THE TIMING OF MARKETS AND MONETARY TRANSFERS IN
CASH-IN-ADVANCE ECONOMIES

KEVIN D, SALYER*

In cash-in-advance models, do the timing of markets and the timing of the monetary
transfer affect equilibrium money demand? The timing of markets generates different
individual money demands; however, under the comnon assumption that agents are
identical, these differences do not affect the behavior of equilibrium real balances. In
contrast, the timing of the monetary transfer has important implications for agent’s
information sets; these implications can influence the equilibrium characteristics of

real balances.

l. INTRODUCTION

The search for a general equilibrium
model in which the demand for money is
explicitly derived from individual optimi-
zation has led many theorists to adopt a
cash-in-advance censtraint. By requiring
that a subset of expenditures be financed
out of current money holdings, the cash-
in-advance constraint captures the trans-
actions motive of money demand and,
under fairly general conditions, leads to a
finite nominal price level in equilibrium.
The attractiveness of finance constraint
models in comparison with alternative
general equilibrium monetary models,
specifically overlapping generations mod-
els and models that place money in the
direct utility function, stems from two
features: First, unlike models in which
money demand characteristics result from
an arbitrarily chosen utility function, the
use of the cash-in-advance constraint al-
Jows an explicit characterization of the
traditional components of money de-
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mand. Second, in overlapping generations
models, money serves only as a store of
value so that, in the absence of additional
assumptions, the introduction of alterna-
tive assets often leads to non-monetary
equilibria. This is not the case with finance
constraint models due to the severe nature
of the constraint.

Cash-in-advance models are inherently
sequential, thus necessitating an explicit
modeling of the timing of transactions and
the flow of money within the economy.
For instance, the manner in which the
money stock is carried over from one
period to the next, i.e.,, whether in the form
of households’ nominal balances or firms’
sales revenues, must be addressed with
the cheice implying possible different
equilibrium characteristics. (For a discus-
sion of this issue, see MacKinnon [1987].)
In general, the sequential evolution of
cash-in-advance economies implies that
exogenously specified timing choices will
influence individual demands for both
goods and assets and equilibrium behav-
ior. This paper attempts to clarify the
implications of two such timing conven-
tions: (i) the timing of markets and (ii) the
timing of the monetary injection.

The potential importance of market
timing was initially highlighted in papers
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by Robert E. Lucas, Jr. [1982] and Lars E.
O. Svensson [1985b]. Specifically, in an
analysis of exchange rates Lucas applied
the cash-in-advance constraint to the ac-
quisition of consumption goods, thereby
implying the existence of two distinct
markets: one for goods and another for
assets. Lucas assumed that the state of the
world was revealed at the beginning of the
pericd and arranged the markets so that
the asset market preceded the goods mar-
ket. With the opportunity to revise nomi-
nal money holdings after the state of the
world was known, individuals would
never hold more money than needed for
transactions if nominal interest rates were
positive. Lucas made the additional as-
sumption that nominal interest rates were
indeed positive and demonstrated that,
under this restriction, unit-velocity quan-
tity theoretic results were obtained. Svens-
son [1985b] modified Lucas’ model by
reversing the order of markets. That is,
Svensson placed the goods market first so
that agents did not have the opportunity
to revise their money holdings after learn-
ing of the state of the world. As Svensson
states:

My model differs from Lucas’s in
that consumers must decide on their
cash belongings before they know
the current state and hence before
they know their consumption. This
gives rise to a combined transactions,
precautionary, and store-of-value de-
mand for money [1985b, 921].

Svensson later reports, however, that this
seemingly important change in individual
money demand had absolutely no conse-
quences for the equilibrium characteristics
of real balances. Rather,

...the behavior of real balances and,
in particular, whether or not the liq-
uidity constraint is binding turns out
to be independent of whether the
asset market opens before or after
the state is known [1985b, 938].

In other words, the inclusion of a precau-
tionary motive in individual money de-

mand had no impact on the behavior of
equilibrium, aggregate money demand.

This difference between the implica-
tions of market timing for individual and
aggregate money demand has not been
appreciated in the cash-in-advance litera-
ture and continues to be a source of con-
fusion in current research as evidenced by
the following statements.

In an empirical analysis of cash-in-ad-
vance (CIA) models, Hodrick,
Kocherlakota, and Lucas [1991] motivate
their use of Svensson’s timing rather than
Lucas’s (referred to as “simple CIA mod-
els”) in the following manner:

Simple CIA models require that the
amount of money held in a given
period be at least sufficient to cover
perfectly anticipated expenditures.
Agents faced with positive nominal
interest rates never hold idle cash
balances in these economies, so the
entire money supply turns over each
period. Consequently, these maodels
make the incorrect prediction that
the consumption velocity of money
is always unity.

In response to this difficulty, Lucas
[1984] and Svensson [1985b] modify
the information structure in the basic
CIA setup...Cash balances must be
chosen before the quantity of output
is known. Therefore, agents may
choose to carry unspent cash across
periods, and velocity can in principle
vary [1991, 359].

As an additional example, Thomas Sar-
gent and Bruce Smith [1988] state:

It is well known that the monetary
and real aspects of these models
hinge on the assumed timing of trans-
actions. There are several papers that
study consequences of varying such
assumptions. For instance Svensson
[1985b], Lucas [1984], and Lucas and
Stokey [1987] consider the impact of
varying the timing of transactions
relative to when various elements
at the state of nature are revealed
to agents. Such a variation permits
a “precautionary demand” for money
to emerge {emphasis added).
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And, in a survey of recent developments
in macroeconomics, Stanley Fischer [1988]
writes:
Svensson [1985b] relaxes the unitary
velocity assumption by assuming that
individuals face uncertainty about
their spending and have to decide

on money holdings before the un-
certainty is resolved [1988, 300].

Since all quotes are in the context of dis-
cussing the equilibrium, aggregate charac-
teristics of the models, these statements
are in direct contradiction to Svensson'’s.

In order to sort out these issues, section
IT examines in detail the individual’s max-
imization problems implied by the two
market structures. While paralleling the
earlier works of Svensson and Lucas, this
detailed derivation facilitates the compar-
ison of individual money demand in the
two models which, in turn, permits the
identification and characterization of the
transactions, precautionary, and store-of-
value motives of money demand. Due to
the assumption of identical agents em-
ployed by both Lucas and Svensson (as
well as the papers quoted above), the
differences in individual money demand
are eliminated in the construction of equi-
librium real balances. The reason for the
equivalence of the two models is straight-
forward. While the Lucas timing permits
revision of money holdings upon learning
of the state of the world, the assumption
of identical agents implies equilibrium
asset prices will be sustaining prices; i.e.,
asset trade is zero. Consequently, the two
models generate the same separating
hyperplane that defines equilibrium real
balances.

Section III discusses the implications of
the second timing choice, i.e., the receipt
of the monetary transfer. Both Lucas
[1982] and Svensson [1985b] introduce
new money as a lump-sum transfer (or tax
if the monetary growth rate is negative).
Additionally, both authors assume that the
transfer is received in the asset market;
hence, at the beginning of the period in

Lucas’s model and at the end of the period
in Svensson’s. Somewhat surprisingly
(since the transfer is lump-sum), this tim-
ing choice can influence equilibrium real
balances. The reason is the implied differ-
ence in agents’ information of the aggre-
gate money stock. Specifically, the end-of-
period transfer gives agents perfect infor-
mation about the money stock available in
the goods market in periods t and t+1. As
a consequence, the end-of-period transfer
seems an inappropriate modeling choice
for much of the analysis that employs the
cash-in-advance framework. That is, the
cash-in-advance model is a useful para-
digm for the analysis of the implications
of monetary uncertainty as, for instance,
captured in the serial correlation and con-
ditional variance of the monetary growth
rate. It is precisely these types of ques-
tions, however, that can not be addressed
if the monetary transfer is received at the
end of the period since, for all practical
purposes, monetary uncertainty is elimi-
nated.

Il. THE INDIVIDUAL'S PROBLEM

This section derives those conditions
that characterize an individual’s optimum
in models that are identical except for the
timing of markets. Using terminology in-
troduced by Kohn [1984], I refer to the se-
quence of markets in which the asset mar-
ket precedes the goods market as the lig-
uid asset model and the reverse order as
the semi-liquid asset model.! In what fol-
lows, uncertainty is due to randomness in
the growth rate of the money supply (g,)

and the level of the endowment (x,) (i.e.,

1. This terminology is explained as follows: If the
goods market follows the asset market, all assets can
be converted into currency to finance that period’s con-
sumption. If the goods market precedes the asset mar-
ket, only beginning-of-period currency can finance
consumption that period; the asset market, however,
is a barter market. The “illiquid asset” model imposes
the cash-in-advance constraint on goods and asset pur-
chases.
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both models are exchange economies).
The support of g is the interval
G = (-1, ) while that of x is the interval
denoted X =(0, ). Let 5, =(g, x,) denote
the state of the world at time t. It is as-
sumed that s, follows a stationary Markov

process with the transition function given
by H(ss) =Png.;<g, x.4 <x'|g =&
x,=x) where s € 5=GxX. Agents know
5, at the beginning of period ¢
Individuals are assumed to maximize

(1) Y B'E[U(ce,)]

t=0

with E the expectations operator, p the
subjective discount factor (0 < f < 1), and
U assumed to be strictly concave, contin-
uously differentiable, and bounded. Two
securities exist in the economy: money
(M) and a mutual fund (z) that entitle the
owner to a fraction of the nominal value
of the endowment process. It is assumed
there is one outstanding share of the mu-
tual fund.

Analysis of equilibrium is restricted to
the class of stationary monetary equilibria
in which the equilibrium quantity of real
money balances and the price of the mu-
tual fund measured in units of the con-
sumption good are functions of the state
but not the date. It is assumed that agents
know these functions along with the tran-
sition function H(s,s"); their expectations
are rational.

The Liquid Asset Approach

Following Lucas [1982], the household
consists of two individuals—a buyer and
a seller. At the beginning of the period, the
state of the world is revealed (s,) and,
consequently, the household determines
its portfolio and consumption plans. The
buyer first visits the securities market
where optimal quantities of money and
shares of the security are purchased with
the household’s wealth. This wealth is in

the form of money and shares of the
security carried over from the previous
period plus the new monetary transfer.
The buyer then visits the goods market
where consumption is financed out of cur-
rent money holdings. Meanwhile, the
seller receives the dividends from current
security holdings; these are sold to a buyer
from another household for cash which
must be carried over to the next period.
This scenario implies the following nomi-
nal budget constraints:

(2) W, =M, + Qg
(3) M,> Py,
(4) Wi =(M,—P,c)+z(P,x,+ Q,.))

+ 8aM,

W, is nominal wealth, Q, is the dollar price
of a share of the mutual fund, J\_/I, is the
money stock, and P, is the dollar price of

a unit of consumption. Using ¢ as numer-
aire allows (2), (3), and (4) to be expressed
as

(5) Wy=mi+q,.z
(6) m 2
(7} wpy=(m—c)/ oy,

+2{xp/ Oy ¥ Gpq) + 8.‘+1A_/Tr/Pm

where a,,; = P,,, / P, defines the one-period
inflation rate. As noted, equilibrium real
prices and real balances (denoted by lower
case variables) will be functions of the cur-
rent state only. Consequently, time sub-
scripts will be suppressed and primes
used to denote values at time #+1.
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The individual’s utility maximization
problem can be expressed in the form of a
dynamic programming problem in which
the value function is given by?

(8) v(w,s) = max{i(c) + p [v(w’,s)dH(s, s")}

subject to (5) - (7).

Notice that money balances are not a
direct argument of the value function
since agents have the opportunity to ad-
just their money holdings in the securities
market before making their consumption
purchases. Let T denote the Lagrange mul-
tiplier associated with real wealth and p
the multiplier associated with the finance
constraint. Then maximizing (8) subject to
(5) and (6) with w’ given by (7) and assum-
ing ¢, z>0 yields the following Kuhn-
Tucker conditions:

(9) U(c)=p+p J‘ ([ / o’ )dH(s,s")

(10) -T+p+p f (I" / o)dH(s,5") = 0

(11) Tq=p [T(x/ o +¢)dH(ss")

2. The proof that v(w,s) exists and is strictly con-
cave and differentiable is a direct application of Lucas’
[1978] proof. By introducing the slack variable
B(s) = m(s) — c(s) it is easy to see the connection between
this model and his. With this change, the dynamic pro-
gramming problem becomes

(b,z,5) = max{U{(c) + ﬂ_rv(b',z‘,s') dH(s,s")}
subject to
€t b+ gz <bygoy + 2 /00 + 40 + gMiy
gzl b20 20

The individual, given his wealth, chooses optimal
consumption, end-of-period real balances and end-of-
eriod shares. The individual’s problem, therefore, is
identical to that in Lucas [1978] so that all proofs pre-
sented there apply. For clarity of exposition I will use
the statement of the individual’s problemn as expressed
in (5) - (6).

and the complementary slackness condi-
tions: u[m - c]=0; u20 and eq. (6).
Using (9) and (10) yields

(12) Ufe)=T

(13) u=Ufc)-p J‘ [U(c)/ o)dH(s,5) 2 0

The interpretation of these conditions
highlights the characteristics of the liquid
asset model. Equation (12} implies the
marginal utility of consumption always
equals the marginal utility of real wealth.
This is due to the symmetry that real
balances and other forms of wealth have
in this model as a result of the securities
market preceding the goods market. In
other words, the fact that agents have the
ability to adjust their money holdings
after the state of the world is revealed and
before they face the finance constraint
implies that agents choose their portfolio
without regard to the liquidity character-
istics of an asset since any form of wealth
can be converted into consumption, Equa-
tion (11) is a standard capital asset pricing
equation for z. As is usual, for the individ-
ual to be at a maximum the utility fore-
gone from the purchase of a unit of z must
be equal to the discounted expected utility
that ownership will provide next period.
Since this paper will concentrate exclu-
sively on the determination of equilibrium
real balances, no further analysis of eq.
(11) will be carried out. To interpret equa-
tion (13), note it may be rewritten as

(14) Ufc)/P,= /P,

+B [TULc)/ PyyldH(s,5)

The left-hand side represents the loss in
utility from the acquisition of another dol-
lar. At the margin, this amount must be
equal to the utility gain that a dollar rep-
resents. This is given by the right-hand
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side of eq. (14): WP, is the utility value of
the liquidity services of a dollar (i.e., the
“dividend”) while the second term repre-
sents the discounted expected utility in-
creases (or decreases) due to capital gains
{or losses) resulting from price level
changes.

The Semi-Liquid Asset Approach

This section presents a model similar to
Svensson’s [1985b] paper.® Now, agents
must visit the goods market first; there is
no asset market to “fine tune” nominal
balances after the state is revealed. Mone-
tary transfers are received at the beginning
of the period and dividends from last
period’s security holdings are received
while the buyer is en route to the securities
market. This timing implies the following
nominal budget constraints:

(15) W,=M,+Q,z,+ Py,

(16) M., +g, HJ—I 2P,

(17) Wiq =M+ 2Py, + Q) + 8t+1A_At

Changing the order of markets results
in two differences between the semi-liquid
and liquid models; these are reflected in
eqs. (16) and (17). Most importantly, the
money that is used to finance current
consumption was chosen in period t-1 as

3. To show that the timing of markets has no sub-
stantive effects on equilibrium, it is necessary to have
the rest of the economic environment identical. There-
fore, I have adopted Lucas’s convention for the timing
of the monetary transfers, i.e., the transfer is received
after the state is revealed and before markets open. In
contrast, Svensson had individuals receiving the mon-
etary transfer at the end of the period. The implica-
tions of the timing of the monetary transfer are dis-
cussed in section IIL

4. As mentioned in footnote 3, the money that is
used to finance consumption includes both money
chosen in the last period and the lump-sum monetary
transfer.

shown in eq. (16).4 Also, since cash from
the sale of dividends is received en route
to the security market, dividends are due
to shares purchased in the previous pe-
riod. This change can be seen by compar-
ing the first term in the parentheses in eq.
(17) with that in eq. (7). Using c as
numeraire yields

(18) w,=M,/P+q,z,+¢
(29) my= (M + g, Ht—l)/Pr 2
(20) Wi = M/ Prg) + 2, (g + G0p)

+ gt+11\_dt/Pt+1

Again, the individual’s problem can be ex-
pressed in the form of a dynamic program-
ming problem with the value function
given by

(21) o(w,s,M,_;) = max[U(c)

+ ﬂ_[v(w',s‘,M,)dH(s,s‘)}

subject to (18) - (20).5

Notice that M, , directly enters the
value function in contrast to the previous
section. That is, since both money and real
wealth can constrain consumption, these
are arguments in the value function. More
formally, w and M,_; are both individual

state variables in the semi-liquid model
while only wealth is in the liquid asset
model.

5. Again, proofs of the existence of v and its prop-
erties are due to Lucas [1980]. That v exists is easy to
establish by standard contraction mapping arguments.
The differentiability of v is proven by noting that in
the two regions m>c¢ and m=c (letting m = (M
+ giMi1)/ Py} the one-sided derivatives of v on the
boundary are the same. (See Lucas {1980] prop. 3 for
details.)
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As in the previous section, time sub-
scripts will be suppressed while I' and p
denote the Lagrange multipliers associ-
ated with real wealth and real balances
respectively. Then maximizing eq. (21)
subject to eqs. (18) and (19) with w’ given
by eq. (20) yields the following Kuhn-
Tucker conditions:

(22) Uc)=T+p
(23)  T=p[lI"+ W)/ wldH(s,s)

(24)  Tg=p[[['x' +¢))dH(s,s")

and the complementary slackness condi-
tions: p(m -c)=0; p 2 0. Note that the en-
velope theorem has been employed; i.e.,
' is equal to the derivative of the value
function with respect to real wealth and
u is equal to the derivative of the value
function with respect to real balances.
Again, eq. (24) is a standard capital asset
pricing equation for z and will not be an-
alyzed here.®

Equation (22) implies that if the con-
straint is binding, the marginal utility of
consumption will not equal the marginal
utility of real wealth. This result is in
contrast to the liquid asset model and
represents the major difference between
the models from the individual’s perspec-
tive. In the semi-liquid asset model, aug-
menting an agent’s real wealth by one unit
will not lead to a direct increase in utility
if the constraint is binding. Only by relax-
ing both constraints can the agent directly
transform wealth into consumption.

Combining eqs. (22) and (23) results in

6. In a recent paper by Finn, Hoffman, and
Schlagenhauf [1990], the Euler equations characteriz-
ing optimal equity holdings implied by the two mod-
els (i.e., eq. (11) and (24)) are analyzed empirically.

(25) u=ULe)- B [ULc)/ o'dH(s,5) 2 0

By comparing eqgs. (25) and (13), the anal-
ysis of the statement that the semi-liquid
model introduces a precautionary demand
for money is made precise. Since the ex-
pressions are identical in form, it is obvi-
ous that the choice of whether to exit the
goods market holding positive nominal
balances involves the same marginal
tradeoff: the current utility foregone from
holding a dollar against the expected util-
ity that a dollar will provide in the follow-
ing period. In other words, both models
introduce uncertainty in the decision of
whether or not to exhaust money holdings
in the goods market. However, there is a
difference between the models at the indi-
vidual level due to the inclusion of nom-
inal balances as an individual state vari-
able in the semi-liquid model. The impli-
cation is that agents” optimal consumption
(i.e., the policy function obtained as the
solution to the dynamic programming
problem expressed in egs. (8) and (20))
will be a function of beginning-of-period
nominal balances (M,_,) in the semi-liquid
model but not in the liquid model. The
expected marginal utility gain that a dollar
will provide in the semi-liquid model will,
therefore, be affected through two chan-
nels: (i) the inflation rate (i.e., the return
on money) and (ii) the optimal consump-
tion function. The former effect is also
present in the liquid asset approach and
generates a store-of-value demand for
money. The latter effect, exclusive to the
semi-liquid model, can be interpreted as
embodying a precautionary demand for
money. That is, since consumption is di-
rectly affected by beginning-of-period
nominal balances, agents may wish to
hold cash to ensure consumption next pe-
riod. Thus the cash-in-advance framework
allows a formal characterization of the tra-
ditional motives for holding money. The
constraint itself obviously implies the
transactions motive, whereas money held
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in excess of that needed for consumption
purchases may be due to a store-of-value
and/or precautionary motive. If the
agent’s consumption function contains
money holdings as a direct argument, then
both motives are present whereas, if it
does not, only the store-of-value motive is
evident. While individual money demand
in the liquid asset and semi-liquid asset
models does differ, this does not necessar-
ily imply equilibrium money demand will
also differ. In fact, as the next section dem-
onstrates, under the common assumption
that the economy is populated by homo-
geneous agents, the behavior of equilib-
rium real balances will be identical in the
two models.

Equilibrium Real Balances

The restriction of analysis to the class
of stationary monetary equilibria implies
equilibrium real balances will be a func-
tion of the state only, ie., (M,,/P,)
= m(s). Additionally, the assumption of a
representative agent implies that the
agent’s first-order conditions will charac-
terize equilibrium when these are evalu-
ated at the market clearing quantities
¢,=x, and M,=M, In particular, equilib-
rium real balances are determined by egs.
(6) and (13) for the liquid asset model and
eqs. (19) and (25) for the semi-liquid
model. In order to obtain expressions in
terms of m(s) only, note that the one-period
inflation rate for both models can be writ-
ten as

{29) o' =m(s) [1+g (sN]/m(s)
Then, letting U(s) = U [x(s)], equilibrium
real balances are defined in both models

as the solution to the following set of in-
equalities:

(30) m(s) 2 x(5)

(31) Us)- B/ mis) [ULsm(s')

/[1+g(sH)dH(s,s)2 0
{with equality if m(s) > x(s)).

Since both models imply the same set of
inequalities, the equilibrium real balance
function will also be the same. (The proof
of the existence and uniqueness of m(s) is
contained in the appendix.} To understand
the result, note that there are two differ-
ences between the models that would, in
general, imply different real balance func-
tions: (1) the liquid asset model permits
the beginning-of-period distribution of
the money stock to be altered by trades in
the asset market while the semi-liquid ap-
proach does not, and (2) the individual's
beginning-of-period money balances are a
direct argument of the consumption pol-
icy function in the semi-liquid model but
not in the liquid model. These differences
are eliminated, however, by the use of
identical agents because:

(1) Asset prices are sustaining prices so
that no trades take place; i.e., the distribu-
tion of the money stock is not altered and
is the same in both models.

(2) The equilibrium distribution of con-
sumption across agents is the same in both
models.

Consequently, the equilibrium real bal-
ance function as defined by the separating
hyperplane implied by egs. (30} and (31)
is the same. This implies further that only
the transactions and store-of-value mo-
tives for holding money are manifest in
the behavior of equilibrium. That is, since
equilibrium consumption for the represen-
tative agent is identical in the two models,
the fact that nominal balances enter di-
rectly into the consumption policy func-
tion in one model and do not in another
is irrelevant for the characteristics of equi-
librium.
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ill. THE TIMING OF THE MONETARY
INJECTION

The proof that the timing of markets
has no effect on the equilibrium character-
istics of real balances depends critically on
all other specifications of the models being
identical. In particular, it was assumed in
the previous section that the monetary
injection was received in the beginning of
the period; i.e., in the asset market for the
liquid asset model and in the goods mar-
ket for the semi-liquid model. In
Svensson’s use of the semi-liquid model,
however, he specified that the monetary
transfer was also received in the asset
market and, hence, at the end of the pe-
riod.” As the introduction stated, this tim-
ing convention has the potential to influ-
ence the equilibrium behavior of real bal-
ances because of the implications for
agents’ information. Specifically, with the
transfer received at the end of the period,
the realization of the monetary growth
rate at time ¢ provides agents with perfect
information about the money stock in the
goods market at time ¢ and #+1. Not sur-
prisingly, the enhanced information can
influence equilibrium money demand.

Formally, the end-of-period transfer im-
plies two changes in the model specifica-
tions analyzed in section II. At the individ-
ual level, nominal wealth in period #+1 is
now augmented by the pericd ¢t monetary
transfer; hence the last term in egs. (4) and
(17} is lagged one period. (Note that, since
the transfers are lump-sum, the necessary
conditions characterizing optimal money
holdings are unaltered, i.e. egs. (13) and
(25) are still relevant.) At the aggregate
level, equilibrium real balances in the
goods market at time ¢ are now defined in
terms of the period -1 money stock:

7. Svensson chose this particular timing so that
monetary transfers would be as “liquid” as other as-
sets (see his discussion on pg. 923). However, this in-
terpretation does not seem appropriate given that the
transfers are lump-sum.

(32) M,_,/P, = m(s)

As a consequence, the one-period change
in the nominal price level between pericds
t and ¢+1 is now written as

(33) o' = m(s) [1 + g(s)] /m(s")

By comparing this expression to its equiv-
alent in section II (eq. (29)), the change in
the timing of the monetary transfer is ev-
ident. Note that it is the current, as op-
posed to next period’s, monetary growth
rate that influences the inflation rate be-
tween periods f and t+1. This change re-
flects the enhanced information agents
have about the time path of the relevant
money stock (i.e. that available in the
goods market) when the transfer is re-
ceived at the end of the peried.

The modification in o' is also present in
the set of expressions that define the equi-
librium real balance function (the analog
to egs. (30) and (31)):

(34) m(s) 2 x(s)
(35) L(s)- B/ [m(s)(L + g(s))]
_[ U (s Im(s")dH(s,5) 2 0

(with equality if m(s) > x(s)).

As an illustration of the impact these
changes can have, consider the sufficient
conditions for dynamic neutrality under
the beginning-of-period and end-of-pe-
riod transfers. That is, when the only
source of uncertainty is a stochastic mon-
etary growth rate, the conditions that are
sufficient to ensure that real balances are
constant, i.e. the inflation rate is always
equal to the monetary growth rate. As
discussed in Jovanovic [1981], a sufficient
condition for a wide class of general equi-
librium monetary models is that the mon-
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etary growth rate is independently and
identically distributed over time. That is,
since the current realization of the mone-
tary growth rate provides no information
about future growth rates, agents choose
the same level of real balances every pe-
riod.

For precisely this reason, i.i.d. monetary
growth rates are indeed a sufficient condi-
tion for dynamic neutrality when the
transfer is received at the beginning of the
period. (This is proven in the appendix.)
On the other hand, because of the infor-
mation provided by the monetary growth
rate when the transfer is received at the
end of the period, iid. growth rates are
no longer sufficient for dynamic neutral-
ity. As demonstrated in the appendix, suf-
ficient conditions in this case are now
jointly the absence of serial correlation in
the monetary growth rate process and the
monetary growth rate takes on non-nega-
tive values only. Stated conversely, it is
possible for real balances to increase (i.e.,
the cash-in-advance constraint is not bind-
ing) in states with a realization of a nega-
tive growth rate. But of course this possi-
bility makes sense given agents’ informa-
tion: a negative realization of g implies
that agents know the money stock will fall
between the period t and #+1 goods mar-
kets. Hence, a deflation is expected; if
great enough, money will be a viable store
of value.

In summary, the assumption that the
monetary transfer is received at the end of
the period trivializes the information con-
tent implied by the stochastic properties
of money growth since agents have perfect
information about the relevant money
stock in periods t and t+1. Many of the

interesting questions about the implica-
tions of monetary uncertainty for equilib-
rium money demand can not, therefore, be
addressed if the end-of-period transfer is
used. For instance, the implication of this
timing choice is that time-varying condi-
tional means and variances of the mone-
tary growth rate will have no influence on
the behavior of equilibrium money de-
mand.

IV. CONCLUSION

The imposition of a cash-in-advance
constraint necessitates consideration of
the consequences of exogenously specified
timing conventions. This paper has ana-
lyzed two such timing choices: (i) the
timing of markets and (ii) the timing of
monetary transfers. With respect to the
latter, I demonstrated that beginning-of-
period transfers permit a more interesting
theoretical role for monetary uncertainty
than end-of-period transfers. Hence, for
analyses of the effects of monetary uncer-
tainty on equilibrium behavior, the begin-
ning-of-period timing seems more appro-
priate.

Market timing has potentially impor-
tant implications for money demand at the
individual level, but whether or not these
differences manifest in equilibrium aggre-
gate behavior depends on the heterogene-
ity of agents. In particular, a precautionary
demand for money (as defined in the text)
can emerge in equilibrium only if agents
are heterogeneous. An obvious area for
further research is, therefore, the analysis
of heterogeneous agent cash-in-advance
models and a comparison of equilibrium
price level dynamics under different mar-
ket timing choices.
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APPENDIX

1. Existence and Uniqueness of the Real Balance
Function

The proof of existence and uniqueness of
m(s) involves the construction of a contraction
mapping. Let h(s) = LI'(s)m{s) and assume that
m(s) is continuous and bounded so that h(s) is
also. Define the operator Th = h by

Th = max{p [h(s')/ (1 + g(")] dH(s), U(S(s)}

With the following assumption, it is a straight-
forward exercise to show that T is a contraction

mapping.

(A1) B[1/11+g(s] dH(s,s) < 1

The reasoning behind (A.1) is illustrated by
considering its analog in the non-random, cer-
tainty model, p /(1 + ) < 1, which is a sufficient
condition for the existence of a steady-state
monetary equilibrium. (See Brock [1975].) In the
present model, any steady-state solution would
be characterized by an always binding con-
straint so that the inflation rate will equal the
monetary growth rate. Suppose that
p/(1+g)>1; then in any proposed equilibrium
the real rate of return on money [1/(1+ g)]
would be greater than an agent’s discount rate
(1/P). Agents could increase utility by forego-
ing consumption and acquiring real balances;
hence, the proposal could not be a steady-state
solution.

To show that T is a contraction mapping, I
show that it satisfies Blackwell’s sufficiency
conditions

1) T is non-decreasing : true
by inspection

(2) T(h+c) < T(h) + pc where ¢ is any constant
and 0<p<1

Proof: There are three ranges to consider.

O B f h(s'y/[1 + g(s")}dH < B _]'(h(s*) +¢)

/1 + g(s"]dH < LI'(s)x(s)

(I)  Ws(s)x(s) < p J‘ h(s' /[1+g(s))dH
<P (us) * )/ [1 + gsNaH

{1y g _[' h(s')/[1 + g(s"))dH < LI (s)x(s)
<P f(hsy+ 0/ 11+ glsNdH

(I} satisfies the condition by observation. (I)
and (III) satisfy (2) because of {A.1). Hence T is
a contraction mapping implying the existence
of a unique fixpoint h*(s). The equilibrium real
balance function is determined by: m*(s)
= h*(s)/LF'(s).

2. Sufficient conditions for dymamic neutrality.

In order to examine the sufficient conditions
stated in the text it is assumed that x{s) = x (the
only uncertainty is due to the monetary growth
rate} with the constant marginal utility of con-
sumption normalized to unity. The equilibrium
real balance function in the two models is now
defined as the solution to:

(a) Beginning of period transfer

(A.2) m(s) 2 x(s)

(A3) m(s) 2 BE{m(s")/[1 + g(s")]}

{b) End of period transfer

{A4) m(s) 2 x(s)

(A.5) m(s) 2 {B/[1 + g(s)]} Efm(s")}
where E[ ] denotes the expectations operator.
Equations (A.2} and (A.3) do imply that
m(s) = x for all s; that is, money is dynamically
neutral when the monetary transfer is received
at the beginning of the period. To see this, sup-
pose that the constraint is not binding in a state,
denoted as §, while binding in state 5. Then
m(8) > m(3). But eq. (A.3) is an equality in state
¢ while a strict inequality in state 3. Since
E{m{s") /[1 + g(s")]} is a constant due to the as-
sumption that g; is independently distributed,
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this results in the contradiction m@) > m(%).
Hence, m(s) = x for all s.

For the end-of-period transfer, rather than
prove g(s) > 0 is a sufficient condition directly, I
prove the equivalent: if m(s) > x then it is nec-
essary that g(5)<0 for some s. Let m(5)
= max{m(s): m(s) > x }. S5ince money is non-neu-
tral by assumption, there is at least one state in
which m(s) > x so that m(5) is well defined. Eq.
(A.5), implies

m(s) - {B/[1+g()N} Efm(s")

But given the definition of m(s), it is also true
that

m(s) > E{m{s"))
which implies
B/[L+g(5)]>1 or g(s)<0

Hence, if m(s) > x for at least one state, then
the monetary growth rate must be negative in
at least one state also. This implies if g(s) 2 0 for
all s, then m(s) = x; money is dynamically neu-
tral.
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