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DEVWUDFW

Zkloh wkh phdqlqjixoqhvv ri wkh frpprq sulru dvvxpswlrq +FSD, xqghu lqfrpsohwh lqirupdwlrq

kdv ehhq hvwdeolvkhg uhfhqwo| e| ydulrxv dxwkruv/ lwv hslvwhplf udwlrqdoh kdv qrw |hw ehhq dghtxdwho|

fodul�hg1 Wr gr vr/ zh surylgh d fkdudfwhul}dwlrq ri wkh FSD lq whupv ri d qhz frqglwlrq fdoohg

_Pxwxdo Fdoleudwlrq%/ dqg dujxh wkdw lw frqvwlwxwhv d pruh wudqvsduhqw dqg pruh sulplwlyh irupdo0

l}dwlrq ri wkh Kduvdq|l Grfwulqh xqghu lqfrpsohwh lqirupdwlrq wkdq wkh h{lvwlqj fkdudfwhul}dwlrqv1

Rxu dqdo|vlv xql�hv wkh xqghuvwdqglqj ri wkh FSD xqghu lqfrpsohwh lqirupdwlrq/ foduli|lqj wkh uroh

ri kljkhu0rughu h{shfwdwlrqv dqg ri wkh gl�huhqfh ehwzhhq vlwxdwlrqv zlwk rqo| wzr dqg wkrvh zlwk

dw ohdvw wkuhh djhqwv1

Lq wkh frqfoxglqj vhfwlrq/ wkh dqdo|vlv lv dssolhg wr wkh sureohp ri gh�qlqj Ed|hvldq frqvlvwhqf|

ri wkh lqwhuwhpsrudo eholhiv ri d vlqjoh0djhqw zlwk lpshuihfw phpru|1 Wkh FSD |lhogv d qrwlrq ri

_Ed|hvldq xsgdwlqj zlwkrxw d sulru%1
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41 LQWURGXFWLRQ

Wkh Frpprq Sulru Dvvxpswlrq +FSD, lv d ixqgdphqwdo dqg shuydvlyh dvvxpswlrq lq pxfk ri

jdph wkhru| dqg wkh hfrqrplfv ri lqirupdwlrq1 Lw lv riwhq prwlydwhg dv h{suhvvlqj wkh sulqflsoh

_wkdw gl�huhqfhv lq suredelolw| hvwlpdwhv ri glvwlqfw lqglylgxdov vkrxog eh h{sodlqhg e| gl�huhqfhv

lq lqirupdwlrq%> Dxpdqq +4<;:/ s1:, uhihuv wr wklv dv wkh Kduvdq|l Grfwulqh1 Wkh Kduvdq|l Grfwulqh

lwvhoi fdq eh mxvwl�hg hlwkhu qrupdwlyho| dv d uhtxluhphqw ri lqwhuvxemhfwlyh udwlrqdolw|/ ru sudjpdw0

lfdoo|/ wr hqdeoh rqh wr _}hur lq rq sxuho| lqirupdwlrqdo lvvxhv lq dqdo|}lqj hfrqrplf prghov zlwk

xqfhuwdlqw|%41 Xqghu dv|pphwulf lqirupdwlrq/ zkhq wkhuh lv d uhdo sulru vwdjh zlwk frpprqo|

nqrzq eholhiv/ wkh FSD lv d frpshoolqj irupdol}dwlrq ri wkh Kduvdq|l Grfwulqh1 Xqghu jhqxlqho|

lqfrpsohwh lqirupdwlrq zlwkrxw d sulru vwdjh/ wkh FSD lv qrw d wudqvsduhqw dvvxpswlrq rq wkh sulp0

lwlyhv ri wkh prgho/ l1h1 wkh djhqwv* eholhi klhudufklhv +vhh hvshfldoo| Jxo +4<<;, dqg Olspdq +4<<:,,>

wkhuh lv wkxv dq lvvxh zkhwkhu wkh FSD lv phdqlqjixo xqghu lqfrpsohwh lqirupdwlrq1 Pruhryhu/ lw lv

qrw fohdu wkdw wkh Kduvdq|l Grfwulqh lwvhoi fdq eh irupxodwhg lq d phdqlqjixo zd|/ vlqfh wkh prgho

qr orqjhu frqwdlqv d vxevwdqwlyh qrwlrq ri _uhfhlylqj lqirupdwlrq%1 Dv hpskdvl}hg e| Ghnho dqg

Jxo +4<<:,/ wkh FSD vwdqgv lq gdqjhu ri orvlqj lwv hslvwhplf udwlrqdoh dv d uhvxow1 Zh frqvlghu wkhvh

wzr fkdoohqjhv wr wkh lqwhusuhwdwlrq ri wkh FSD wr eh pdmru dgydqfhv lq wkh xqghuvwdqglqj ri wkh

qrwlrq ri lqfrpsohwh lqirupdwlrq15

Uhfhqwo|/ d vpdoo olwhudwxuh kdv hphujhg wkdw hvwdeolvkhv wkh FSD*v phdqlqjixoqhvv yld uhsuhvhq0

wdwlrq wkhruhpv1 Prvw frqwulexwlrqv fkdudfwhul}h wkh FSD dv hvvhqwldoo| htxlydohqw wr wkh devhqfh

ri pxwxdoo| sur�wdeoh ehwv ru yduldqwv wkhuhri +_Qr Ehwwlqj%,> vhh Ihlqehuj +5333, dqg Erqdqqr0

Qhkulqj +4<<<,6/ dv zhoo dv Vdphw +4<<;e, dqg Kdoshuq +4<<;,7,1 Doo ri wkhvh fkdudfwhul}dwlrqv duh

lqfrpsohwh lq wkh vhqvh ri hvwdeolvklqj rqo| wkh h{lvwhqfh ri d frpprq sulru/ zlwkrxw jlylqj frq0

whqw wr wkh frpprq sulru lwvhoi1 Wkh jds kdv ehhq forvhg e| Vdphw*v +4<<;d, zrun xvlqj lq�qlwho|

ghhs h{shfwdwlrqv derxw h{shfwdwlrqv 111 derxw h{shfwdwlrqv ri udqgrp yduldeohv> zh vkdoo uhihu wr

klv frqglwlrqv dv Vdphw Frqvlvwhqf|1 Wklv lv dq lpsruwdqw dfklhyhphqw/ vlqfh prghoolqj vshfl�f

hfrqrplf vlwxdwlrqv w|slfdoo| uhtxluhv dvvxpswlrqv rq wkh _duwl�fldo% frpprq sulru> Vdphw*v fkdu0
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dfwhul}dwlrq vkrzv wkdw wkhvh fdq eh lqwhusuhwhg lq whupv ri djhqwv* eholhi klhudufklhv/ dw ohdvw lq

sulqflsoh1 Rq wkh rwkhu kdqg/ Vdphw Frqvlvwhqf| vhhpv ohvv wkdq ixoo| wudqvsduhqw hslvwhplfdoo| +fi1

wkh glvfxvvlrq lq vhfwlrq 9 zkhuh lw lv irupdoo| gh�qhg,81 Wr ryhufrph lwv gh�flhqflhv/ lq sduwlfxodu=

wr rewdlq d vdwlvidfwru| irupdo h{suhvvlrq ri wkh Kduvdq|l grfwulqh xqghu lqfrpsohwh lqirupdwlrq/

zkloh suhvhuylqj wkh dgydqwdjhv ri Vdphw*v lqjhqlrxv xvh ri kljkhu0rughu h{shfwdwlrqv/ zh surylgh lq

wklv sdshu |hw d wklug fkdudfwhul}dwlrq lq whupv ri d frqglwlrq fdoohg _Pxwxdo Fdoleudwlrq%91 Pxwxdo

Fdoleudwlrq fdq eh ylhzhg dv d frpprq fruh ri Vdphw Frqvlvwhqf| dqg Qr Ehwwlqj> lwv dqdo|vlv

ohdgv wr d xql�hg xqghuvwdqglqj ri wkh FSD xqghu lqfrpsohwh lqirupdwlrq1

Pxwxdo Fdoleudwlrq vd|v wkh iroorzlqj/ urxjko|1 Xqghu lqfrpsohwh lqirupdwlrq/ lw lv shuihfwo|

qdwxudo wkdw vrph djhqw/ Ere/ h{shfwv dqrwkhu djhqw/ Dqq/ wr eh qhjdwlyho| vxusulvhg derxw wkh

uhdol}dwlrq ri vrph udqgrp yduldeoh i / H
Ere

+i � H
Dqq

i, ? 3 gxh wr _lpsolflw%: sulydwh lqirupd0

wlrq rq Ere*v sduw1 Wklv lqwxlwlyh h{sodqdwlrq fhdvhv wr eh yldeoh/ krzhyhu/ li Ere*v h{shfwdwlrq ri

Dqq*v qhjdwlyh vxusulvh lv frpprq nqrzohgjh/ lq rwkhu zrugv= hylghqw wr erwk ri wkhp1 Wkhq Ere*v

h{shfwdwlrq ri Dqq*v vxusulvh zrxog kdyh wr eh dwwulexwhg dw ohdvw lq sduw wr d sxuho| _dwwlwxglqdo%

gl�huhqfh ehwzhhq wkhp/ vshfl�fdoo| dq dvvhvvphqw ri Dqq e| Ere dv _rswlplvwlfdoo| eldvhg% derxw

i= Wklv frqwudglfwv wkh vslulw ri wkh Kduvdq|l grfwulqh/ dqg lv dffruglqjo| uxohg rxw e| Pxwxdo Fdol0

eudwlrq1 ~ Vlploduo|/ d wklug djhqw/ \dqj/ pd| h{shfw Ere wr h{shfw Dqq wr eh qhjdwlyho| vxusulvhg

derxw i gxh wr gl�huhqfhv ri lpsolflw lqirupdwlrq/ l1h1 H
\ dqj

H
Ere

+i�H
Dqq

i, ? 31 Frpprq nqrzo0

hgjh ri hyhqwv ri wklv nlqg/ krzhyhu/ fdqqrw eh h{sodlqhg lq wklv zd|/ dqg lv dovr uxohg rxw e| Pxwxdo

Fdoleudwlrq1 Wkh pdlq uhvxow ri wkh sdshu/ Wkhruhp 4/ vkrzv Pxwxdo Fdoleudwlrq wr eh htxlydohqw

wr wkh h{lvwhqfh ri d frpprq sulru1 Zkloh rxu ghew wr Vdphw +4<<;d, zloo eh hylghqw/ wkh gl�hu0

hqfhv ehwzhhq Pxwxdo Fdoleudwlrq dqg Vdphw Frqvlvwhqf| duh vxevwdqwldo1 Frqfhswxdoo|/ Pxwxdo

Fdoleudwlrq lv qdwxudoo| ylhzhg dv d pxowl0djhqw jhqhudol}dwlrq ri _Frpsuhkhqvlyh Djuhhphqw% +wkh

devhqfh ri dq| _djuhhphqw wr glvdjuhh% lq wkh vhqvh ri Dxpdqq +4<:9,,/ zkloh Vdphw Frqvlvwhqf| lv

qrw1 Wklv lv uh�hfwhg lq wkh pdwkhpdwlfv= lq Pxwxdo Fdoleudwlrq kljkhu0rughu h{shfwdwlrqv sod| qr

lqghshqghqw uroh lq wkh fdvh ri rqo| wzr djhqwv> wkhlu uroh lv wr jhqhudwh mrlqwo| dqg qrw phuho| sdlu0

zlvh frpprq sulruv zkhq wkhlu duh dw ohdvw wkuhh djhqwv1 Qr dqdorjrxv gl�huhqfh ehwzhhq wzr0 dqg
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pdq|0djhqw vlwxdwlrqv h{lvwv iru Vdphw Frqvlvwhqf|1; Pruhryhu/ Pxwxdo Fdoleudwlrq kdv d qdwxudo

g|qdplf h{whqvlrq zklfk vwdwhv wkdw dq| uhshdwhg dqqrxqfhphqw ri +kljkhu0rughu, h{shfwdwlrqv ri

dqrwkhu*v vxusulvh lv vhoi0ghihdwlqj +_L fdqqrw suhglfw iruhyhu wkdw |rx zloo eh vxusulvhg%/ vhfwlrq 8,1

Zh vkdoo dujxh wkdw Pxwxdo Fdoleudwlrq frqvwlwxwhv d pruh vdwlvidfwru| uhirupxodwlrq ri wkh

Kduvdq|l grfwulqh xqghu lqfrpsohwh lqirupdwlrq wkdq wkh h{lvwlqj frqglwlrqv/ lq sduwlfxodu wkdq

Qr Ehwwlqj1 Wklv lv d olyh lvvxh rqo| iru wkh pdq|0djhqw fdvh1 Zlwk wzr djhqwv/ wkh h{lvwhqfh ri

d pxwxdoo| sur�wdeoh sdlu ri ehwv lv htxlydohqw wr dq _djuhhphqw wr glvdjuhh% derxw wkh h{shfwhg

sur�wdelolw| ri hlwkhu djhqw*v ehw/ zklfk dujxdeo| lv wkh prvw fohdu0fxw ylrodwlrq ri wkh Kduvdq|l

grfwulqh xqghu lqfrpsohwh lqirupdwlrq dydlodeoh<> vhh vhfwlrq 61 Lq wkh pdq|0djhqw fdvh/ wklv htxly0

dohqfh qr orqjhu krogv dqg qhhgv wr eh uhsodfhg e| wkh vwdwhphqw wkdw wkh h{lvwhqfh ri d pxwxdoo|

sur�wdeoh yhfwru ri ehwv hqwdlov pxwxdo plvfdoleudwlrq dprqj wkh djhqwv lq wkhlu dvvhvvphqw ri wkh

h{shfwhg sur�wdelolw| ri vrph djhqw*v ehw> lq rwkhu zrugv/ wkh pxwxdo qrq0sur�wdelolw| ri vrph ehw

fdq eh ghulyhg iurp Pxwxdo Fdoleudwlrq frqfhuqlqj wkh h{shfwhg sur�wdelolw| ri hdfk djhqwv* ehw

+Sursrvlwlrq 5,1 Pxwxdo Fdoleudwlrq fdq wkxv eh ylhzhg dv pruh sulplwlyh d frqglwlrq wkdq Qr

Ehwwlqj/ dqg/ zh vkdoo dujxh/ e| frqvhtxhqfh dv d pruh vdwlvidfwru| sulplwlyh43 irupdol}dwlrq ri wkh

Kduvdq|l grfwulqh> vhh vhfwlrq : iru ghwdlov1

Lq gxdo pdqqhu/ pxwxdo plvfdoleudwlrq dprqj djhqwv frqfhuqlqj vrph udqgrp yduldeoh jlyhv ulvh

wr d pxwxdoo| ehqh�fldo ehw edvhg rq djhqwv* kljkhu0rughu h{shfwdwlrqv derxw wkdw udqgrp yduldeoh

+Sursrvlwlrq 6,1 Wklv ohdgv wr d qhz surri ri wkh htxlydohqfh ri wkh FSD wr Qr Ehwwlqj dv d fruroodu|

wr rxu pdlq uhvxow/ Wkhruhp 4/ zklfk vkrzv lq dq hslvwhplfdoo| wudqvsduhqw pdqqhu krz wkh qrq0

h{lvwhqfh ri d frpprq sulru jhqhudwhv pxwxdoo| sur�wdeoh ehwwlqj rssruwxqlwlhv1 Shukdsv frqwudu|

wr lqlwldo dsshdudqfhv/ Qr Ehwwlqj/ Pxwxdo Fdoleudwlrq/ dqg Vdphw Frqvlvwhqf| duh fxw iurp udwkhu

vlplodu forwk1 Lqghhg/ lq ylhz ri wkh lqkhuhqw vlpsolflw| ri wkh FSD/ d gl�huhqw vwdwh ri d�dluv zrxog

kdyh ehhq udwkhu vxusulvlqj144

Lq wkh �qdo vhfwlrq ;/ zh dsso| wkh iruhjrlqj dqdo|vlv wr wkh sureohp ri fkdudfwhul}lqj ri g|qdplf

frkhuhqfh ri d vlqjoh lqglylgxdo zlwk lpshuihfw phpru| zkrvh eholhi g|qdplfv duh prghohg lq dq

lqwhuwhpsrudo eholhi0klhudufk| 2 w|sh0vsdfh iudphzrun1 Wr wkh ehvw ri rxu nqrzohgjh/ wklv sureohp
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kdv qrw ehhq dgguhvvhg ehiruh lq hlwkhu wkh hfrqrplfv ru wkh sklorvrsk| olwhudwxuh451 Zh lqyrnh

Wkhruhp 4 wr hvwdeolvk wkh phdqlqjixoqhvv dqg hslvwhplf udwlrqdoh ri wkh lqwhuwhpsrudo FSD/ l1h1

ri _Ed|hvldq xsgdwlqj zlwkrxw d +klvwrulfdo, sulru%1

Zh glvfxvv wkh dssolfdwlrq wr vlqjoh0djhqw eholhi g|qdplfv udwkhu h{whqvlyho| iru wzr uhdvrqv1

Iluvw/ lw lv ri vljql�fdqw lqwhuhvw lq lwv rzq uljkw/ frqfhswxdoo| dv zhoo dv iru jdph0wkhruhwlf dqg

hfrqrplf dssolfdwlrqv1 Lq sduwlfxodu/ lq wkh frqwh{w ri prghoolqj ohduqlqj lq Ed|hvldq vslulw/ wkh

vwdqgdug dvvxpswlrq ri shuihfw phpru| lv yhu| vwurqj dqg gulyhv pdq| uhvxowv1 Iru h{dpsoh/ lw

lpsolhv wkdw djhqwv zkr duh h{srvhg wr dq lq�qlwh qxpehu ri gudzv iurp d �{hg glvwulexwlrq ryhu

wkhlu lq�qlwh olihwlph zloo hyhqwxdoo| ohduq wkh wuxh glvwulexwlrq1 \hw iru uhdo0zruog djhqwv ohduqlqj

lv qrw wkh dxwrpdwlf surgxfw ri dpsoh h{srvxuh1 Li wkh| gr qrw sd| dwwhqwlrq/ ru gr qrw vx�flhqwo|

uhphpehu wkhlu sdvw h{shulhqfhv/ wkh| pd| ohduq yhu| olwwoh ru qrw dw doo> mxvw uhfdoo wu|lqj wr ohduq

wkh yrfdexodu| ri d iruhljq odqjxdjh$

Wkhuh lv dovr wkh krsh ri vrph shgdjrjlfdo furvv0ihuwlol}dwlrq1 Lq sduwlfxodu/ zkloh wkh Kduvdq|l

Grfwulqh lv kljko| frqwuryhuvldo lq dq lqwhushuvrqdo frqwh{w46/ lw frppdqgv doprvw xqlyhuvdo frqvhqw

lq dq lqwhuwhpsrudo vhwwlqj lq wkh irup ri Ed|hvldq xsgdwlqj1 Rq wkh rwkhu kdqg/ jhqhudol}lqj

Ed|hvldq xsgdwlqj wr vlwxdwlrqv zlwk lpshuihfw phpru| lv d frqfhswxdoo| qrq0wulyldo wdvn/ vlqfh vxfk

vlwxdwlrqv duh fkdudfwhul}hg dv hvvhqwldoo| e| jhqxlqho| lqfrpsohwh lqirupdwlrq dv duh vlwxdwlrqv ri

lqwhushuvrqdo xqfhuwdlqw|1 Dv d uhvxow/ wkh FSD idfhv wkh vdph irxqgdwlrqdo lvvxhv dfurvv wlph dv

dfurvv lqglylgxdov1 Lqghhg/ wkhvh lvvxhv jr wr wkh khduw ri lpshuihfw phpru|= diwhu doo/ krz vhulrxvo|

zrxog rqh eh wdnlqj wkhvh lpshuihfwlrqv li rqh zhuh wr srvwxodwh d sulru wkdw h{lvwhg lq klvwrulfdo

wlph dw hslvwhplf eluwk dqg wkdw lv uhphpehuhg dqg dw kdqg iru xsgdwlqj dw doo wlphvB

Wkh sodq ri wkh sdshu lv dv iroorzv1 Diwhu vhwwlqj xs wkh irupdo iudphzrun lq vhfwlrq 5/ zh lqwurgxfh

wkh Frpsuhkhqvlyh Djuhhphqw dprqj wzr djhqwv dv d ehqfkpdun iru irupdol}lqj wkh Kduvdq|l

grfwulqh xqghu lqfrpsohwh lqirupdwlrq lq vhfwlrq 61 Vhfwlrq 7 gh�qhv _Pxwxdo Fdoleudwlrq% dprqj

pdq| djhqwv dqg ghprqvwudwhv lwv htxlydohqfh wr wkh h{lvwhqfh ri d frpprq sulru1 D qdwxudo g|qdplf

h{whqvlrq lv vnhwfkhg lq vhfwlrq 8> lw h{suhvvhv wkh lqwxlwlyh qrwlrq wkdw djhqwv wuhdw rwkhu djhqwv*

eholhiv dv _ixoo| frqyh|lqj lqirupdwlrq%1 Pxwxdo Fdoleudwlrq lv frpsduhg wr Vdphw Frqvlvwhqf|

lq vhfwlrq 9 dqg uhodwhg wr Qr Ehwwlqj lq vhfwlrq :1 Wkh frqfoxglqj vhfwlrq ; frqvlghuv wkh FSD

sureohpdwlf lq dq lqwhuwhpsrudo vhwwlqj1 Wkh uhpdlqlqj surriv duh froohfwhg lq dq dsshqgl{1
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51 IRUPDO IUDPHZRUN

Gh�qlwlrq 4 D w|sh vsdfh lv d wxsoh kL>
> is
l
j
l5Ll/ zkhuh

� L lv d �qlwh vhw ri djhqwv1

� 
 lv d �qlwh vhw ri vwdwhv> wkh vxevhwv ri 
 duh fdoohg hyhqwv1

� iru hyhu| djhqw l 5 L> s
l
lv d ixqfwlrq wkdw vshfl�hv/ iru hdfk vwdwh � 5 
> klv suredelolvwlf

eholhiv s�
l
= 5
 $ U dw �=

D vwdwh lq d w|sh vsdfh fdq eh wkrxjkw ri dv d qrwdwlrqdo ghylfh iru ghvfulelqj wkh eholhi klhudufklhv

ri hdfk djhqw147 Wkurxjkrxw/ djhqwv duh dvvxphg wr eh fhuwdlq ri dqg fruuhfw lq wkhlu eholhiv +_Lq0

wurvshfwlrq% dqg _Wuxwk%,1 Wkh vhfrqg dvvxpswlrq lv pdgh iru vlpsolflw| exw lv qrw xquhvwulfwlyh>

lwv elwh olhv pdlqo| lq dvvxplqj wkdw djhqwv duh dozd|v fhuwdlq ri wkh fruuhfwqhvv ri hdfk rwkhuv*

eholhiv148

Lqwurvshfwlrq, Iru doo � 5 
 dqg doo l 5 L= s�
l
+i$ 5 
 m s$

l
@ s�

l
j, @ 4=

Wuxwk, Iru doo � 5 
 dqg doo l 5 L= s�
l
+i�j, A 3=

Iru doo � 5 
> ohw �
l
+�, =@ vxss s�

l
= E| Lqwurvshfwlrq dqg Wuxwk/ wkh idplo| �

l
=@ i�

l
+$, m $ 5 
j

lv d sduwlwlrq ri 
> l3v w|sh sduwlwlrq149 Dq djhqw _nqrzv% dq hyhqw H dw � li kh lv fhuwdlq ri lw/

l1h1 li H � �
l
+�,1 Iru d vhw ri djhqwv M> ohw �

M
ghqrwh wkh phhw +�qhvw frpprq frduvhqlqj, ri

wkh sduwlwlrqv i�
l
j
l5M / zlwk �

M
+�, ghqrwlqj wkh fhoo ri wkh phhw frqwdlqlqj vwdwh �= H lv frpprq

nqrzohgjh dprqj wkh djhqwv lq M li hyhu|erg| lq M nqrzv wkdw H> dqg li hyhu|erg| lq M nqrzv wkdw

hyhu|erg| lq M nqrzv wkdw H> dqg vr iruwk1 Irupdoo|/ H lv _frpprq nqrzohgjh dprqj M% dw � li

H � �
M
+�,1

Gh�qlwlrq 5 D suredelolw| phdvxuh � lv d frpprq sulru dprqj M dw �> li �+�, A 3 dqg li/ iru

doo l 5 M/ $ 5 �
M
+�, dqg H � 
/ s$

l
+H, @ �+H@�

l
+$,, zkhqhyhu �+$, A 3=
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Lq wkh iroorzlqj/ _frpprq nqrzohgjh% dqg _frpprq sulru% zloo eh vkruw iru _frpprq nqrzohgjh

2 frpprq sulru dprqj L%1 Qrwh wkh uhvwulfwlrqv _�+�, A 3% dqg _iru doo $ 5 �
M
+�,%> wkhvh duh

qhfhvvdu| wr rewdlq d orfdo gh�qlwlrq ri d frpprq sulru wkdw lv zhoo0gh�qhg lq whupv ri wkh eholhi0

klhudufklhv ri wkh djhqwv lq M dw vwdwh �=4: Lq ylhz ri wkh sduwlwlrqdo vwuxfwxuh ri wkh �
l
/ lw lv

hdvlo| yhul�hg wkdw/ iru dq| wzr frpprq sulruv � dqg �3 dw �> wkhlu srvwhulruv rq wkh frpprq0

nqrzohgjh hyhqw �
M
+�, frlqflgh dqg kdyh ixoo vxssruw/ l1h1 wkdw �+=@�

M
+�,, @ �3+=@�

M
+�,, dqg

vxss �+=@�
M
+�,, @ �

M
+�,= Lq wkh vhtxho/ zlwkrxw dq| orvv iurp wkh uhohydqw orfdo srlqw ri ylhz/

zh zloo dvvxph wkurxjkrxw wkdw �
L
@ i
j1 Wklv hqwdlov xqltxhqhvv ri dq| frpprq sulru dprqj L>

pruhryhu/ wkh fodxvh _�+�, A 3% lq lwv gh�qlwlrq ehfrphv uhgxqgdqw1

D udqgrp yduldeoh i lv d uhdo0ydoxhg ixqfwlrq rq 
= Iru dq| udqgrp yduldeoh i> djhqw l3v h{shf0

wdwlrq ri wkdw udqgrp yduldeoh/ zkhq ylhzhg dv d ixqfwlrq ri wkh vwdwh/ lv djdlq d udqgrp yduldeoh

H
l
i jlyhq e| +H

l
i,+�, @

S
$5


s�
l
+$,i+$,= Zh zloo pdnh iuhtxhqw xvh ri wkh idfw wkdw H

l
H
l
i @ H

l
i

gxh wr Lqwurvshfwlrq1 Iru d suredelolw| phdvxuh � rq 
> ohw H
�
i ghqrwh wkh h{shfwdwlrq ri i zlwk

uhvshfw wr �> H
�
i @

S
$5


�+$,i+$,= Ilqdoo|/ wkh lqglfdwru ixqfwlrq dvvrfldwhg zlwk wkh hyhqw D lv

ghqrwhg e| 4
D
=

D frpprq sulru � fdq eh ylhzhg dv d _qhxwudo% suredelolw| phdvxuh lq whupv ri zklfk hyhu| djhqw

lv _fdoleudwhg% lq wkh vhqvh wkdw xqghu � qr djhqw lv h{shfwhg wr eh vxusulvhg lq d sduwlfxodu gluhfwlrq

rqfh wkh wuxh vwdwh lv uhyhdohg> dq djhqw*v vxusulvh lv jlyhq e| wkh udqgrp yduldeoh i �H
l
i 14;

Revhuydwlrq 4 Wkh suredelolw| phdvxuh � lv d frpprq sulru iru L dw � li dqg rqo| li dw �/ iru dq|

l 5 L dqg dq| udqgrp yduldeoh i rq 
>

H
�
+i �H

l
i, @ 3= +4,

Wklv ylhz ri wkh FSD lq whupv ri h{shfwdwlrqv ri udqgrp yduldeohv udwkhu wkdq frqglwlrqlqj rq

hyhqwv kdv wkh dgydqwdjh ri w|lqj lq qdwxudoo| zlwk wkh sursrvhg fkdudfwhul}lqj frqglwlrqv ri wkh

FSD/ doo ri zklfk duh edvhg rq h{shfwdwlrqv ri udqgrp yduldeohv1

�.
�*|ih?@|��i _i�?�|�L?t @hi TLtt�M*ic M�| |�i) @** UL�?U�_i ��i? Ah�|� �t @tt�4i_( tii �L?@??L��i�h�?} E�bbb��

�H
V@h�L�t @�|�Lht E�ih|i?t�~@4�h E�bHD�c 6i�?Mih} E�bbS�c 5@4i| E�bbH@�� �@�i �ti_ i^�@|�L? E�� �? |�i uLh4

.>s ' .>.�s uLh s ' ��c � \ lc |L _i�?i �@)it�@? Th�Lht�

;



61 FRPSUHKHQVLYH DJUHHPHQW DPRQJ WZR DJHQWV

DV EHQFKPDUN

Xqghu frpsohwh lqirupdwlrq +fkdudfwhul}hg e| wkh idfw wkdw hdfk djhqw*v eholhiv duh frpprqo|

nqrzq,/ wkh irupdo frqwhqw ri wkh Kduvdq|l Grfwulqh lv wulyldo= djhqw*v eholhiv pxvw eh lghqwlfdo1

Xqghu lqfrpsohwh lqirupdwlrq dprqj wzr djhqwv/ wklv jhqhudol}hv qdwxudoo| wr wkh uhtxluhphqw wkdw

zkhqhyhu vrph dvshfwv ri erwk djhqwv eholhiv duh frpprqo| nqrzq/ wkhvh pxvw frlqflgh +Erqdqqr0

Qhkulqj +4<<<,,1 Li wkh qrwlrq ri _dvshfw ri eholhi% lv xqghuvwrrg vx�flhqwo| eurdgo| wr lqfoxgh wkh

vljq ri dq djhqw*v h{shfwdwlrq derxw duelwudu| udqgrp yduldeohv/ wklv vx�fhv wr rewdlq d frpprq

sulru1

Wzr djhqwv l dqg m djuhh derxw wkh udqgrp0yduldeoh i +dw vwdwh �, li wkh vljqv ri wkh djhqwv*

h{shfwdwlrqv vjq+H
l
i, dqg vjq+H

m
i, frlqflgh zkhq wkh| duh frpprqo| nqrzq>4< zh vd| _djuhh% dv

vkruw iru _idlo wr djuhh wr glvdjuhh% lq wkh vhqvh ri Dxpdqq +4<:9,1 Iru h{dpsoh/ li lw lv frpprq

nqrzohgjh wkdw wkh djhqwv _djuhh wr glvdjuhh% derxw wkh suredelolw| ri vrph hyhqw D lq wkdw lw

lv frpprq nqrzohgjh wkdw l3v suredelolw| ri D lv t
l
zkloh m3v lv t

m
> zlwk t

l
9@ t

m
> wkhq lq rxu

odqjxdjh wkh| glvdjuhh derxw wkh udqgrp0yduldeoh 4
D
�t

l
= Wkh djhqwv l dqg m duh lqFrpsuhkhqvlyh

Djuhhphqw dw � li wkh| djuhh dw � derxw dq| udqgrp0yduldeoh i rq 
= Lw iroorzv iurp Wkhruhp

4 ehorz wkdw wkh djhqwv l dqg m duh lq Frpsuhkhqvlyh Djuhhphqw dw � li dqg rqo| li wkhuh h{lvwv d

frpprq sulru dw � iru wkh wzr1

Frpsuhkhqvlyh Djuhhphqw lv d frqglwlrq rq sdluv ri djhqwv1 Lw lv fohdu wkdw Frpsuhkhqvlyh

Djuhhphqw dprqj doo sdluv douhdg| hqwdlov lwv qdwxudo pxowl0djhqw jhqhudol}dwlrq +htxdolw| ri wkh

vljqv ri doo djhqwv* h{shfwdwlrqv zkhqhyhu wkhvh duh frpprqo| nqrzq dprqj doo ri wkhp,/ zklfk

lv wkhuhiruh htxlydohqw wr wkh h{lvwhqfh ri sdluzlvh frpprq sulruv1 Eholhi klhudufklhv zlwk sdluzlvh

frpprq sulruv/ exw qr mrlqw frpprq sulru/ dulvh hdvlo|/ dv looxvwudwhg e| wkh iroorzlqj h{dpsoh

lqyroylqj wkuhh djhqwv dqg wkuhh vwdwhv1

H{dpsoh 41

Wkh iroorzlqj lv frpprq nqrzohgjh=

� Wkhuh lv d vnhohwrq lq wkh forvhw ri h{dfwo| rqh ri wkh djhqwv Dqq/ Ere/ dqg \dqj1

� Hyhu| djhqw nqrzv wkh frqwhqw ri klv2khu forvhw1
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� Li khu forvhw lv hpsw|/ Dqq eholhyhv wkh vnhohwrq wr eh lq Ere*v zlwk 5

6
suredelolw|/ vlploduo|

wkdw li Ere*v +uhvs1 \dqj*v, forvhw lv hpsw|/ +v,kh eholhyhv wkh vnhohwrq wr eh lq \dqj*v +uhvs1

Dqq*v, zlwk 5

6
suredelolw|1

Wklv lv uhsuhvhqwhg e| wkh iroorzlqj vwdwh vsdfh 
 @ i�> �> �j> dw �> wkh vnhohwrq lv lq Dqq*v forvhw/

dw � lq Ere*v/ dw � lq \dqj*v1 Lq wkh iroorzlqj pdwul{/ hdfk hqwu| vshfl�hv dq djhqw*v eholhiv dw d

vwdwh1

� � �

Dqq +4> 3> 3, +3> 5
6
> 4
6
, +3> 5

6
> 4
6
,

Ere +4
6
> 3> 5

6
, +3> 4> 3, +4

6
> 3> 5

6
,

\dqj +5
6
> 4
6
> 3, +5

6
> 4
6
> 3, +3> 3> 4,

Qrwh wkdw lw iroorzv iurp wkh vwuxfwxuh ri wkh w|sh sduwlwlrqv dorqh wkdw wkhuh lv d frpprq sulru

iru hyhu| sdlu ri djhqwv> wkh frpprq sulru iru Dqq dqg Ere/ iru h{dpsoh/ lv jlyhq e| +4
:
> 7
:
> 5
:
,= Vlqfh

wklv qrw d sulru iru \dqj/ qr mrlqwo| frpprq sulru iru wkh wkuhh djhqwv h{lvwv1 Lqwxlwlyho|/ rqh ihhov

wkdw wkh wkuhh djhqwv gr glvdjuhh> dssduhqwo|/ wkh fulwhulrq ri _Frpsuhkhqvlyh Djuhhphqw% idlov wr

holflw doo wuxh glvdjuhhphqwv1 Dq h{whqvlrq ri wkh fulwhulrq lv qhhghg wkdw eulqjv wr oljkw wkrvh odwhqw

glvdjuhhphqwv1

71 PXWXDO FDOLEUDWLRQ

Frpsuhkhqvlyh Djuhhphqw uxohv rxw lq sduwlfxodu glvdjuhhphqw derxw vrph djhqw*v +_Dqq*v*,

vxusulvh i �H
Dqq

i derxw dq| yduldeoh i= Vlqfh Dqq grhv qrw h{shfw wr eh vxusulvhg khuvhoi +lq wkh

qhw, gxh wr Lqwurvshfwlrq/ l1h1 vlqfh H
Dqq

+i�H
Dqq

i, @ 3 dw hyhu| vwdwh/ Frpsuhkhqvlyh Djuhhphqw

lq h�hfw uxohv rxw frpprq nqrzohgjh ri Ere*v h{shfwdwlrq ri khu ehlqj vxusulvhg/ l1h1 ri wkh hyhqw

wkdw H
Ere

+i �H
Dqq

i, A 31 Wklv pdnhv shuihfw lqwxlwlyh vhqvh= lq lwvhoi/ wkh hyhqw lv xqh{fhswlrqdo/

ehlqj qdwxudoo| dwwulexwhg wr wkh srvvhvvlrq ri _lpsolflw sulydwh lqirupdwlrq% e| Ere1 Krzhyhu/

frpprq nqrzohgjh ri Ere*v h{shfwdwlrq ri Dqq*v vxusulvh H
Ere

+i � H
Dqq

i, A 3 fdqqrw vlploduo|

eh h{sodlqhg lq whupv ri lpsolflw sulydwh lqirupdwlrq dprqj Dqq dqg Ere1 Lw lv qdwxudoo| uhdg dv

uh�hfwlqj Ere*v ylhz ri Dqq dv kroglqj d _wrr shvvlplvwlf%53/ qhjdwlyho| eldvhg dwwlwxgh derxw i=

2f
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Hqwhu d wklug djhqw/ \dqj541 Djdlq/ zkloh lw lv txlwh qdwxudo wkdw \dqj h{shfwv Ere wr h{shfw

Dqq wr eh srvlwlyho| vxusulvhg derxw i / l1h1 wkdw H
\ dqj

H
Ere

+i �H
Dqq

i, A 3 gxh wr lpsolflw sulydwh

lqirupdwlrq> wklv h{sodqdwlrq fhdvhv wr zrun +dw d suhirupdo/ khxulvwlf ohyho$, li \dqj*v h{shfwdwlrq

lv frpprq nqrzohgjh dprqj doo wkuhh djhqwv1 Wr uxoh rxw dovr vxfk kljkhu0rughu h{shfwdwlrqv ri

vxusulvh/ zh sursrvh wkh iroorzlqj frqglwlrq ri _Pxwxdo Fdoleudwlrq%1

Gh�qlwlrq 6 +Pxwxdo Fdoleudwlrq, Wkh djhqwv l 5 L duh pxwxdoo| fdoleudwhg zlwk uhvshfw wr

i dw � li/ iru qr �qlwh vhtxhqfh +l4> ===> lN, lq L lw lv frpprq nqrzohgjh dw � dprqj L wkdw

H
lN
H
lN�4

===H
l5
+i � H

l4
i, A 3 ru lw lv frpprq nqrzohgjh wkdw H

lN
H
lN�4

===H
l5
+i � H

l4
i, ? 3=

Wkh djhqwv l 5 L duh pxwxdoo| fdoleudwhg li wkh| duh pxwxdoo| fdoleudwhg zlwk uhvshfw wr dq|

udqgrp0yduldeoh i rq 
=

Wr vhh krz Pxwxdo Fdoleudwlrq h{foxghv lqwhudfwlyh eholhiv wkdw gr qrw dgplw d frpprq sulru/

frqvlghu djdlq H{dpsoh 41 Wkhuh lv pxwxdo plvfdoleudwlrq derxw wkh suredelolw| ri dq| vwdwh> iru

h{dpsoh/ zlwk i @ 4i�j> lw lv frpprq nqrzohgjh hyhu|zkhuh wkdw H
\ dqj

H
Ere

+i �H
Dqq

i, A 31

Uhpdun1 Zlwk rqo| wzr djhqwv/ kljkhu0rughu lqvwdqfhv ri Pxwxdo Fdoleudwlrq duh htxlydohqw

wr �uvw0rughu lqvwdqfhv/ dqg wkxv gluhfwo| hqwdlohg e| Frpsuhkhqvlyh Djuhhphqw155 Wr looxvwudwh/

frqvlghu Dqq*v h{shfwdwlrq ri H
Dqq

H
Ere

+i �H
Dqq

i,= Rqh fdq zulwh

H
Dqq

H
Ere

+i �H
Dqq

i, @ H
Dqq

^+H
Dqq

i � i,�H
Ere

+H
Dqq

i � i,` >

vlqfhH
Dqq

+H
Dqq

i�i, lv lghqwlfdoo| }hur1 Wkxv frpprq nqrzohgjh ri wkh hyhqw wkdwH
Dqq

H
Ere

+i�
H
Dqq

i, A 3 dprxqwv wr vwudljkw glvdjuhhphqw lq wkh vhqvh ri vhfwlrq 6 rq wkh udqgrp yduldeoh

+H
Dqq

i � i,�H
Ere

+H
Dqq

i � i,=

Wkh iroorzlqj lv wkh pdlq uhvxow ri wkh sdshu1

Wkhruhp 4 Wkhuh lv d frpprq sulru dw vwdwh � li dqg rqo| li wkh djhqwv duh pxwxdoo| fdoleudwhg dw

�=

Surri1 Li wkhuh lv d frpprq sulru �/ wkhq e| revhuydwlrq 4 wkh sulru h{shfwdwlrq ri dq|

djhqw*v h{shfwdwlrq lv vlpso| wkh sulru h{shfwdwlrq/ l1h1 H
�
H
l
j @ H

�
j iru dq| djhqw l dqg dq|
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udqgrp0yduldeoh j= Iru dq| �qlwh vhtxhqfh +l4> ===> lN, lq L dqg dq| udqgrp yduldeoh i> N�irog

dssolfdwlrq ri wklv htxdwlrq lpsolhv wkdw

H
�
H
lN
H
lN�4

===H
l5
+i �H

l4
i, @ 3 > +5,

hqvxulqj Pxwxdo Fdoleudwlrq1

Wkh frqyhuvh uholhv rq d ixqgdphqwdo uhvxow gxh wr Vdphw +4<<;d, rq wkh olplw ri lq�qlwho| lwhudwhg

h{shfwdwlrqv1 D vhtxhqfh v @ +l4> l5> ===, ri hohphqwv lq L lv dq L � vhtxhqfh li/ iru hyhu| l 5 L/ l
n
@ l

iru lq�qlwho| pdq| n3v1

Sursrvlwlrq 4 +Vdphw, Iru hdfk udqgrp0yduldeoh i rq 
 dqg L�vhtxhqfh v> wkh olplw ri wkh

lwhudwhg h{shfwdwlrqv olp
n$4+H

ln
===H

l4
i, h{lvwv dqg lwv ydoxh lv frpprq nqrzohgjh dw hdfk vwdwh1

Zh zloo zulwh H
v
i iru olp

n$4+H
ln
===H

l4
i, dqg uhihu wr lw dv wkh dv|pswrwlf lwhudwhg h{shfwdwlrq ri

i zlwk uhvshfw wr v= Sursrvlwlrq 4 kdv wkh iroorzlqj lqwxlwlyh frqwhqw1 Xqghu lqfrpsohwh lqirupdwlrq/

�qlwho| lwhudwhg h{shfwdwlrqv w|slfdoo| uh�hfw vrph sulydwh lqirupdwlrq> lq sduwlfxodu/ wkhlu ydoxh zloo

qrw eh frpprq nqrzohgjh1 Krzhyhu/ hdfk wlph h{shfwdwlrqv duh wdnhq zlwk uhvshfw wr djhqw l
n
>

vrph ri wkh sulydwh lqirupdwlrq derxw i wkdw pd| kdyh uhpdlqhg diwhu wkh �uvw n � 4 lwhudwlrqv

dprqj wkh djhqwv l 9@ l
n
lv uhpryhg1 Lq wkh olplw ri lwhudwlqj h{shfwdwlrqv lq�qlwho| ghhso|/ doo

sulydwh lqirupdwlrq lv uhpryhg/ khqfh wkh lq�qlwho| lwhudwhg h{shfwdwlrq zloo eh frpprq nqrzohgjh1

Wkh frqyhuvh iroorzv lpphgldwho| iurp wkh iroorzlqj wzr ohppdwd1 Wkh �uvw fdq eh ylhzhg dv d

uhvwdwhphqw ri wkh gh�qlwlrq ri d frpprq sulru lq whupv ri dv|pswrwlf lwhudwhg h{shfwdwlrqv> rqo|

wkh li0sduw lv qhhghg lq wkh surri156

Ohppd 4 Il{ dq| L�vhtxhqfh v= Wkhuh lv d frpprq sulru � dw � li dqg rqo| li/ iru doo l 5 L dqg

udqgrp0yduldeohv i rq 
>

H
v
+i �H

l
i, @ 3= +6,

Wkh frpprq sulru � lv jlyhq e| �+D, @ H
v
+4

D
, iru D � 
1

Wkh vhfrqg ohppd ghulyhv wklv dv|pswrwlf yhuvlrq ri wkh FSD iurp Pxwxdo Fdoleudwlrq1 Lwv surri

h{sorlwv Sursrvlwlrq 4 wr frqfoxgh wkdq dq| ylrodwlrq ri htxdwlrq +6, pxvw vkrz xs dv kljk0rughu

h{shfwdwlrq ri vxusulvh1

2�
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Ohppd 5 Li wkh djhqwv djuhh lq lwhudwhg h{shfwdwlrqv derxw i dw � wkhq/ iru dq| l 5 L dqg dq|

L�vhtxhqfh v> H
v
+i �H

l
i, @ 3 dw �=

Wklv frqfoxghv wkh surri ri Wkhruhp 41

81 L FDQQRW SUHGLFW IRUHYHU WKDW \RX ZLOO EH VXUSULVHG

Pxwxdo Fdoleudwlrq h{suhvvhv wkh Kduvdq|l Grfwulqh lq d qhjdwlyh zd|= _gl�huhqfhv lq eholhi%/

vshfl�fdoo|= lwhudwhg h{shfwdwlrqv ri vxusulvh/ fdqqrw eh sxeolf1 Eh|rqg wklv rqh zrxog dovr olnh wr

vhh d uhqghulqj ri wkh srvlwlyh lqwxlwlrq ehklqg lw= wkdw djhqwv wuhdw rwkhu djhqwv* eholhiv dv _ixoo|

frqyh|lqj lqirupdwlrq%157 Wklv fdq eh grqh xvlqj d g|qdplf h{whqvlrq ri wkh qrwlrq ri Pxwxdo

Fdoleudwlrq1 Zh zloo qrw eh ixoo| h{solflw irupdoo|1

Frqvlghu �uvw vlwxdwlrqv zlwk wzr djhqwv zkr duh pxwxdoo| fdoleudwhg/ Dqq dqg Ere1 Vxssrvh wkdw

Ere h{shfwv Dqq wr eh vxusulvhg/ h1j1 wr eh wrr shvvlplvwlf/ H
Ere

+i � H
Dqq

i, A 31 Li Ere uhyhdov

klv h{shfwdwlrq H
Ere

+i �H
Dqq

i, wr Dqq/ wkhq Dqq pd| dqg lqghhg w|slfdoo| zrxog uhylvh khu rzq

h{shfwdwlrq ri i xszdugv lq uhvsrqvh wr khu jolpsvh ri Ere*v sulydwh lqirupdwlrq derxw i 1 Vxssrvh

wkdw Ere nhhsv uhyhdolqj klv h{shfwdwlrq ri Dqq*v uhpdlqlqj vxusulvh/ zlwkrxw Dqq hyhu uhyhdolqj

dq|wklqj1 Hyhqwxdoo|/ Dqq zloo vwrs uhylvlqj khu eholhiv/ dqg gxh wr wkhlu Pxwxdo Fdoleudwlrq Ere

zloo qr orqjhu h{shfw Dqq wr eh vxusulvhg1 Lq rwkhu zrugv/ lw hyhqwxdoo| zloo eh frpprq nqrzohgjh

wkdw H
Ere

+i � H
Dqq

i, @ 3= Wklv fdq eh suryhg irupdoo| lq wkh pdqqhu ri wkh ghprqvwudwlrq e|

Jhdqdnrsorv0Srohpdufkdnlv +4<;5, wkdw wzr djhqwv zlwk d frpprq sulru _fdqqrw glvdjuhh iruhyhu%/

uhsodflqj wkhlu gldorjxh zlwk d prqrorjxh158 Vlqfh Ere grhv qrw ohduq dq|wklqj lq wkh surfhvv/ klv

eholhiv uhpdlq xqfkdqjhg> wkxv/ lq Ere*v hvwlpdwh/ Dqq*v h{shfwdwlrq ri i frqyhujhv ixoo| wr klv rzq/

l1h1 H
Ere

H
Dqq

i frqyhujhv wr H
Ere

i= Lq wklv vhqvh/ Dqq ixoo| lqfrusrudwhv wkh lqirupdwlrq frqwhqw ri

wkrvh dvshfwv ri Ere*v lqwhudfwlyh eholhiv derxw i wkdw kdyh ehhq uhyhdohg lq wkh surfhvv= Qrwh wkdw

iru wklv frqyhujhqfh wr rffxu/ lw zrxog qrw eh hqrxjk li Ere phuho| uhyhdohg klv rzq h{shfwdwlrq ri

i= Udwkhu/ Ere qhhgv wr uhyhdo klv h{shfwdwlrq uhodwlyh wr klv hvwlpdwh ri khu*v> lqwxlwlyho|/ wkh odwwhu

doorzv Dqq wr dvvhvv wkh lqirupdwlrq frqwhqw wkdw Ere*v eholhiv dgg wr khu rzq1
2e
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Uh0hqwhu d wklug djhqw/ \dqj/ lq Pxwxdo Fdoleudwlrq zlwk Dqq dqg Ere$ Qrz ohw \dqj dq0

qrxqfh uhshdwhgo| khu hvwlpdwh ri Ere*v h{shfwdwlrq ri Dqq*v vxusulvh H
\ dqj

H
Ere

+i � H
Dqq

i, wr

erwk Dqq dqg Ere1 Wkhq Dqq dqg2ru Ere nhhs uhylvlqj wkhlu eholhiv xsrq khdulqj \dqj*v prqr0

orjxh xqwlo lw lv frpprq nqrzohgjh wkdw \dqj*v lwhudwhg h{shfwdwlrq ri Dqq*v vxusulvh lv holplqdwhg/

l1h1 H
\ dqj

H
Ere

+i � H
Dqq

i, @ 3= Wr looxvwudwh/ prgli| H{dpsoh 4 e| dvvljqlqj wr \dqj wkh eh0

olhiv �iDqq>Erej@�\ dqj
uhtxluhg e| frqvlvwhqf| zlwk wkh frpprq sulru ehwzhhq Dqq dqg Ere/ l1h1

+4
8
> 7
8
> 3, dw vwdwhv � ru � dqg +3> 3> 4, dw �= Frqvlghu wkh h�hfw ri \dqj dqqrxqflqj +dw � ru �, wkdw

H
\ dqj

H
Ere

+i �H
Dqq

i, @ ;

78
= Dw vwdwh �> Dqq fdq lqihu iurp wkh dqqrxqfhphqw wkh wuxh vwdwh/ �>

Ere nqhz wklv douhdg|1 Vlploduo| dw vwdwh �> Dqq douhdg| nqrzv � wr eh wkh wuxh vwdwh/ dqg Ere fdq

lqihu iurp wkh dqqrxqfhphqw wkdw wkh wuxh vwdwh lv �= Wkxv/ ghshqglqj rq wkh vwdwh/ Dqq ru Ere

uhylvh wkhlu eholhiv> diwhu wkh dqqrxqfhphqw/ wkh wuxh vwdwh lv frpprq nqrzohgjh dprqj Dqq dqg

Ere1 \dqj nqrzv wklv +exw qrw wkh wuxh vwdwh,> lq sduwlfxodu/ diwhu kdylqj pdgh wkh dqqrxqfhphqw/

vkh nqrzv wkdw wkhq H
Ere

+i �H
Dqq

i, @ 3=

91 FRPSDULVRQ WR VDPHW FRQVLVWHQF\

Vdphw +4<<;d, fkdudfwhul}hv wkh h{lvwhqfh ri d frpprq sulru lq whupv ri wkh iroorzlqj frqglwlrq1

Gh�qlwlrq 7 Wkh djhqwv L duh Vdphw frqvlvwhqw li/ iru dq| udqgrp0yduldeoh i rq 
 dqg dq| wzr

L�vhtxhqfhv v dqg v3> H
v
i @ H

v
3i 1

Wr frpsduh Vdphw Frqvlvwhqf| wr Pxwxdo Fdoleudwlrq/ lw lv khosixo wr lqwurgxfh wkh iroorzlqj

lqwhuphgldwh frqglwlrq1

Gh�qlwlrq 8 Wkh djhqwv L duh dv|pswrwlfdoo| fdoleudwhg li wkhuh lv dq L�vhtxhqfh v vxfk wkdw

iru dq| udqgrp0yduldeoh i rq 
 dqg dq| l 5 L/ H
v
+i �H

l
i, @ 3=

Uhfdoo iurp Ohppd 4 wkdw Dv|pswrwlf Fdoleudwlrq |lhogv d vwudljkwiruzdug fkdudfwhul}dwlrq ri

wkh h{lvwhqfh ri d frpprq sulru1 Zkloh lw lv d vshfldo fdvh ri Vdphw Frqvlvwhqf|/ wkh wzr qrwlrqv duh

udwkhu glvwlqfw frqfhswxdoo|1 Dv|pswrwlf Fdoleudwlrq pdnhv d vwdwhphqw derxw djhqwv* h{shfwdwlrqv

iurp dq dv|pswrwlf shuvshfwlyh h{suhvvhg e| wkh dv|pswrwlf h{shfwdwlrq rshudwru H
v
> e| frqwudvw/

Vdphw Frqvlvwhqf| lv qdwxudoo| uhdg dv srvwxodwlqj xqltxhqhvv ri wkh dv|pswrwlf shuvshfwlyh e|

uhtxlulqj htxdolw| ri doo dv|pswrwlf h{shfwdwlrq rshudwruv1

Erwk frqglwlrqv duh phdqlqjixo lq dgplwwlqj d qrq0ydfxrxv sdudskudvh/ exw wkh| duh dovr pdunhg

e| d fhuwdlq hslvwhplf rsdtxhqhvv1 Lq sduwlfxodu/ e| orrnlqj dw wkh olplw/ lw lv qr orqjhu wudqvsduhqw
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zkr grhv wkh h{shfwlqj/ dqg hyhq zkdw wkh gluhfw remhfw ri h{shfwdwlrq lv> rqo| vrph _xowlpdwh

remhfw ri h{shfwdwlrq% lv jlyhq/ wkh udqgrp0yduldeoh i 1 Dv d uhvxow/ iru eholhiv lqfrqvlvwhqw zlwk

wkh FSD/ wkh dv|pswrwlf h{shfwdwlrqv H
v
i odfn lqwhusuhwdeoh frqwhqw> lq sduwlfxodu/ wkh| duh qrw

_sulruv% ri dq| nlqg1 E| frqvhtxhqfh/ Vdphw Frqvlvwhqf| fdqqrw eh uhdg dv h{suhvvlqj frpprqqhvv

ri sulruv1 Zkloh dsshdolqj dv d _gh�qlwlrq% ru sdudskudvh ri wkh FSD lq whupv ri eholhi klhudufklhv

dv lqwhqghg e| Vdphw/ lw vhhpv loo0vxlwhg iru rxu sxusrvh ri surylglqj dq hslvwhplf udwlrqdoh iru wkh

FSD1

Vrph ri wkh rsdtxhqhvv vlpso| uhvxowv iurp wkh qrq0wulyldo dprxqw ri pdwkhpdwlfv exlow lqwr wkh

yhu| vwdwhphqw ri wkhvh frqglwlrqv> wklv lv uh�hfwhg lq wkh qhhg wr uhvwulfw wkh frqglwlrqv wr vhtxhqfhv

ri h{shfwdwlrqv ri d vshfldo nlqg1 E| frqwudvw/ zkhq rqh uhsodfhv Dv|pswrwlf Fdoleudwlrq e| Pxwxdo

Fdoleudwlrq dv lwv �qlwh frxqwhusduw59/ qr vxfk uhvwulfwlrq lv qhfhvvdu|1 Pruhryhu/ dv ghvfulehg lq

vhfwlrq 7/ wkh frqfhswxdo frqwhqw ri wkh odwwhu fdq eh duwlfxodwhg zlwk d plqlpdo ghswk ri lwhudwhg

h{shfwdwlrqv +\dqj*v ri Ere*v ri Dqq*v,> lwhudwhg h{shfwdwlrqv ri kljk ru hyhq lq�qlwh rughu sod| qr

vshfldo frqfhswxdo uroh1

Vdphw frqvlvwhqf| kdv wkh iroorzlqj �qlwh dqdorjxh= _Iru qr wzr �qlwh vhtxhqfhv v dqg v3 dqg qr

udqgrp0yduldeoh i rq 
 lw lv frpprqo| nqrzq wkdw H
v
i A H

v
3i 1% Zkloh d vwulnlqj frqvhtxhqfh ri

wkh FSD/ wklv frqglwlrq lv vxevwdqwldoo| vwurqjhu wkdq Pxwxdo Fdoleudwlrq dqg fohduo| ohvv frpshoolqj

dv d sulplwlyh dvvxpswlrq xqghuo|lqj wkh FSD1

:1 PXWXDO FDOLEUDWLRQ DQG QR EHWWLQJ

Lq wu|lqj wr jhqhudol}h Frpsuhkhqvlyh Djuhhphqw wr pruh wkdq wzr djhqwv/ wkh suhydohqw pryh

lq wkh olwhudwxuh kdv ehhq wr htxdwh Frpsuhkhqvlyh Djuhhphqw zlwk devhqfh ri frpprqo| nqrzq

pxwxdoo| sur�wdeoh ehwwlqj rssruwxqlwlhv/ zklfk kdv d fdqrqlfdo gh�qlwlrq iru dq| qxpehu ri djhqwv1

Ohw +w
l
,
l5L eh dq L�wxsoh ri udqgrp yduldeohv> +w

l
,
l5L lv ihdvleoh +dv d wudgh dprqj wkh djhqwv, li

wkh w
l
vxp xs wr }hur lq hdfk vwdwh/

S
l5L

w
l
+$, @ 3 iru doo $ 5 
> w

l
fdq eh ylhzhg dv wkh ehwwlqj

srvlwlrq wdnhq e| djhqw l=

Gh�qlwlrq 9 Wkh djhqwv l 5 L idlo wr ehw rq +w
l
,
l5L dw � li lw lv qrw frpprq nqrzohgjh dw � wkdw

hdfk djhqwv* h{shfwdwlrq H
l
w
l
ri klv rzq ehw lv qrq0qhjdwlyh/ dqg dw ohdvw rqh vwulfwo| srvlwlyh1 Wkhuh

lv Qr Ehwwlqj dw � dprqj L li wkh djhqwv lq L idlo wr ehw rq dq| ihdvleoh +w
l
,
l5L 1

5:
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Yhuvlrqv ri wkh iroorzlqj uhvxow kdyh ehhq rewdlqhg e| d ydulhw| ri dxwkruv +Pruulv +4<<7,/ Ihlqehuj

+5333,/ Vdphw +4<<;e,/ Kdoshuq +4<<;,,=

Wkhruhp 5 Wkhuh lv d frpprq sulru iru L dw � li dqg rqo| li wkhuh lv Qr Ehwwlqj dprqj L dw �=

Wklv uhvxow fkdudfwhul}hv wkh FSD lq whupv ri d frqglwlrq rq djhqwv* eholhiv dw d sduwlfxodu vwdwh/

wkhuhe| hvwdeolvklqj lwv phdqlqjixoqhvv frqylqflqjo|> pruhryhu/ lw kdv fohdu ehkdylrudo frqwhqw1 Rq

wkh rwkhu kdqg/ rq fduhixo uh�hfwlrq/ wkh hslvwhplf udwlrqdoh iru Qr Ehwwlqj lv qrw uhdoo| fohdu zkhq

wkhuh duh pruh wkdq wzr djhqwv5;1 Vshfl�fdoo|/ lw lv qrw wudqvsduhqw krz Qr Ehwwlqj h{suhvvhv wkh

Kduvdq|l Grfwulqh dv d sulplwlyh dvvxpswlrq rq eholhi klhudufklhv/5< vlqfh lw holflwv djhqwv* eholhiv

derxw gl�huhqw udqgrp yduldeohv w
l
/ rqh iru hdfk djhqw> dv d uhvxow/ lv xqfohdu krz wkh h{lvwhqfh ri

d sur�wdeoh ehw +w
l
,
l5L uh�hfwv d jhqxlqh _hslvwhplf lqfrqvlvwhqf|% ehwzhhq wkh djhqwv1 Frqvlghu

H{dpsoh 4/ zkhuh lw lv frpprq nqrzohgjh wkdw Dqq eholhyhv � wr eh pruh olnho| wkdq �> wkdw Ere

eholhyhv � wr eh pruh olnho| wkdq �> dqg wkdw \dqj eholhyhv � wr eh pruh olnho| wkdq �= Lv wkhuh dq

reylrxv lqfrqvlvwhqf|B Zkloh lw zrxog fohduo| eh lqfrqvlvwhqw iru rqh djhqw wr eholhyh wkhvh wkuhh

wklqjv vlpxowdqhrxvo|/ zk| vkrxog lw eh lqfrqvlvwhqw iru gl�huhqw djhqwv wr kdyh wkhvh eholhivB63

Dw d sulplwlyh ohyho/ hslvwhplf lqfrqvlvwhqf| vkrxog eh h{suhvvhg dv frq�lfw ri eholhi dprqj djhqwv

derxw wkh vdph udqgrp0yduldeoh i> zlwk _frq�lfw ri eholhi% ehlqj irupdol}hg lq dq dssursuldwh zd|1

Wklv lv dfklhyhg qdwxudoo| e| frqglwlrqv zlwk wkh orjlfdo irup _Lw lv qrw frpprq nqrzohgjh wkdw �

frqfhuqlqj i%/ zlwk � irupdol}lqj hslvwhplf frq�lfw= Lw lv wklv orjlfdo irup zklfk txdol�hv d frqglwlrq

dv h{suhvvlqj wkh Kduvdq|l grfwulqh/ vlqfh lw vd|v wkdw _gl�huhqfhv lq eholhi% lq wkh pdqqhu vshfl�hg

e| � _fdqqrw eh sxeolf%1 Frpsuhkhqvlyh Djuhhphqw dqg Pxwxdo Fdoleudwlrq kdyh wkh ghvluhg orjlfdo

irup1 Vr grhv wkh �qlwh yhuvlrq ri Vdphw Frqvlvwhqf|/ li lq d ohvv frpshoolqj pdqqhu164
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Lq olqh zlwk wklv dqdo|vlv/ wkh qrq0sur�wdelolw| ri d ihdvleoh ehw +w
l
,
l5L fdq eh ghulyhg iurp wkh

frqmxqfwlrq ri Pxwxdo Fdoleudwlrq frqglwlrqv derxw wkh udqgrp0yduldeohv w
l
= Hdfk ri wkhvh h{suhvvhv

d uhtxluhphqw ri hslvwhplf frqvlvwhqf| ri djhqwv* lqwhudfwlyh eholhiv frqfhuqlqj d sduwlfxodu udqgrp

yduldeoh/ vxsso|lqj wkh plvvlqj hslvwhplf lqwhusuhwdwlrq ri Qr Ehwwlqj1

Sursrvlwlrq 5 Li wkh djhqwv l 5 L duh pxwxdoo| fdoleudwhg zlwk uhvshfw wr hdfk w
l
dw �/ wkh| idlo wr

ehw rq +w
l
,
l5L

Lq frpsohphqwdu| idvklrq/ Pxwxdo Plvfdoleudwlrq derxw vrph udqgrp yduldeoh jlyhv ulvh wr d

pxwxdoo| ehqh�fldo ehw edvhg rq djhqwv* kljkhu0rughu h{shfwdwlrqv derxw wkdw udqgrp yduldeoh1

Sursrvlwlrq 6 Li wkh djhqwv duh pxwxdoo| plvfdoleudwhg zlwk uhvshfw wr i> wkhuh h{lvwv d sur�wdeoh

wudgh +w
l
,
l5L vxfk wkdw w

l
5 ^i ` iru hyhu| l 5 L1

Khuh/ ^i ` lv gh�qhg dv wkh vpdoohvw olqhdu vxevsdfh O ri U
 frqwdlqlqj i zlwk wkh surshuw| wkdw

O 6 H
l
j zkhqhyhu O 6 j> iru dq| djhqw l dqg dq| udqgrp yduldeoh j= E| Sursrvlwlrq 6/ Pxwxdo

Fdoleudwlrq dprxqwv wr d Qr Ehwwlqj frqglwlrq vshfldol}hg wr wudghv zlwk d sduwlfxodu vwuxfwxuh/

dqg wkxv/ hyhq iurp d sxuho| irupdo/ lqwhusuhwdwlrq0iuhh srlqw ri ylhz/ wr d vxevwdqwldoo| zhdnhu

frqglwlrq1 Wkh Sursrvlwlrq lv d vwudljkwiruzdug frqvhtxhqfh ri wkh iroorzlqj ohppd zklfk vwdwhv

wkdw lwhudwhg h{shfwdwlrqv ri vxusulvh duh htxlydohqw wr vxpv ri �uvw0rughu h{shfwdwlrqv ri vxusulvh165

Ohppd 6 Jlyhq dq| �qlwh vhtxhqfh +l4> ===> lN, lq L +zlwk N � 5, dqg dq| i rq 
> wkhuh h{lvw

udqgrp yduldeohv ij
l
j
l5L lq ^i ` vxfk wkdw

H
lN
H
lN�4

===H
l5
+i �H

l4
i, @

[

l5L

H
lN
+j
l
�H

l
j
l
,=

Frpelqlqj Sursrvlwlrq 6 zlwk rxu pdlq uhvxow/ Wkhruhp 4 deryh/ rqh rewdlqv d qhz surri iru

wkh h{lvwhqfh ri d frpprq sulru gxh wr Qr Ehwwlqj/ Wkhruhp 51 Wkh h{lvwlqj surriv duh doo edvhg

rq yhuvlrqv ri vhsdudwlrq dujxphqwv iru qrq0lqwhuvhfwlqj frqyh{ vhwv> zkloh pdwkhpdwlfdoo| hohjdqw/

wkhvh surriv odfn hslvwhplf frqwhqw1 Lq sduwlfxodu/ wkh| idlo wr h{sodlq lq hslvwhplf whupv zk| qrq0

h{lvwhqfh ri d frpprq sulru qhfhvvdulo| ohdgv wr wkh h{lvwhqfh ri d pxwxdoo| sur�wdeoh ehw1 Wklv

vhhpv lq idfw udwkhu uhpdundeoh/ dv lw lpsolhv wkdw vx�flhqwo| pdq| dvshfwv ri djhqwv* eholhiv pxvw

dozd|v eh frpprq nqrzohgjh vr wkdw vrph glvdjuhhphqw fdq eh holflwhg1 Wkh dowhuqdwlyh surri yld

Pxwxdo Fdoleudwlrq uhfwl�hv wklv e| h{sorlwlqj wkh ulfk duud| ri frpprqo| nqrzq idfwv hvwdeolvkhg
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e| Sursrvlwlrq 41 Wkhvh fdxvh wkh devhqfh ri d frpprq sulru wr vkrz xs dv pxwxdo dw vx�flhqwo|

ghhs lwhudwlrqv ri wdnlqj h{shfwdwlrqv1 Sursrvlwlrq 6 wkhq frqvwuxfwv d pxwxdoo| ehqh�fldo wudgh rq

lwv edvlv ri wklv plvfdoleudwlrq1

;1 DSSOLFDWLRQ WR VLQJOH0DJHQW EHOLHI G\QDPLFV=

ED\HVLDQ XSGDWLQJ ZLWKRXW D SULRU

Frqvlghu wkh hyroxwlrq ri d vlqjoh lqglylgxdo*v suredelolvwlf eholhiv ryhu wlph zkr pd| qrw rqo|

eh xqfhuwdlq derxw wkh ixwxuh exw dovr derxw wkh sdvw> lqghhg/ qr uhdo0zruog lqglylgxdo uhphpehuv

pruh wkdq d vpdoo iudfwlrq ri khu sdvw/ hvshfldoo| ri khu sdvw eholhiv1 W|sh vsdfhv duh wkh qdwxudo

iudphzrun wr ghvfuleh vxfk eholhiv/ zlwk gl�huhqw _djhqwv% uhsuhvhqwlqj wkh lqglylgxdo dw gl�huhqw

gdwhv/ L @ i3> 4> ===Wj1 D _vwdwh% ghvfulehv qrz d frpsohwh hyroxwlrq ri wkh lqglylgxdo*v eholhiv ryhu

wlph/ lqfoxglqj eholhiv derxw eholhiv vxfk dv uhphpehulqj zkdw vkh h{shfwhg dqg iruhvhhlqj zkdw

vkh pljkw irujhw1

H{dpsoh 4 fdq eh jlyhq dq lqwhuwhpsrudo lqwhusuhwdwlrq lq zklfk Gdq66 urwdwhv lq d prqwko|

uk|wkp ehwzhhq wkuhh uhvlghqfhv Doskd/ Ehwd dqg Jdppd/ rqh ri zklfk kdv d vnhohwrq lq wkh forvhw1

Gdq nqrzv wkh vnhohwrq*v orfdwlrq li lw lv xqghu khu qrvh/ exw irujhwv lw rwkhuzlvh> zh ohdyh lw wr wkh

uhdghu wr �oo lq wkh ghwdlov ri wkh wudqvodwlrq1 Vxssrvh wkdw wkh wuxh vwdwh lv �= Wkhq/ lq Mdqxdu|/ zkhq

uhvlglqj lq Doskd/ Gdq nqrzv ri wkh vnhohwrq lq khu forvhw/ dqg iruhvhhv wkdw vkh zloo kdyh irujrwwhq

lwv zkhuhderxwv lq Iheuxdu|/ hwf11 Pruhryhu/ wkh uk|wkp ri khu uhglvfryhulqj dqg irujhwwlqj wkh

orfdwlrq ri wkh vnhohwrq lv lqwhuwhpsrudo frpprq nqrzohgjh dprqj khu gdwhg _djhqwv%1 Dv irujhwixo

shrsoh nqrz/ lqwhuwhpsrudo eholhi klhudufklhv kdyh qrq0wulyldo frpsoh{lw|> iru h{dpsoh/ li Gdq dvnv

khuvhoi zkhuh wr orrn iru wkh vnhohwrq vkh wulhg wr klgh/ vkh zrxog wu| wr uhphpehu zkhuh vkh pljkw

kdyh suhglfwhg wkdw vkh zrxog orrn lq wkh ixwxuh/ dqg suhvxpdeo| dqwlflsdwhg wkdw1

D fhqwudo ihdwxuh ri lqwhuwhpsrudo eholhi klhudufklhv 2 w|sh vsdfhv lv wkh devhqfh ri lqghshqghqwo|

phdqlqjixo lqirupdwlrq sduwlwlrqv dprqj wkh sulplwlyhv1 Wklv lv hvvhqwldo wr wkh prghoolqj ri eholhi

g|qdplfv fkdudfwhul}hg e| jhqxlqho| lqfrpsohwh dqg qrw phuho| _dv|pphwulf% lqirupdwlrq1 Hyhq lq

wkh frqwh{w ri shuihfw uhfdoo/ lw kdv iuhtxhqwo| +dqg ydolgo|, ehhq dujxhg wkdw eholhi uhylvlrq fdqqrw

h{foxvlyho| eh xqghuvwrrg dv xsgdwlqj edvhg rq wkh uhfhlsw ri fhuwdlq lqirupdwlrq1 Iru h{dpsoh/

vhqvru| lqirupdwlrq pd| eh _lpsuhvvlrqlvwlf% dqg xqfhuwdlq/ dqg eholhiv pd| fkdqjh wkurxjk lqwur0
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vshfwlrq dqg wklqnlqj167 Lq wkh sklorvrsklfdo olwhudwxuh/ wklv fodlp lv dvvrfldwhg sduwlfxoduo| zlwk U1

Mh�uh| xqghu wkh khdglqjv ri _eholhi nlqhpdwlfv%/ _udglfdo suredelolvp%/ dqg _Ed|hvldqlvp zlwk d

kxpdq idfh%1 Zlwk fkdudfwhulvwlf yhuyh/ kh sxwv lw wkxv= _Uhphpehu= Wkh vhqvhv duh qrw whohjudsk

olqhv rq zklfk wkh h{whuqdo zruog vhqgv revhuydwlrq vhqwhqfhv iru xv wr frqglwlrq xsrq% +Mh�uh| 4<<5/

s1 :;,168 Wkh fdvh iru w|sh vsdfh prghoolqj vhhpv hyhq pruh frpshoolqj zlwk lpshuihfw phpru|=

iru zkloh uhvwulfwlyh/ lw dw ohdvw pdnhv lqwxlwlyh vhqvh wr srvwxodwh d eholhi fkdqjh wkdw lv ixoo| gulyhq

e| qhzo| dftxluhg lqirupdwlrq +l1h1 e| xsgdwlqj,> e| frpsdulvrq/ zkdw zrxog lw phdq wr srvwxodwh

d eholhi fkdqjh wkdw lv ixoo| gulyhq e| qhzo| orvw lqirupdwlrqB69

Wkh sureohp/ wkhq/ lv krz wr gh�qh g|qdplf frqvlvwhqf| ri suredelolvwlf eholhiv lq d w|sh0vsdfh

iudphzrun1 Dw d pdwkhpdwlfdo ohyho/ wkh jrdo vhhpv fohdu= frqvlvwhqf| vkrxog eh lghqwl�deoh zlwk

wkh FSD dssolhg lqwhuwhpsrudoo|1 Rqfh wkh FSD lv mxvwl�hg/ lqwhuwhpsrudo eholhiv duh pdwkhpdwl0

fdoo| lvrprusklf wr wkrvh rewdlqhg iurp xsgdwlqj rq dq lqlwldo sulru uhphpehuhg wkurxjkrxw wlph1

Krzhyhu/ mxvw dv lq wkh lqwhushuvrqdo fdvh/ wkh mxvwl�fdwlrq lwvhoi kdv wr eh jlyhq lq wkh jhqhudo lq0

frpsohwh lqirupdwlrq vhwwlqj1 Lqghhg/ wkh deryh glvfxvvlrq vkrzv wkdw wkh vdph irxqgdwlrqdo lvvxhv

frqfhuqlqj lwv phdqlqjixoqhvv dqg hslvwhplf udwlrqdoh dulvh1 Lq sduwlfxodu/ wkh frpprq _sulru% fdq0

qrw jhqhudoo| eh fuhglwhg zlwk klvwrulfdo uhdolw|/ iru wklv zrxog vlpso| dprxqw wr srvwxodwlqj shuihfw

uhfdoo ri wkh lqglylgxdo*v ruljlqdo eholhiv dw _hslvwhplf eluwk%/ gdwh 31 Qrw rqo| lv wklv whuuleo| dg

krf/ lw zloo dovr riwhq eh zkroo| lpsodxvleoh/ hvshfldoo| vlqfh wkh ruljlqdo eholhiv wr eh uhphpehuhg

pxvw eh gh�qhg rq wkh hqwluh w|sh vsdfh ri eholhi klvwrulhv dqg qrw phuho| rq wkh vsdfh ri h{whuqdo

xqfhuwdlqw|1

Lq vslwh ri wkhvh gl�fxowlhv ri lqwhusuhwlqj wkh FSD gluhfwo|/ wkh frqfhswxdo frqwhqw ri _g|qdplf

eholhi frqvlvwhqf|% lv vwloo txlwh fohdu= lw lv vlpso| wkh +h{whqghg, Kduvdq|l Grfwulqh/ uhdg lqwhuwhp0

srudoo| udwkhu wkdq lqwhushuvrqdoo|1 Khuh wkh FSD hqmr|v dq dgydqwdjh lq d whpsrudo vhwwlqj/ vlqfh

lw vhhpv qdwxudo wr uxoh rxw sxuho| dwwlwxglqdo fkdqjhv lq eholhiv ryhu wlph lq ylhz ri wkh lghqwlw|

ri dq lqglylgxdo ryhu wlph dv d shuvrq1 Dqg lqghhg/ lq wkh uhvwulfwhg frqwh{w ri shuihfw uhfdoo/ wkh
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FSD kdv hqmr|hg suhhplqhqw vwdwxv lq wkh irup ri Ed|hvldq xsgdwlqj1 Ixuwkhupruh/ wkh _uh�hfwlrq

sulqflsoh% +sursrvhg lq wkh sklorvrsklfdo olwhudwxuh dv dq d{lrpdwlf xqghuslqqlqj ri Ed|hvldq xsgdw0

lqj, fdq eh uhdg dv d irupdol}lqj wkh Kduvdq|l Grfwulqh lq dq lqwhuwhpsrudo frqwh{w1 Wkh uh�hfwlrq

sulqflsoh kdv qrw jrqh xqfkdoohqjhg/ krzhyhu/ qrw hyhq qrupdwlyho|> vhh lq sduwlfxodu Pdkhu +4<<6,

iru d vxuyh| ri wkh uhfhqw glvfxvvlrq1

Edvhg rq wkh deryh lqwhushuvrqdo dqdo|vlv ri wkh FSD/ zh sursrvh lqwhuwhpsrudo Pxwxdo Fdoleud0

wlrq dv gh�qlqj g|qdplf frkhuhqfh ri suredelolvwlf eholhiv1 Iurp Wkhruhp 4/ rqh rewdlqv d uhsuh0

vhqwdwlrq ri dq lqglylgxdo*v eholhiv dv srvwhulruv ghulyhg iurp Ed|hvldq xsgdwlqj ri wkh +frpprq@,

lqwhuwhpsrudo sulru rq wkh gdwhg djhqw*v w|sh1 Mxvw dv lq wkh lqwhushuvrqdo fdvh/ wkh lqwhuwhpsrudo

_sulru% lv d pdwkhpdwlfdo frqvwuxfw wkdw lv qrw hperglhg dv wkh eholhi ri d gdwhg djhqw1

Zlwk shuihfw uhfdoo/ wkh fkdudfwhul}dwlrq ri dq lqwhuwhpsrudo sulru vlpsol�hv juhdwo|1 Wkh lqwhuhvw0

lqj srlqw khuh lv wkh qdwxudo uroh ri lwhudwhg h{shfwdwlrqv1 Irupdoo|/ wkhuh lv shuihfw uhfdoo dw vwdwh

� li s�
w
3
+�

w
+�,, @ 4 iru doo w> w3 5 L vxfk wkdw w3 � w +wkh lqglylgxdo uhphpehuv khu sdvw w|shv dw dq|

gdwh,1 Fohduo|/ wkhuh lv frpprq nqrzohgjh ri shuihfw uhfdoo li dqg rqo| li wkh vhtxhqfh i�
w
j
w@3>===>W

lv d �owudwlrq/ l1h1 l� wkh w|sh sduwlwlrqv ri odwhu djhqwv uh�qh wkrvh ri hduolhu djhqwv> qrwh wkdw wkhq

lq sduwlfxodu �3 @ �
L
@ i
j1

Gh�qlwlrq : Wkh lqglylgxdo*v h{shfwdwlrqv duh vhtxhqwldoo| fdoleudwhg dw �> li/ iru dq| w> w3 5 L

vxfk wkdw w ? w3 dqg dq| udqgrp0yduldeoh i rq 
> H
w
H
w
3i+�, @ H

w
i+�,=6:

Vhtxhqwldo Fdoleudwlrq vd|v wkdw ixwxuh vxusulvhv i � H
w
3i dv zhoo dv eholhi fkdqjhv H

w
3i � H

w
i

dozd|v kdyh }hur h{shfwdwlrq1 Qrwh wkdw lw lpsrvhv d frqvlvwhqf| frqglwlrq rq wkh hduolhu eholhiv dw

w> udwkhu wkdq rq wkh odwhu eholhiv dw w31 Wklv uh�hfwv wkh qdwxuh ri d w|sh vsdfh lq zklfk eholhiv gh�qh

w|shv/ zklfk suhfoxghv dq xqghuvwdqglqj ri odwhu eholhiv dv ghulyhg iurp hduolhu eholhiv e| xsgdwlqj

rq wkh w|sh1 Wkh iroorzlqj uhvxow lv vwudljkwiruzdug> wkh rqo| voljkw vxusulvh lv wkh qhfhvvlw| ri shuihfw

uhfdoo iru Vhtxhqwldo Fdoleudwlrq1

Sursrvlwlrq 7 Wkhuh lv d frpprq sulru dqg frpprq nqrzohgjh ri shuihfw uhfdoo dw vwdwh � li dqg

rqo| li wkhuh lv frpprq nqrzohgjh ri Vhtxhqwldo Fdoleudwlrq dw �=

Sursrvlwlrq 7 vkrzv wkdw Pxwxdo Fdoleudwlrq fdq eh ylhzhg dv d qdwxudo jhqhudol}dwlrq ri Vhtxhq0

wldo Fdoleudwlrq wr vlwxdwlrqv zlwk lpshuihfw phpru|1
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DSSHQGL[= UHPDLQLQJ SURRIV

Surri ri Revhuydwlrq 41

Rqo| li= Li � lv d frpprq sulru iru L wkhq/ iru dq| udqgrp0yduldeoh i> $ 5 
> dqg l 5 L= H
l
i @

H
�+=@�l,

i lq qdwxudo qrwdwlrq1 Khqfh H
�
H
l
i @ H

�
H
�+=@�l,

i @ H
�
i > wkh odwwhu lv vlpso| wkh odz ri

lwhudwhg h{shfwdwlrqv iru frqglwlrqdo h{shfwdwlrqv1

Li= Wdnh dq| l 5 L> $ 5 
 dqg D � 
= Vlqfh s$
l
+D, @ s$

l
+D _ �

l
+$,, dqg �

l
+D@�

l
+$,, @

�
l
+D _ �

l
+$,@�

l
+$,,> lw lv z1o1r1j1 wr dvvxph wkdw D � �

l
+$,= Exw wkhq e| dvvxpswlrq/ vhwwlqj

i @ 4
D
/ rqh rewdlqv �

l
+D, @ �

l
+�

l
+$,,s$

l
+D,> khqfh s$

l
+D, @ �

l
+D@�

l
+$,,= �

Surri ri Ohppd 41

+Li, Iru dq| vwdwh $ 5 
> gh�qh d frpprq0sulru suredelolw| phdvxuh � rq 
 e| �+i$j, @

H�
+4

i$j
, =@ H

v
+4

i$j
, +dw dq| � 5 
,/ zklfk lv zhoo0gh�qhg lq ylhz ri Sursrvlwlrq 41 E| wkh

olqhdulw| ri wkh h{shfwdwlrq rshudwruv H� dqg Hv> wkh| pxvw frlqflgh/ lq wkdw H�+i, @ Hv+i, iru doo

i rq 
 dqg dq| � 5 
= Lw iroorzv wkdw/ iru dq| l 5 L dqg dq| i rq 
> H�+i �Hli, @ 3 / zklfk vkrzv

wkdw � pxvw eh d frpprq sulru lq ylhz ri revhuydwlrq 4=
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Surri ri Ohppd 51
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Wkh surri ri wkh ohppd lv e| lqgxfwlrq1 Wkh ydolglw| ri wkh fodlp iru N � 6 iroorzv iurp wkh

lghqwlw| Hl6
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Vxssrvh wkdw lw lv frpprq nqrzohgjh wkdw H
l
w
l
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m
w
m
� % A 3= Wdnh
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w
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v
w
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S
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Li wkhuh lv d frpprq sulru dqg frpprq nqrzohgjh ri shuihfw uhfdoo dw vwdwh �> wkhq frpprq nqrzo0

hgjh ri Vhtxhqwldo Fdoleudwlrq lv d vwudljkwiruzdug frqvhtxhqfh ri wkh odz ri lwhudwhg h{shfwdwlrqv

iru frqglwlrqdo h{shfwdwlrqv1

Iru wkh frqyhuvh/ wdnh dq| w � w3/ � 5 
= Iurp wkh frpprq nqrzohgjh ri Vhtxhqwldo Fdoleudwlrq/
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w
3
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w
+�,, @ 4> vlqfh � zdv duelwudu|/ wklv vkrzv frpprq nqrzohgjh ri shuihfw uhfdoo1

Ilqdoo|/ vhwwlqj w @ 3> Vhtxhqwldo Fdoleudwlrq dw � lpsolhv/ iru dq| udqgrp0yduldeoh i dqg dq| w3/

H3Hw
3i+�, @ H3i+�,= Lq ylhz ri revhuydwlrq 4/ wklv hvwdeolvkhv s�

r
dv wkh lqwhuwhpsrudo +frpprq,

sulru1 �
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