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Abstract

Using a stochastic cash-in-advance growth model similar to that studied by Cooley
and Hansen (1989), it is demonstrated that the competitive, monetary equilibrium can be
expressed as the solution to a modified social planner’s problem. Hence, by employing
standard dynamic optimization techniques and the second welfare theorem to the
modified social planner’s problem, the equilibrium of the monetary economy can be
studied.
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1. Introduction

In the decade since Kydiand and Prescott’s (1982) seminal work on business
cycles, the use of stochastic, dynamic economies to study a variety of economic
phenomena has become commonplace. This has naturally led to settings in
which, because of tax or monetary distortions, the implied competitive equilib-
rium is not equivalent to the solution of a social planner’s problem. Since the
second welfare theorem cannot be applied in this case, a competitive equilibrium
must be solved for directly. Recently, several techniques have been developed to
address this problem, e.g., Bizer and Judd (1988), Baxter (1988), and Coleman
{1988).

1 am indebted 1o, Kevin Hoover, Martine Quinzii, and two referces for insightful comments and
suggestions.
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However, in some situations it is possible to interpret the competitive equilib-
rium in an economy with distortions as the solution to a modified social
planner’s problem, thus permitting the indirect application of standard dynamic
optimization methods. For instance, Becker (1985) demonstrated this in study-
ing the effects of distortionary taxes in the context of a growth model. In that
economy, the presence of taxes could be incorporated into a moedified social
planner’s problem in which agents’ discount rate included the tax rate. In
a similar vein, I demonstrate below that it is possible to solve a particular
cash-in-advance growth model using this indirect approach.

Specifically, I solve for the equilibrium in a cash-in-advance stochastic growth
economy analogous to one previously studied by Cooley and Hansen (1989).
Because of the distortions introduced by inflation, they directly solved for
a competitive equilibrium employing a solution algorithm due to Kydland
{1989). However, I show that an indirect approach is possible - the restrictions
on preferences and technology employed by Cooley and Hansen permit the
competitive equilibrium to be interpreted as the solution to a modified social
planner’s problem in which agents’ utility of consumption experiences a stochas-
tic taste shock.

Clearly, the indirect approach which [ use is not as general as direct solution
methods; however, the loss in generality is compensated by the increased
intuition garnered by seeking an indirect solution. That is, in attempting to cast
an economy with distortions as a social planner’s problem, the critical influence
of the distortions on agents’ decision making is underscored. In contrast, direct
methods permit the application of a computer algorithm to solve for equilib-
rium that does not impose, as a prerequisite, much reflection on the nature of the
problem by the researcher. As a consequence, the interpretation of equilibrium
behavicer can be made more difficult.

The model is described in the following section, and the equivalence between
equilibrium and a social planner’s problem is established in Section 3. In Section
4, some comments are offered.

2. A monetary growth economy

The economy is assumed to be populated by identical agents that make
consumption, labor, and saving decisions in order to maximize:

E{z Bl 1 —m}, (1)

=1

where E denotes the expectations operator, ¢, denotes consumption, k, denotes
labor, and 0 < ff < 1 is agents’ subjective discount rate. In each period, agents
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combine current labor with beginning-of-period capital, k,, in order to produce
output, y,, through a constant returns to scale production function denoted
£(-)." That is, technology is described by

Vo =z, f (ke ). 2

In Eq. (2). z; denotes a stochastic shock to technology. It is assumed that capital
depreciates at the constant rate of o.

In addition to random technology shocks, the aggregate money stock, M., is
assumed to grow stochastically at the rate p,. Specifically, the behavior of the
money stock is given by

M:+1:(1+H3+1)M!- (3)

New money is distributed as a lump-sum transfer at the beginning of each period.

The motion of the vector, (z, i) = 6,, is described by a stationary Markov
process with transition function F(0',0) = Pr(z,y, <z, <@’ | 2,=2 and
u, = p). Tt is assumed that agents know F(6',0).

In order to intreduce a demand for money, a cash-in-advance constraint is
imposed on the purchase of consumption goods.? Specifically, the following
trading pattern occurs: At the beginning of each period, households, consisting
of a shopper and a worker, observe the current realization of the technology
shock and the monetary growth rate; this information is used to formulate
consumption and investment plans. The shopper then uses the nominal balances
acquired in the previous period together with the monetary transfer in order to
purchase current consumption from another household. At the same time, the
worker combines current labor and beginning-of-period capital to produce
output, Part of this is purchased as consumption by a shopper from another
household. Agents then use the cash raised by sales of current output, any
money balances not spent on consumption, and any unsold output to acquire
new money and increase the household’s stock of capital. Note that this scenario
implies that investment is not subject to the CIA constraint. Letting P, denote

In contrast to the economy studied by Cooley and Hansen, T do not specify a separate firm sector.
This makes for expositional case but in no way influences the equilibrium characteristics of the
economy. To expand, suppose that households owned both inputs which are sold every period to the
firm. The household's necessary conditions in this case would still be Eqs. (7) and (10} with Eq. (9)
replaced by A, = JE {4, [r,, +(1 - 81} and Eq. (8) replaced by u, , = wid,, where r, and w, are
the real prices of capital and labor, respectively. Since the firms’ necessary conditions for profit
maximization require lhe marginal products of inputs be equal Lo their respective prices, in
equilibrium Egs. (8) and (9) will apply.

INote that since leisure is not subject to the CIA constraint, it is a ‘credit good” as in the cash—credit
good CIA model of Lucas and Stokey (1987).
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The presence of inflation is seen in Eq. (10y which states that the marginal
utility of real wealth at time ¢ is equal to the expected increase in utility that
a unit of real balances will provide next period. The role of inflation in distorting
choices of labor and capital becomes more apparent by using Eq. {10} in Egs. (8)
and (9%

P
U, —21.f2,r.6Er|:ul.1+l P::|’ (11)
t+1
P . P
E,[ul,m —] = BE([f + (1 = 81E,., {u}) (12)
Py Piis

Eq. (11) demonstrates that the choice of labor is influenced by the ex-
pected inflation rate since the nominal receipts from supplying labor in the
current period cannot be used for consumption until the following peried.
With regard to capital, the left-hand side of Eq. (12) shows that the addition
of current capital decreases expected utility next period because of the asso-
ciated reduction of real balances. The right-hand side of Eq. (12) illustrates
that the additional output generated next period by current investment cannot
be used for consumption and, hence, augment utility, until period ¢ + 2 due
again to the CIA constraint. An implication of Eq. (12) is that, even though
investment is not subject to the CIA constraint and therefore a ‘credit’ good,
investment choices will be influenced by changes in the conditional expectation
of inflation.

A stationary, competitive equilibrium in this economy is one in which markets
clear and agents’ choices of consumption, capital and real money balances can
be expressed as function of the state variables s, = (k,, z;, 4.} That is, equilibrium
is defined by the functions

o = cls), (13)
ko1 = kis)), (14)
Mt/Pr = mis,), {15}
b = hs). (16)

To be a competitive equilibrium, these functions must satisfy Eqs. (11} and (12)
(i.e,, agents’ are at an optimum} and the constraints Egs. (4) and (5) (ie., markets
clear).
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3. Equilibrium — Constructing a modified social planner’s problem

As pointed out by Cooley and Hansen (1989), the fact that households’ labor
and capital decisions are influenced by the path of inflation implies that,
in general, it is not possible to describe the competitive equilibrium as the
solution to a social planner problem. However, I now demonstrate that under
suitable restrictions on preferences and technology, there exists a modified social
planner’s problem which can be used to solve for the equilibrium in this
monetary economy. The assumptions are identical to those used in Cooley and
Hansen’s previous analysis and common to many real business cycle models.
These are:

(A1) ule,l —h)=Inc, +1In{l — hy),
(A2) flkeh)=kinl %,
(A.3)  F((,0yis such that the CIA constraint [Eq. (5)] always binds.

Note that this latter restriction implies that, in equilibrium, the inverse of the
inflation rate can be expressed as

P, (84 1) 1
- : 17
Priy ¢(s) (1 + F‘(SHI)) a7

Using Eq. (17) and the functional forms in (A.1) and (A.2) permits the agents’
necessary conditions [Eqgs. (11) and (12)] to be written as

1 a i L —-L
(~——1 — h(st)) = (1 — #)zk(s,—1)* his,) (c(s,)) BEs[l +u.+1]’ (18)

Er|: ! :|( 1 )_ﬁEt{[zHlak(St)a_lh(51+1)1a+(1_5)]

1+ iy J\clse)
1 1

Since the monetary growth rate is exogenous, define the new random variable:

1
'I,/t = ﬁE: [ﬂ:} (20)
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The presence of inflation is seen in Eq. (10) which states that the marginal
utility of real wealth at time ¢ is equal to the expected increase in utility that
a unit of real balances will provide next period. The role of inflation in distorting
choices of labor and capital becomes more apparent by using Eq. (10) in Eqgs. (8)
and (9}

P
u2,t_ztf2,HBEr|:u1.r+lP_['j|a (11)
t+1
P P
Ez|:“1,;+1 43“‘] = BEJ([zr+1f1,r+l +({1 —-93)]E,+, {ul‘r+2t—+l})- (12)
PH-I Pr+2

Eq. (11) demonstrates that the choice of labor is influenced by the ex-
pected inflation rate since the nominal receipts frem supplying labor in the
current period cannot be used for consumption until the following period.
With regard to capital, the left-hand side of Eq. (12) shows that the addition
of current capital decreases expected utility next period because of the asso-
ciated reduction of real balances. The right-hand side of Eq. (12) illustrates
that the additional output generated next period by current investment cannot
be used for consumplion and, hence, augment utility, untii period t + 2 due
again to the CIA constraint. An implication of Eq. (12) is that, even though
investment is not subject to the CIA constraint and therefore a ‘credit’ good,
investment choices will be influenced by changes in the conditional expectation
of inflation.

A stationary, competitive equilibrium in this economy is one in which markets
clear and agents’ choices of consumption, capital and real money balances can
be expressed as function of the state variables s, = (k,, z,. ). That is, equilibrium
is defined by the functions

¢, = e{8), (13
kpvy = kis), (14)
M:/Pr = m(s,), (15)
h, = h(s). (16)

To be a competitive equilibrium, these functions must satisfy Eqgs. (11) and (12)
(i.e., agents’ are at an optimum) and the constraints Eqgs. (4) and (5) (i.e., markets
clear).
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Using this in the above expressions yields:
)= ks ) | — ey
1= hisy) akls ) o )

I I 1
(g ) = ekt s <o 5 )

In both expressions, the conditional expectation of the monetary growth rate
enters as a multiplicative factor on agents’ marginal utility of consumption. The
critical implication is that the time path for consumption and capital implied by
Egs. (21} and (22) can be described as the solution to a social planner’s problem
with a technological disturbance, z,, and a taste shock, . Specifically, define the
lollowing social planner’s problem:

(22)

(P1) max EO{ Y B [WIne +In(l —h )]}

ok —0

st ke kiR T+ (1 - )k,

Note that the transition function F{{, @) is still relevant for this problem. It
is straightforward to establish that the necessary conditions associated with this
problem are identical to Egs. (21) and (22). Hence, since the restrictions on
preferences and technology imply the solutions to both problems are unique,
these solutions must be the same. Therefore, one could apply standard solution
methods to the problem (P.1) (for instance, a linear-quadratic approximation
method as described in Hansen and Sargent, 1988) in order to determine the
path of equilibrium consumption and capital. Using the path of consumption in
conjunction with the monetary growth rate in Eq. (17) would determine the
behavior of inflation.*

5. Comments
A few comments on this equivalence result and the model are in order. First,

note that the critical aspects of the restriction on preferences are separability and
that the utility function for the cash good, i.e., that good which is subject to the

*As pointed out in Footnote 1, the equilibrium behavior of real wages and the capital rental rate
would be given by the marginal product of these inputs evaluated at equilibrium quantities.
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CIA constraint, be logarithmic. That is, any concave function representing the
utility of leisure (including linear as implied by a Hansen, 1985, indivisible labor
model), or in general, the utility from credit goods, could be used. The necessity
of log utility of consumption of the cash good is due to the fact that the income
and substitution effects of the inflation tax caused by consumption changes
cancel each other thus eliminating any expected utility consequences from
holding real balances. Hence, all that matters is the expected growth rate of the
money stock.

With respect to the implied equilibrium characteristics of the model, note that
the modified social planner’s problem (P.1) clearly illustrates the poten-
tial inefficiency of a monetary equilibrium.® That is, if ¥, is not equal to
unity (monetary growth does not satisfy the Friedman, 1969, rule), then
the resulting competitive equilibrium implies that the modified social planner
problem places less weight on the utility of consumption vis-a-vis leisure
than do agents. Consequently, the competitive equilibrium is not Pareto
optimal.

The necessary conditions for equilibrium [Eqgs. (21) and (22)] also facilitate
the understanding of the cyclical behavior of the economy. For instance, Eq. (22)
demonstrates that if i, is unchanging (because either money growth is constant
ori.1.d.), then investment decisions are not directly affected by the money supply,
but only indirectly through the labor decision because of the presence of ¥, in
Eq. (21). It is for this reason that Cooley and Hansen (1989) discovered that,
when the monetary growth rate was assumed to be constant, the cyclical
properties of their model were the same as a nonmonetary real business cycle
model. Specifically, in their analysis they assumed that utility was linear in
Jeisure with this assumption being motivated by Hansen’s (1985) indivisible
labor model. This implies that the marginal utility of leisure is constant so that,
from Eq.{21), the response of capital and labor to a realization of the technology
shock is not affected by the value of . In contrast, if the utility of leisure
is logarithmic, then the left-hand side of Eq. (21) is a nonlinear function of
labor. Consequently, as i changes (due to variations in the monetary growth
rate), the response of capital and labor to a technology shock realization is
altered. That is, since in this case the implicit function for labor defined by
Eq. (21} is different than that for capital, the constants (notably ¥) which enter
into this function imply different elasticities for capital and labor with respect to
a realization of z,.

5 An anonymous referce pointed out that the social planner problem (P.1) had a nice interpretation
in terms of the efficiency of equilibrium. Also, the same referee illustrated, through a numerical
analysis, the importance of the assumption of divisible versus indivisible labor for Cooley and
Hansen's {1989} results.
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