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Abstract

Arrow’s Impossibility Theorem is derived from a general theorem
on social aggregation in “property spaces”. In the present proof, the
weak-order structure of the domain and co-domain of the aggregation
plays a purely combinatorial role.



Over the years, Arrow’s (1963) celebrated result on the impossibility of
ordinal preference aggregation has received a number of attempts at im-
proved, more transparent and concise direct proofs; see, among others, Bar-
bera (1980), Geanakoplos (1996) and Reny (2001). While some of these
efforts have been strikingly successful in achieving what they set out to do,
they still leave a tangible gap. Precisely by exploiting the specific assump-
tions of Arrow’s Theorem to their fullest, they let it stand as an intriguing,
isolated result, and do not reveal the existence of a more general underlying
mathematical logic at work. By contrast, the appeal of many of the most
compelling results in mathematical economics lies precisely in the basic and
general nature of the underlying mathematical structure, as when for exam-
ple the existence of equilibrium boils down to the application of a fixed-point
theorem, or the existence of efficiency prices to a separating hyperplane the-
orem. The goal of this note is to contribute towards closing this gap by
obtaining Arrow’s Theorem as a corollary of a substantially more general,
“abstract” result on the existence of non-degenerate aggregation mappings,
i.e. functions from the n-fold Cartesian product of a space into itself. This
abstract aggregation result has been obtained in the context of characterizing
domains that admit non-dictatorial strategy-proof social choice functions on
generalized single-peaked domains (Nehring-Puppe 2002, henceforth NP).!

Let X be a (finite) abstract set of “objects” referred to here as “views”.
In NP, the elements of X are most-preferred social alternatives; here, X
will be interpreted as the set of all weak orders R(A) on the set of social
alternatives A. A property space is a pair (X,H), where H is a family
of subsets of X that is closed under complementation and that separates
points (i.e., for any = # y € X, there exists H € H such that x € H and
y ¢ H); amember H € H can be interpreted as the set of objects possessing
a particular “property” (here: as a set of “views” agreeing in some “aspect”).
Property spaces are closely related to the so-called S3-convexities in abstract
convexity theory; see, e.g. Van de Vel (1993).

Let I = {1,...,n} be the finite set of “individuals”. An aggregation rule
f : X' — X maps profiles of individual views to a social view. The rule
f is unanimous if f(z,...,x) = x for all x; f is dictatorial if, there exists
some i € I such that f(z1,...,2,) = f(v1, ..., yn) Whenever z; = y;. Finally,

'In a somewhat congenial spirit, recent work by Sethuraman-Teo-Vohra (2001) derives
Arrow’s Theorem and a number of related results using the technique of integer prgram-
ming.



f is monotone if, for all H € H, all profiles (z1,..,;,..,2,), individuals
i € I and views y; € X such that y; € H if x; € H, f(xy,...,z,) € H implies
f(z1, .y, -, n) € H. In words: if some of i’s views change, but if ¢ continues
to support some aspect H of the social view, then the social view does not
change in this aspect.

To characterize the property spaces that admit non-dictatorial, unani-
mous and monotone aggregation rules, some auxiliary terminology is needed.
A critical family is a minimal subset G = {H;, ..., H,,} C H with empty in-
tersection. Let I' denote the set of all critical families in (X, H). Let H > G
iff there exists a critical family G containing H and G¢; let >* denote the
transitive closure of >.2 The property space (X, H) is totally blocked if >*
is total, i.e. if, for all G, H € 'H,G >* H. The following result is proved in
NP (Theorem 5).

Theorem 1 The property space (X, H) admits a non-dictatorial, unanimous
and monotone aggregation rule if and only if it is not totally blocked.

To derive from this result a (version of) Arrow’s Theorem, the set of all
weak orders on A must be endowed with the structure of a property space.
Let R denote the generic weak order on A, with asymmetric component P.
“Aspects” of weak orders are naturally defined in terms of preferences over
given pairs. Thus, for a,b € A, let Hy, := {R € R(A) : aRb}. The canonical
property space of weak orders (R(A), H(RR(A))) is given by

H(R(A)) = {Hab}apea U {Hg,bapea- (1)

In this context, aggregation rules f can be interpreted as social welfare func-
tions. Unanimity and dictatoriality retain their usual meaning; f is “mono-
tone” if and only if its satisifies “monotone independence of irrelevant alter-
natives”:

For all a,b € A and all profiles (Ry,.., R,) and (R}, ..., R,) such
that aR\b whenever aR;b, af(Ry, .., R,)b implies af (R}, .., R,)b.3

’For an interpretation of the relation > in terms of “conditinional entailement”, see
NP, section 5.1.

3Note that on a universal domain of weak orders, monotone IIA is just slightly stronger
than IIA, for it is equivalent to ITA plus the following restricted version of monotone ITA:

For all a,b € Z and all profiles (Ry,..,R,) and (R}, ..., R,,) such that aR]b whenever
aR;b and such that, for all ¢ # a,b and all d, aP;c, bP;c, and cR;d if and only if cRid
for all i, af(Ry, .., Ry)b implies af (R}, .., R},)b.

We are not aware of any motivated social choice rule violating this condition.
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We shall show that the property space (R(A), H(R(A))) is totally blocked
whenever #A > 3 , thereby obtaining Arrow’s Theorem as the following
corrolary to Theorem 1.

Corollary 2 If an aggregation rule f : R(A)! — R(A) satisfies unanimity
and monotone IIA and if #A > 3, f must be dictatorial.

Proof. In view of Theorem 1, it remains to verify the total blocked-
ness of (R(A), H(R(A))) given that #A > 3.

By the transitivity of weak orders, for any three distinct a,b,c € A, the
set { Hup, Hype, HS.} is a critical family. Hence, for all distinct a,b,c € A,

Hab Z Hac and Hbc Z Haca (2)
H¢, > H¢, and HS, > HE,, and (3)
Hab Z ch and Hbc 2 H:z:b' (4)

Let H* := {Hap}arvea and H™ = {HS }aspea.
From (2), one easily infers that

forall HLH € H": H>* H'. (5)

In particular, to obtain H,, >* H,,, take any c different from a and b and
note that by (2) Hy, > Hye, Hoye > Hye and Hy. > Hyp,. From this and (2),
(5) is immediate.

Analogously, one infers from (3) that

forall HHH' €e H™: H>" H'. (6)

Moreover, (4) implies that, for all H € H" there exists H' € H~ such
that H > H'. Hence by (6),

forall HE€ HT H' e H: H>* H'. (7)

Finally, by the completeness of weak orders, for all a # b, the set { HS,, HE, }
is a critical family, implying that HS, > H,. Hence by (5),

foral He H ,H € Ht: H>" H'. ()

The assertions (5), (6), (7) and (8) establish the total blockedness of
(R(A), H(R(A)))-



A beauty of the present proof of Arrow’s Theorem is its clean separation of
the role of its two key assumptions, the monotone ITA condition and the weak-
order structure of the aggregendum. Only the former is used in the general
aggregation theorem, Theorem 1, and only the latter in the derivation of the
corollary. In that derivation, the characteristic properties of weak orders,
transitivity and completeness, play a purely combinatorial role.

Viewing Arrow’s Theorem as a special case of aggregation in property
spaces has the advantage of suggesting variations in the domain and co-
domain by modifications of the rationality assumptions on individual and
social preferences, or by material domain restrictions. For example, if one al-
lows the domain and co-domain of the aggregation rule to be a preorder rather
than a weak order by dropping completeness, and if one uses an analogous
definition of the property space of preorders in terms of (1), the transitivity-
based families { Hyp, Hpe, HE,.} remain critical, hence the implications (5), (6),
and (7) remain valid. Thus, while the property space of preorders is no longer
totally blocked, it is nearly so, and a version of Gibbard’s (1969) generaliza-
tion of Arrow’s Theorem can be derived easily. This line of research will be
explored further in Nehring-Puppe (2003).

Finally, it is worth noting that Theorem 1 also entails the Gibbard-
Satterthwaite Theorem as a corollary, as shown in NP (Corollary to Theorem
5).% Here, the set X is given by the set of social alternatives interpreted as
individual’s preference peaks. Appealing to a result of Barbera-Masso-Neme
(1997), we show there that strategy-proof social choice gives rise to a mono-
tone aggregation rule over peaks. We also show there that universality of the
preference domain is captured by the totally blocked property space (X, H)
with H given as the set of all singletons and their complements. Equipped
with these two auxiliary results, the Gibbard-Satterthwaite Theorem follows
from Theorem 1.

4For other connections between the Arrow and Gibbard-Satterthwaite Theorems, see
Satterthwaite (1975) and Reny (2001).
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