, but we don't know what this

fraction,6, is:
ki = Ok
or equivalently
o= (1—-0)ky
Divide the two equations above:
ke 0
¢ 1-6

and substitute this into the FOC:
ki1 k7
= g
Yo,V
af— —
Ct+1 1-6

Substitute the consumption function @r, ;:

Ka 6

of

SO
afd =0
We again reach the same solution as before:
¢ = (1—apf)kf
3.6 Solution by value-function iteration:
Another solution method is based on iteration of the value function. The value function actu-
ally will be different in each period, just as we earlier found the functi¢h) was different

depending on how close we were to the terminal period. But it can be shown (but we do not

show this here) that as we iterate through time, the value function converges,just asn-

14



verged in our earlier example as we iterated back further away from the terminal period. This
suggests that if we iterate on an initial guess for the value function, even a guess we know is
incorrect, the iterations eventually will converge to the true function.

Suppose we start with a guess for some period 7" + 1:

Vo (kT+1) =0

Thisissimilar to assuming aterminal period in which | die. Our guess for the value function
implies that the discounted value of al future utility is zero, which implies that | consume al
wealth and save nothing in this period: ¢, = k¢, and k. = 0.
So in previous period:
vy (kr) = In kg
We put a subscript on the value function, because thisis changing over time, asit converges to
some function.

In the period before that, the problemis:
vy (kr—1) = max {ln (e¢r_1) + Bv1 (kr)}

s.t. cr-1+ kT = k’%fl

or
v (kr_1) = max {In (¢r_1) + BInk3}
s.t. cr—1+ kT == k’%—l
Do the optimization:
L=In(cr_1) + BInk§ + X (kf_; — cr_1 — kr)
FOCsare:
1
A= —
Cr—1

15



and

1
A= al—
afs o
or
L _ap
Cr—1 kr
Substitute into budget constraint and get:
af
= T ag
and
1

Now plug these solutions into the value function vs:

1 «
Vo (kT—l) = In (mk%_l> + 611’1 (%k;ﬁ_l>
= afln(af)— 1+af)In(1+af)+ (1 +af)Inkf_,

Then write for previous period:
Vs (kT_Q) = Imax {ln (CT_Q) + /BUQ (kT—l)}

s.t. Cr—92 + kT—l == k%_Q
and so on...

It can be shown that this sequence of functions converges to:

of

v (kt) :max{lnct—i—ﬁ ((1 —ﬂ)’l {ln(l —af) + T Inaf —l—ﬁlnkﬂl)}

Once we know the true value function, we can solve for the policy function.

The FOC still holds that says:

U' (1) = BV (key1)

16



Now we can say that:

« 1
/ k — -
! ( tH) 1 —af ki
SO
I af 1
Ct n 1— Oéﬂ kt+1
or
Cy . 1-— O[ﬁ
ki af

Combine with the resource constraint:

Ct k’?

bk
to get:
1—ap _ kf 1
af K1
and so:
ki = Bk

which is same solution as before.
Although this solution method is very cumbersome and computationally demanding, be-
causeit relieson explicit iteration of the value function, it has the advantage that it will always

work. It is common to set up a computer routine to perform the iteration for you.

17



4. A stochastic Problem

4.1 Introducing uncertainty

One benefit of analyzing problems using dynamic programming, is that the method extends
very easily to astochastic setting, in which there is uncertainty. We will introduce uncertainty
as affecting the production technology only, by including a random term in the production
function:
yr = 2z f (k) where z; isi.i.d.

Here {z;} is a sequence of independently and identically distributed random variables. This
technology shock varies over time, but it's deviations in different periods are uncorrelated.
These shocks may be interpreted as technological innovations, crop failures, etc.

We assume that households maximize the expected utility over time. Assume utility takes
the same additively separable form as in the deterministic case, but now future consumption is
uncertain.

The social planner problem now is:

max_ FEj Z BU [c]
=0

{erker1}i2o
sit. e+ kir = zef (ky)
Where the expectations operatgyindicates the expected value with respect to the probability
distribution of the random variables,, k.., z; over allt, based on information available in
periodt = 0.

Assume the timing of information and action is as follows: at the beginning of the period t
the current value of; the exogenous shock is realized. So the value of technology and hence
total output is known when consumption takes place and when the end-of-period £apital
is accumulated. The state variables are hpandz,. The control variables arg andk; .

As before we can think about a social planner in the initial period choosing a whole se-

18



quence of consumption -saving pairs {c;, k.11 },-,. But now in the stochastic case, thisis not
a sequence of numbers but rather a sequence of contingency plans, one for each period. The
choice of consumption and saving in each period is contingent on the realization of the tech-
nology and capital stock in that period. Thisinformation is available during each period when
consumption and saving are executed for that period, but it isnot availablein theinitial period
when the initial decision is being made for al future periods. A solution is arule that shows
how the control variables are determined as afunction of these state variables, both the capital

stock and the exogenous technology shock.
Ct = C (k’t, Zt)

ki1 =k (key zp)
Note that all the variablesinvolved here are random variables now, because they are functions
of the exogenous shock, which is arandom variable.
The setup here is very similar to the deterministic case, except that the variables involved
arerandom, and the decision involves expectations over these. We again can write the problem

recursively in Bellman form:

v (ki ze) =max {U (¢) + BEw (kis, ze41) }

¢t key1

s.t. c + kt+1 == th (k’t)
Note that the expectations operator may be thought of as integrating over the probability dis-
tribution of the shock:

v (K¢, z¢) = max {U (ct) + ﬂ/v (ktt1, ze41) b (Ze41) dzt+1}

ct, ke

where h (241 ) isthe distribution of the shock.

19



Write this as a Lagrangian:

v (kt, z) =max {U (¢;) + BEv (key1, ze01) } + M [2ef (k) — ¢ — k]

ct,kiq1
Take first order conditions:
co: Ule)—MN=0

K ﬁEtU//ftH (k’t+1, Zt+1) -XA=0

U’ (Ct) = ﬂEtU;CtH (kt+17 Zt+1)

Envelope condition:

Uy, (ks 2e) = ez’ (k)
= U'(¢) zef' (ky)

So the necessary condition becomes:

U' (¢r) = BE U (cri1) zepr f (Keia)]

This has the same interpretation as always: you equate the marginal benefit of extra consump-
tion today to the marginal cost in terms of lost production and hence consumption tomorrow.

4.2  Our special caseagain

Again we can demonstrate a solution analytically for the special case of log utility and Cobb-

Douglas technology:

f (k) = zki

andu(c;) = Ing
The necessary condition then becomes:

1 1

Ct t+1

20



In the deterministic version we found a solution was a constant saving rate of a3, so that:

kipn = aBky

ande, = (1—af)k?

Let’s conjecture a similar solution for the stochastic problem, of some constant saving rate,

where we take into consideration that income varies with the exogenous shock,

kt+1 = QZt k’?

andce, = (1 —0)zk

Plug these into the necessary condition above, to see if it is satisfied.

1
- E k,oz—l
(1—0) z k¢ afBE, (1= 0) 2k Ri4+1V¢ 11
1
= opn—-
5(1 —0) ki
1
= 05/6

(1 — 9) tak‘to‘
Which holds if we choose the constant saving rate thben/3. (Note the expectations operator

was dropped because the variable,is known in period.)

4.3 Finding distributions

Because these solutions are for random variables, we would like to be able to characterize
their distributions. To do this we need to assume a convenient distribution for the underlying
stochastic shock. We assume that it follows a log normal distribution, with ppead variance
o.

Inz " N(u,o?)

Because, is distributed log normal and the saving leviel, 1, is a function of it, saving must

21



also be distributed log normal. We can characterize the distribution in terms of its mean and
variance, which will be functions of 1 and o. First let’s find the mean of the saving variable.

Take logs of the solution found above for saving:

kt—i—l = aﬁztkf

Ink;yy = Inaf+Inz+alnk
Now exploit the recursive nature of the problem:

Ink, = Inaf+Inz_1+alnk,_q

= lnaf+Inz 1 +a(lnaf+Inz o+ alnk, o)

= (I+a+a’+..+a" ") nas
+ (Inz1 + alnze g + ...+ o' n z)

+al ln kg

As we move in time, the initial value of saving disappears from the expression, and the other
expressions become a pair of geometric series. Take the lihit-a8, then take the expected

value to find the mean of its distribution.

1 1
lim Fllnk|=|——]1 —
pad [In Fe (1—a> nozﬁ—l—p(l_a)

This is the mean of distribution for saving. It is a function of the mean of the underlying shock.

Now let’s find the variance of the distribution of saving.

var(Ink,) = E [((Ink,) — E (Ink))’]
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2
<1naﬁ+1nzt1—|—ozlnk;t 1) — (( ! >lnaﬁ+ﬂ< 1 )))]
1—a -«
2
= E (1no¢ﬂ+lnzt1+Oé(lnaﬂ+lnzt2+oalnkt 2)) — <<1ia>lnaﬂ+u<1ig>>>]

t—1 t—1

2
o (naf 4 Inz) — Z o (InaB + u))

=0

I
o

i3

t—1 2
= F ( at 2(lnzi—,u)>
=0

multiplying this out and taking limit:

lim E [((Ink,) — E (Ink,))’]

t—o0

t—1
= limY ?CIE(Ing — p) + Z 20010 1=D B (In 2 — p) (Inz; — p)

t—o0
i=0 i#£]
t—1

= thm 21 Dvar ()

=0

0_2

1—a2

The second set of termsin thefirst line above is zero, since the shocks were assumed to have a
zero covariance across periods. Again, the variance of the saving variable is a function of the
variance of the underlying technology shock.

The steps in the analysis above will be applied throughout the course to other situations.
Dynamic programming will be used to find the equilibrium policy functions, giving the control
variables as functions of current state variables. Then by assuming a convenient distribution
for the exogenous state variables, we can use the policy function to describe the distribution of

the control variables.
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